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1.1. Historical introduction
B Y M OIS I. A ROYO , U LRICH M ÜLLER
1.1.1. The fundamental laws of crystallography
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The classiﬁcation of the 14 underlying lattices of translations
was completed by Auguste Bravais (1850). In the second half of
the nineteenth century, interest turned to the derivation and classiﬁcation of inﬁnite regular systems of points or ﬁgures, in particular
by Leonhard Sohncke and Evgraf Stepanovich Fedorov. Sohncke,
Fedorov (1891), Arthur Schoenﬂies (1891) and later William Barlow (1894) turned to the investigation of the underlying groups,
the space groups and plane groups. The derivation and classiﬁcation of these groups were completed in the early 1890s. It was a
plausible hypothesis that the structures of crystals were related to
combinations of regular systems of atoms (Haag, 1887) and that
the symmetry of a crystal structure should be a space group, but
both conjectures were speculations at that time with no experimental proof. This also applies to the atom packings described by
Sohncke and Barlow, such as a model of the NaCl structure (which
they did not assign to any substance).

The documentation concerning group-theoretical aspects of
group–subgroup relations and the rising importance of these relations in three-dimensional crystallography is scattered widely in
the literature. This short review, therefore, cannot be exhaustive
and may even be unbalanced if the authors have missed essential
sources. Not included here is the progress made in the general theory of crystallographic groups, e.g. in higher dimensions, which
is connected with the names of the mathematicians and physicists
Ascher, Brown, Janner, Janssen, Neubüser, Plesken, Zassenhaus
and others. This volume A1 of International Tables for Crystallography, abbreviated IT A1, is concerned with objects belonging
to the ‘classical’ theory of crystallographic groups.
For a long time, the objective of crystallography, as implied by
the word itself, was the description of crystals which were found in
nature or which grew from solutions of salts or from melts. Crystals often display more-or-less planar faces which are symmetrically equivalent or can be made so by parallel shifting of the faces
along their normals such that they form a regular body. The existence of characteristic angles between crystal faces was observed
by Niels Stensen in 1669. The importance of the shape of crystals
and their regularity was supported by observations on the cleavage of crystals. It was in particular this regularity which attracted
mineralogists, chemists, physicists and eventually mathematicians,
and led to the establishment of the laws by which this regularity was governed. The law of symmetry and the law of rational
indices were formulated by René Just Haüy around 1800. These
studies were restricted to the shape of macroscopic crystals and
their physical properties, because only these were accessible to
measurements until the beginning of the twentieth century.
Later in the nineteenth century, interest turned to ‘regular systems’ of points, for which the arrangement of points around every
point is the same. These were studied by Wiener (1863) and
Sohncke (1879). For such sets, there are isometric mappings of
any point onto any other point which are such that they map the
whole set onto itself. The primary aim was the classiﬁcation and
listing of such regular systems, while the groups of isometries
behind these systems were of secondary importance. These regular systems were at ﬁrst the sets of crystal faces, of face normals of
crystal faces and of directions in crystals which are equivalent with
respect to the physical properties or the symmetry of the external
shape of the crystal. The listing and the classiﬁcation of these
ﬁnite sets was based on the law of rational indices and resulted in
the derivation of the 32 crystal classes of point groups by Moritz
Ludwig Frankenheim in 1826, Johann Friedrich Christian Hessel
in 1830 and Axel V. Gadolin in 1867, cited by Burckhardt (1988).
The list of this classiﬁcation contained crystal classes that had not
been observed in any crystal and included group–subgroup relations implicitly.
Crystal cleavage led Haüy in 1784 to assume small parallelepipeds as building blocks of crystals.
In 1824, Ludwig
August Seeber explained certain physical properties of crystals by
placing molecules at the vertices of the parallelepipeds. The concepts of unit cell and of translation symmetry were thus introduced
implicitly.
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1.1.2. Symmetry and crystal-structure determination
In 1895, Wilhelm Röntgen, then at the University of Würzburg,
discovered what he called X-rays. Medical applications emerged
the following year, but it was 17 years later that Max von Laue
suggested at a scientiﬁc discussion in Munich that a crystal should
be able to act as a diffraction grating for X-rays. Two young
physicists, Walther Friedrich and Paul Knipping, successfully performed the experiment in May 1912 with a crystal of copper sulfate. In von Laue’s opinion, the experiment was so important
that he later publicly donated one third of his 1914 Nobel prize
to Friedrich and Knipping. The discovery immediately aroused
the curiosity of father William Henry Bragg and son William
Lawrence Bragg. The son’s experiments in Cambridge, initially
with NaCl and KCl, led to the development of the Bragg equation and to the ﬁrst crystal-structure determinations of diamond
and simple inorganic materials. Since then, the determination of
crystal structures has been an ever-growing enterprise.
The diffraction of X-rays by crystals is partly determined by
the space group and partly by the relative arrangement of the
atoms, i.e. by the atomic coordinates and the lattice parameters.
The presentations by Fedorov and Schoenﬂies of the 230 space
groups were not yet appropriate for use in structure determinations with X-rays. The breakthrough came with the fundamental
book of Paul Niggli (1919), who described the space groups geometrically by symmetry elements and point positions and provided
the ﬁrst tables of what are now called Wyckoff positions. Niggli
emphasized the importance of the multiplicity and site symmetry
of the positions and demonstrated with examples the meaning of
the reﬂection conditions.
Niggli’s book pointed the way. The publication of related tables
by Ralph W. G. Wyckoff (1922) included diagrams of the unit cells
with special positions and symmetry elements. Additional tables
by Astbury & Yardley (1924) listed ‘abnormal spacings’ for the
space groups, i.e. the reﬂection conditions. These tables made
the concepts and the data of geometric crystallography widely
available and were the basis for the series Internationale Tabellen
zur Bestimmung von Kristallstrukturen (1935) (abbreviated as IT
35), International Tables for X-ray Crystallography, Vol. I (1952,
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