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1. INTRODUCTION TO SPACE-GROUP SYMMETRY
symmetry operation. The precise deﬁnition of the geometric
elements for the different types of operations is given in Section
1.2.3. For a rotation in three-dimensional space the geometric
element is the line along the rotation axis and for a reﬂection it is
the plane ﬁxed by the reﬂection. Different symmetry operations
may share the same geometric element, but these operations are
then closely related, such as rotations around the same line. One
therefore introduces the notion of a symmetry element, which is
a geometric element together with its associated symmetry
operations. In the ﬁgures for the crystallographic groups, the
symbols like the little black square or the lines actually represent
these symmetry elements (and not just a symmetry operation or a
geometric element).
It is clear that for larger groups the multiplication table
becomes unwieldy to set up and use. Fortunately, for many
purposes a full list of all products in the group is actually not
required. A very economic alternative of describing a group is to
give only a small subset of the group elements from which all
other elements can be obtained by forming products.

subset of the original symmetry group which is itself a group. This
gives rise to the concept of a subgroup.
Deﬁnition. A subset H  G is called a subgroup of G if its
elements form a group by themselves. This is denoted by H  G.
If H is a subgroup of G, then G is called a supergroup of H. In
order to be a subgroup, H is required to contain the identity
element e of G, to contain inverse elements and to be closed with
respect to composition of elements. Thus, technically, every group
is a subgroup of itself.
The subgroups of G that are not equal to G are called proper
subgroups of G. A proper subgroup H of G is called a maximal
subgroup if it is not a proper subgroup of any proper subgroup H0
of G.
It is often convenient to specify a subgroup H of G by a set
fh 1 ; . . . ; hs g of generators. This is denoted by H ¼ hh1 ; . . . ; hs i.
The order of H is not a priori obvious from the set of generators.
For example, in the symmetry group 4mm of the square the pairs
fm10 ; m01 g and fm11 ; m11 g both generate subgroups of order 4,
whereas the pair fm10 ; m11 g generates the full group of order 8.
The subgroups of a group can be visualized in a subgroup
diagram. In such a diagram the subgroups are arranged with
subgroups of higher order above subgroups of lower order. Two
subgroups are connected by a line if one is a maximal subgroup of
the other. By following downward paths in this diagram, all
group–subgroup relations in a group can be derived. Additional
information is provided by connecting subgroups of the same
order by a horizontal line if they are conjugate (see Section 1.1.7).

Deﬁnition. A subset X  G is called a set of generators for G if
every element of G can be obtained as a ﬁnite product of
elements from X or their inverses. If X is a set of generators for
G, one writes G ¼ hX i.
A group which has a ﬁnite generating set is said to be ﬁnitely
generated.
Examples
(i) Every ﬁnite group is ﬁnitely generated, since X is allowed
to consist of all group elements.
(ii) A cyclic group is generated by a single element. In
particular, the inﬁnite cyclic group ðZ; þÞ is generated by
X ¼ f1g, but also by X ¼ f1g.
(iii) The symmetry group 4mm of the square is generated by a
fourfold rotation and any of the reﬂections, e.g. by
f4þ ; m10 g, but also by two reﬂections with reﬂection lines
which are not perpendicular, e.g. by fm10 ; m11 g.
 of the cube consists of 48
(iv) The full symmetry group m3m
elements. It can be generated by a fourfold rotation 4þ
100
around the a axis, a threefold rotation 3þ
111 around a space
 It is also possible to generate
diagonal and the inversion 1.
the group by only two elements, e.g. by the fourfold
rotation 4þ
100 and a reﬂection m110 in a plane with normal
vector along one of the face diagonals of the cube.
(v) The additive group ðQ; þÞ of the rational numbers is not
ﬁnitely generated, because ﬁnite sums of ﬁnitely many
generators a1 =b1 ; a2 =b2 ; . . . ; an =bn have denominators
dividing b1  b2  . . .  bn and thus 1=ð1 þ b1  b2  . . .  bn Þ is
not a ﬁnite sum of these generators.

Examples
(i) The set feg consisting only of the identity element of G is
a subgroup, called the trivial subgroup of G.
(ii) For the group Z of the integers, all subgroups are cyclic
and generated by some integer n, i.e. they are of the form
nZ :¼ fna j a 2 Zg for an integer n. Such a subgroup is
maximal if n is a prime number.
(iii) For every element g of a group G, the powers of g form a
subgroup of G which is a cyclic group.
(iv) In GLn ðRÞ the matrices of determinant 1 form a
subgroup, since the determinant of the matrix product
A  B is equal to the product of the determinants of A
and B.
(v) In the symmetry group 3m of an equilateral triangle the
rotations form a subgroup of order 3 (see Fig. 1.1.3.1).
(vi) The symmetry group 2mm of a rectangle has three
subgroups of order 2, generated by the reﬂection m10, the
twofold rotation 2 and the reﬂection m01, respectively
(see Fig. 1.1.3.2).

Although one usually chooses generating sets with as few
elements as possible, it is sometimes convenient to actually
include some redundancy. For example, it may be useful to
generate the symmetry group 4mm of the square by f2; m10 ; m11 g.
The element 2 is redundant, since 2 ¼ ðm10 m11 Þ2, but this
generating set explicitly shows the different types of elements of
order 2 in the group.

1.1.3. Subgroups
The group of symmetry operations of a crystal pattern may alter
if the crystal undergoes a phase transition. Often, some symmetries are preserved, while others are lost, i.e. symmetry breaking
takes place. The symmetry operations that are preserved form a
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Figure 1.1.3.1
Subgroup diagram for the symmetry group 3m of an equilateral triangle.
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