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1.1. GENERAL INTRODUCTION TO GROUPS
The number of conjugate subgroups of H in G is equal to the
index of NG ðHÞ in G. According to the orbit–stabilizer theorem,
the different conjugate subgroups of H are obtained by conjugating H with coset representatives for the cosets of G relative to
NG ðHÞ.

the conjugacy classes of subgroups. Furthermore, conjugation
with elements from the normalizer of a group H permutes the
geometric elements of the symmetry operations of H. The role of
the normalizer may in this situation be expressed by the phrase
The normalizer describes the symmetry of the symmetries.

Examples
(i) In an abelian group G, every element is only conjugate
with itself, since ghg 1 ¼ h for all g ; h in G. Therefore each
conjugacy class consists of just a single element.
Also, every subgroup H of an abelian group G is a normal
subgroup, thus its normalizer NG ðHÞ is G itself and H is
only conjugate to itself.
(ii) The conjugacy classes of the symmetry group 3m of an
equilateral triangle are f1g, fm10 ; m01 ; m11 g and f3þ ; 3 g.
The centralizer of m10 is just the group hm10 i generated by
m10, i.e. 1 and m10 are the only elements of 3m commuting
with m10. Analogously, one sees that the centralizer
CG ðhÞ ¼ hhi for each element h in 3m, except for h ¼ 1.
The subgroups hm10 i, hm01 i and hm11 i are conjugate subgroups (with conjugating elements 3+ and 3 ). These
subgroups coincide with their normalizers, since they have
index 3 in the full group.
(iii) The conjugacy classes of the symmetry group 4mm of a
square are f1g, f2g, fm10 ; m01 g, fm11 ; m11 g and f4þ ; 4 g.
Since 2 forms a conjugacy class on its own, this is an
element in the centre of 4mm and its centralizer is the full
group. The centralizer of m10 is hm10 ; m01 i, which is also
the centralizer of m01 (note that m10 and m01 are reﬂections with normal vectors perpendicular to each other, and
thus commute). Analogously, hm11 ; m11 i is the centralizer
of both m11 and m11 . Finally, 4+ only commutes with the
rotations in 4mm, therefore its centralizer is h4þ i.
The ﬁve subgroups of order 2 in 4mm fall into three
conjugacy classes, namely the normal subgroup h2i and
the two pairs fhm10 i; hm01 ig and fhm11 i; hm11 ig. The
normalizer of both hm10 i and hm01 i is h2; m10 i and the
normalizer of both hm11 i and hm11 i is h2; m11 i.

Thus, the normalizer reﬂects an intrinsic ambiguity between
different but equivalent descriptions of an object by its symmetries.
Example
The subgroup H ¼ h2; m10 i is a normal subgroup of the
symmetry group G ¼ 4mm of the square, and thus G is the
normalizer of H in G. As can be seen in the diagram in Fig.
1.1.7.1, the fourfold rotation 4+ maps the geometric element of
the reﬂection m10 to the geometric element of m01 and vice
versa, and ﬁxes the geometric element of the rotation 4+.
Consequently, conjugation by 4+ ﬁxes H as a set, but interchanges the reﬂections m10 and m01. These two reﬂections are
geometrically indistinguishable, since their geometric elements
are both lines through the centres of opposite edges of the
square.
Analogously, 4+ interchanges the geometric elements of the
reﬂections m11 and m11 of the subgroup H0 ¼ h2; m11 i. These
are the two reﬂection lines through opposite corners of the
square.
In contrast to that, G does not contain an element mapping the
geometric element of m10 to that of m11. Note that an eightfold
rotation would be such an element, but this is, however, not a
symmetry of the square. The reﬂections m10 and m11 are thus
geometrically different symmetry operations of the square.
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In the context of crystallographic groups, conjugate subgroups
are not only isomorphic, but have the same types of geometric
elements, possibly with different directions. In many situations it
is therefore sufﬁcient to restrict attention to representatives of
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