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9.3. FURTHER PROPERTIES OF LATTICES

Fig. 9.3.2.2. A convex set in E2 .

We say that two lattices of the same Bravais type belong to the
same lattice character if one of them can be deformed into the other
in such a way that the Niggli point of the deformed lattice moves
linearly from the initial to the ﬁnal position while the Bravais type
of the lattice remains unchanged.
Unlike convexity, nothing can be said whether the Niggli images
of lattice characters are open sets (with regard to their dimension) or
not. Both cases occur.
The lattice character of a lattice L can also be recognized [instead
of by means of Table 9.2.5.1 or by Tables 1 and 3 in Gruber (1992)]
by perpendicular projection of the c vector onto the ab plane
provided the vectors a, b, c describe the Niggli cell of L and fulﬁl
the conditions (9.2.2.2a) to (9.2.2.5f ) in Section 9.2.2 (de Wolff &
Gruber, 1991). See also Figs. 9.2.4.1 to 9.2.4.5.

the Delaunay sorts. The equivalence classes of this division are
called genera. They form, in a certain sense, building blocks of both
lattice characters and Delaunay sorts and show their mutual
relationship.
The distribution of genera along the Bravais types is the
following (the number of genera is given in parentheses): cP(1),
cI(1), cF(1), tP(2), tI(5), oP(1), oC(8), oI(7), oF(3), hP(3), hR(4),
mP(5), mC(43), aP(43). Thus, genera seem to be especially suitable
for a ﬁner classiﬁcation of lattices of low symmetry.
The genus of a given lattice L can be determined – provided that
the Niggli point of L is known – by means of a table containing
explicit descriptions of all genera. These descriptions are formed by
open linear systems of inequalities. Consequently, the ranges of
conventional parameters of genera are open unlike those concerning
the lattice characters.
Genera are denoted by symbols derived from the geometrical
shape of  and
. They can be visualized in the threedimensional cross sections of these bodies. This gives a fairly
good illustration of the relationships between genera.
However, the most important feature of genera seems to be the
fact that lattices of the same genus agree in a surprisingly great
number of crystallographically signiﬁcant properties, such as the
number of Buerger cells, the densest directions and planes, the
symmetry of these planes etc. Even the formulae for the
conventional cells are the same. The genus appears to be a
remarkably strong bond between lattices.
9.3.4. Conventional cells
Conventional cells are dealt with in Chapter 9.1. They are illustrated
in Fig. 9.1.7.1 and described in Table 9.1.7.2. This description,
however, is not exhaustive enough for determining the Bravais type.
In mathematical terms, the conditions in Table 9.1.7.2 are necessary
but not sufﬁcient. For example, the C-centred cell with

9.3.3. A finer division of lattices
The 44 lattice characters form a subdivision of the 14 Bravais types.
There is another commonly known subdivision of the Bravais types,
namely the 24 Delaunay sorts (symmetrische Sorten) (Delaunay,
1933; International Tables for X-ray Crystallography, 1952, Vol. I;
cf. Section 9.1.8). However, both divisions, being based on quite
different principles, are incompatible: the 44 lattice characters do
not form a subdivision of the 24 Delaunay sorts.
A natural problem arises to construct a division of lattices which
would be a subdivision of both the lattice characters and the
Delaunay sorts. However, we do not admit a purely mechanical
intersection of both these divisions; we insist that their common
subdivision be crystallographically meaningful.
Such a division was proposed recently (Gruber, 1997a). It uses
the fact that the Niggli points of all lattices lie in two ﬁvedimensional polyhedra, say  and
. The underlying idea,
originating from H. Wondratschek, is based on the distribution of
Niggli points among the vertices, edges, faces, three- and fourdimensional hyperfaces, and the interior of  and . This leads
to a natural division of Niggli points and further to a division of
lattices. This division has 67 classes, but is not suitable for
crystallography because it does not constitute a subdivision of the
Bravais types.
A modiﬁcation of the idea is necessary. It consists of representing
a lattice L by several points (instead of by one Niggli point) and the
addition of two minor conditions. One of them concerns the
diagonals of the Niggli cell and the other the bases of L which
describe the Niggli cell.
Though these conditions are of little importance in themselves,
they lead to a very useful notion, viz the division of all lattices into
127 classes which is a subdivision of both the lattice characters and
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has the typical shape of a conventional cell of an mC lattice. But the
lattice generated by the C-centred cell (9.3.4.1) is actually hR with
the conventional rhombohedral basis vectors
c, a  b=2, a b=2:
It is a natural goal to establish a system of conditions for the
conventional cells which would be not only necessary but also
sufﬁcient. This is done in Table 9.3.4.1. In order to make the
conditions as simple as possible, the usual mC description of the
monoclinic centred lattices is replaced by the mI description. The
relation between the two descriptions is simple:
aI  c C ,

bI  bC ,

c I  aC  c C :

The exact meaning of Table 9.3.4.1 is as follows: Suppose that a
Bravais type different from aP is given and that its symbol appears
in column 1 in the ith entry of Table 9.3.4.1. Then a lattice L is of
this Bravais type if and only if there exists a cell (a, b, c) in L such
that
(i) the centring of (a, b, c) agrees with the centring mode given in
column 2 in the ith entry, and
(ii) the parameters of the cell (a, b, c) fulﬁl the conditions listed
in column 3 in the ith entry of Table 9.3.4.1.

9.3.5. Conventional characters
Lattice characters were deﬁned in Section 9.3.2 by dividing the
Niggli image of a certain Bravais type T into components. Doing
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