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1.3. GENERAL INTRODUCTION TO SPACE GROUPS
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Figure 1.3.2.1
Conventional basis a, b and a non-conventional basis a’, b’ for the square
lattice.

Example
The square lattice

as its standard lattice basis. But

= (L) = (3)

is also a lattice basis of L: on the one hand a’ and b’ are integral
linear combinations of a, b and are thus contained in L. On the
other hand

e (2)4()-0)
()0 (2)- (1)

hence a and b are also integral linear combinations of a’, b" and
thus the two bases a, b and a’, b’ both span the same lattice (see
Fig. 1.3.2.1).

and

The example indicates how the different lattice bases of a
lattice L can be described. Recall that for a vector v =
xa + yb + zc the coefficients x, y, z are called the coordinates and

X
the vector | y
z

is called the coordinate column of v with respect

to the basis a, b, ¢. The coordinate columns of the vectors in L
with respect to a lattice basis are therefore simply columns with
three integral components. In particular, if we take a second
lattice basis a’, b’, ¢ of L, then the coordinate columns of a’, b’,
¢'with respect to the first basis are columns of integers and thus
the basis transformation P such that (a’,b’, ¢') = (a, b, ¢)P is an
integral 3 x 3 matrix. But if we interchange the roles of the two
bases, they are related by the inverse transformation P!, i.e.
(a,b,c) = (a', b, c’)P’l, and the argument given above asserts
that P~ is also an integral matrix. Now, on the one hand det P
and det P~! are both integers (being determinants of integral
matrices), on the other hand detP~! =1/detP. This is only
possible if det P = 1.
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Summarizing, the different lattice bases of a lattice L are
obtained by transforming a single lattice basis a, b, ¢ with integral
transformation matrices P such that det P = +1.

1.3.2.2. Metric properties

In the three-dimensional vector space V°, the norm or length of

1%

a vector v = vy

V2

X

is (due to Pythagoras’ theorem) given by

vl = /vi+vi+2

From this, the scalar product
v-w=vw +vw +vw forv=|v

is derived, which allows one to express angles by

V-W

cos (v, w) = MWl

The definition of a norm function for the vectors turns V* into
a Euclidean space. A lattice L that is contained in V* inherits the
metric properties of this space. But for the lattice, these proper-
ties are most conveniently expressed with respect to a lattice
basis. It is customary to choose basis vectors a, b, ¢ which define a
right-handed coordinate system, i.e. such that the matrix with
columns a, b, ¢ has a positive determinant.

Definition
For a lattice L € V° with lattice basis a, b, ¢ the metric tensor of
L is the 3 x 3 matrix

G =

e oo
1 I ]
e oW

‘b
‘b
‘b

e o
e e 6

If A is the 3 x 3 matrix with the vectors a, b, ¢ as its columns,
then the metric tensor is obtained as the matrix product
G = A" - A. It follows immediately that the metric tensor is a
symmetric matrix, i.e. G'=G.

Example
Let
1 1 1
a=|1], b=|1], c=| -1
1 0 0

be the basis of a lattice L. Then the metric tensor of L (with
respect to the given basis) is

G =

S N W
S NN
N OO

With the help of the metric tensor the scalar products of
arbitrary vectors, given as linear combinations of the lattice basis,
can be computed from their coordinate columns as follows: If
v=xa+yb+zcand w=x,a+y,b+ z,¢ then
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