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1.5. TRANSFORMATIONS OF COORDINATE SYSTEMS

1.5.4. Synoptic tables of plane and space groups2
By B. Souvignier, G. Chapuis and H. Wondratschek

additional symmetry operations and symmetry elements. The key
to the procedure is the decomposition of the translation part w of
a symmetry operation W ¼ ðW ; wÞ into an intrinsic translation
part wg , which is ﬁxed by the linear part W of W and thus parallel
to the geometric element of W , and a location part wl , which is
perpendicular to the intrinsic translation part. Note that the space
ﬁxed by W and the space perpendicular to this ﬁxed space are
complementary, i.e. their dimensions add up to 3, therefore this
decomposition is always possible.
As described in Section 1.2.2.4, the determination of the
intrinsic translation part of a symmetry operation W ¼ ðW ; wÞ
with linear part W of order k is based on the fact that the kth
power of W must be a pure translation, i.e. W k ¼ ðI; tÞ for some
lattice translation t . The intrinsic translation part of W is then
deﬁned as wg ¼ ð1=kÞt.
The difference wl ¼ w  wg is perpendicular to wg and it is
called the location part of w. This terminology is justiﬁed by the
following observation: As explained in detail in Sections 1.5.1.3
and 1.5.2.3, under an origin shift by p, a column x of point
coordinates is transformed to

It is already clear from Section 1.5.3.1 that the Hermann–
Mauguin symbols of a space group depend on the choice of the
basis vectors. The purpose of this section is to give an overview of
a large selection of possible alternative settings of space groups
and their Hermann–Mauguin symbols covering most practical
cases. In particular, the synoptic tables include two main types of
information:
(i) Space-group symbols for various settings and choices of the
basis. The axis transformations involve permutations of axes
conserving the shape of the cell and also transformations
leading to different cell shapes and multiple cells.
(ii) Extended Hermann–Mauguin space-group symbols in addition to the short and full symbols. The three types of symbols,
short, full and extended, provide different levels of information about the symmetry elements and the related
symmetry operations of the space group (cf. Section 1.2.3 for
deﬁnitions and discussion of the concepts of symmetry
element, geometric element, element set and deﬁning
symmetry operation). The short and full Hermann–Mauguin
symbols only display information about a chosen set of
generators for a space group from which all the elements of a
space group can in principle be deduced (cf. Section 1.4.1.4
for a detailed treatment of short and full Hermann–Mauguin
symbols). The multiplicity of the general position in each
space group gives the number of symmetry operations
modulo the lattice translations. As already discussed in
Section 1.4.2.4, the combinations of this representative set of
symmetry operations with lattice translations give rise to
additional symmetry operations and additional symmetry
elements, displayed in the symmetry-element diagrams. The
additional symmetry operations are also reﬂected in the socalled extended Hermann–Mauguin symbols, which were
introduced in International Tables for X-ray Crystallography
Volume I (1952). They were systematically developed and
tabulated by Bertaut for the ﬁrst edition of Volume A of
International Tables for Crystallography (IT A), published in
1983. The background for the correct construction and
interpretation of the extended Hermann–Mauguin symbols is
presented in the following section.

x0 ¼ ðI; pÞx ¼ ðI; pÞ1 x;
making in particular p the new origin, and a matrix–column pair
ðW ; wÞ is transformed to
ðW 0 ; w0 Þ ¼ ðI; pÞ1 ðW ; wÞðI; pÞ:
Applied to the symmetry operation ðW ; wl Þ, known as the
reduced symmetry operation in which the full translation part is
replaced by the location part (thereby neglecting the intrinsic
translation part), an origin shift by p results in
ðI; pÞ1 ðW ; wl ÞðI; pÞ ¼ ðI; pÞðW ; wl ÞðI; pÞ
¼ ðW ; W p  p þ wl Þ
¼ ðW ; ðW  IÞp þ wl Þ:
This means that if it is possible to ﬁnd an origin shift p such that
ðI  W Þp ¼ wl , then with respect to the new origin the reduced
symmetry operation ðW ; wl Þ is transformed to ðW ; oÞ. But since
the subspace perpendicular to the ﬁxed space of W clearly does
not contain any vector ﬁxed by W, the restriction of I  W to this
subspace is an invertible linear transformation, and therefore for
every location part wl there is indeed a suitable p perpendicular
to the ﬁxed space of W such that ðI  W Þp ¼ wl .
The fact that an origin shift by p transforms the translation part
of the reduced symmetry operation ðW ; wl Þ to o is equivalent to p
being a ﬁxed point of ðW ; wl Þ, which can also be seen directly
because

1.5.4.1. Additional symmetry operations and symmetry elements
In order to interpret (or even determine) the extended symbol
for a space group, one has to recall that all operations that belong
to the same coset with respect to the translation subgroup have
the same linear part, but that not all symmetry operations within
a coset are operations of the same type. Furthermore, symmetry
operations in one coset can belong to element sets of different
symmetry elements.

ðW ; wl Þp ¼ W p þ wl ¼ W p þ ðI  W Þp ¼ p:
Note that for one ﬁxed point p of the reduced symmetry operation ðW ; wl Þ, the full set of ﬁxed points, as deﬁned in Section 1.2.4,
is obtained by adding p to the ﬁxed vectors of W, because for an
arbitrary ﬁxed point pF of ðW ; wl Þ one has W pF þ wl ¼ pF and
since also W p þ wl ¼ p one ﬁnds W ðpF  pÞ ¼ pF  p, i.e. the
difference between two ﬁxed points is a vector that is ﬁxed by W.
In other words, the geometric element of ðW ; wl Þ is the space
ﬁxed by W, translated such that it runs through p.
Finally, in order to determine the symmetry element of the
symmetry operation correctly, it may be necessary to reduce the
intrinsic translation part wg by a lattice translation in the ﬁxed
space of W.

1.5.4.1.1. Determining the type of a symmetry operation
In this section, a procedure for determining the types of
symmetry operations and the corresponding symmetry elements
is explained. It is a development of the method of geometrical
interpretation discussed in Section 1.2.2.4. The procedure is
based on the origin-shift transformations discussed in Sections
1.5.1 and 1.5.2, and provides an efﬁcient way of analysing the
2
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the centring translation tð12; 12; 0Þ would simply result in the
intrinsic translation part being changed by the centring translation.

Summarizing, the types of symmetry operations W ¼ ðW ; wÞ
and their symmetry elements can be identiﬁed as follows:
(i) Decompose the translation part w as w ¼ wg þ wl, where wg
and wl are mutually perpendicular and the intrinsic translation part wg is ﬁxed by the linear part W of W .
(ii) Determine a shift of origin p such that ðI  W Þp ¼ wl , i.e.
such that p is a ﬁxed point of the reduced operation ðW ; wl Þ.
(iii) For the correct determination of the deﬁning operation of
the symmetry element it may be necessary to reduce the
intrinsic translation part wg by a lattice translation in
the ﬁxed space of W, thus yielding a coplanar or coaxial
equivalent symmetry operation.
This analysis allows one to read off the types of the symmetry
operations and of the corresponding symmetry elements that
occur for the coset T W of W . The following two sections provide
examples illustrating that in some cases the coset does not
contain symmetry operations belonging to symmetry elements of
different type, while in others it does.

Example 2
As an example of a rotation, let W ¼ y ; x; z be a fourfold
rotation 4þ 0; 0; z around the c axis. Composing W with the
translation tðu1 ; u2 ; u3 Þ results in the symmetry operation
W0 ¼0
y þ u11 ; x þ u2 ; z þ u3 with intrinsic
0 1 translation part
0
u1
w0g ¼ @ 0 A and location part w0l ¼ @ u2 A. Since we assume a
u3
0
primitive lattice, u3 is an integer, hence W 0 is a coaxial
equivalent of the symmetry operation W 00 ¼ y þ u1 ; x þ u2 ; z,
which has intrinsic translation part o. To locate the geometric
element of W 0, one notes that for
0
1
0 1 0
W ¼ @1 0 0A
0 0 1

1.5.4.1.2. Cosets without additional types of symmetry elements
In cases where the linear part W of a symmetry operation W
ﬁxes only the origin, all elements in the coset are of the same
type. This is due to the fact that the translation part w is
decomposed as wg ¼ o and wl ¼ w. Since W ﬁxes only the origin,
I  W is invertible and a ﬁxed point p of the reduced operation
ðW ; wl Þ ¼ ðW ; wÞ can be found, as p ¼ ðI  W Þ1 w. This situation occurs when W is an inversion or a three-, four- or sixfold
rotoinversion. The element set of the symmetry element of an
inversion consists only of this inversion; the element set of a
rotoinversion consists of the rotoinversion W and its inverse W 1
(the latter belonging to a different coset). Therefore, in these
cases each symmetry operation in the coset of W belongs to the
element set of a different symmetry element (of the same type,
namely an inversion centre or a rotoinversion axis).
Note that the above argument does not apply to twofold
rotoinversions, since these are in fact reﬂections which ﬁx a plane
perpendicular to the rotoinversion axis and not only a single
point. The following two examples illustrate that translations
from a primitive lattice do not give rise to symmetry elements of
different type in the cases of either a reﬂection or glide reﬂection
with normal vector along one of the coordinate axes, or of a
rotation or screw rotation with rotation axis along one of the
coordinate axes.

one has
0

1
ðu1  u2 Þ=2
ðI  W Þp ¼ w0l for p ¼ @ ðu1 þ u2 Þ=2 A:
0
The symmetry operation W 0 therefore belongs to the
symmetry element of a fourfold rotation with the line
ðu1  u2 Þ=2; ðu1 þ u2 Þ=2; z as geometric element. This analysis
shows that all symmetry operations in the coset T W belong to
the same type of symmetry element, since for each of these
symmetry operations a coaxial equivalent can be found that
has zero screw component.

1.5.4.1.3. Examples with additional types of symmetry elements
The examples given in the previous section illustrate that in the
case of a translation vector perpendicular to the symmetry axis or
symmetry plane of a symmetry operation, the intrinsic translation
vector remains unchanged and only the location of the geometric
element is altered. In particular, composition with such a translation vector results in symmetry operations and symmetry
elements of the same type. On the other hand, composition with
translations parallel to the symmetry axis or symmetry plane give
rise to coaxial or coplanar equivalents, which also belong to the
same symmetry element. Combining these two observations
shows that for integral translations, only translations along a
direction inclined to the symmetry axis or symmetry plane
can give rise to additional symmetry elements. For these cases,
the additional symmetry operations and their locations are
summarized in Table 1.5.4.1.
In space groups with a centred lattice, the translation subgroup
contains also translations with non-integral components, and
these often give rise to symmetry operations and symmetry
elements of different types in the same coset. An overview of
additional symmetry operations and their locations that occur
due to centring vectors is given in Table 1.5.4.2. In rhombohedral
space groups all additional types of symmetry elements occur
already as a result of combinations with integral lattice translations (cf. Table 1.5.4.1). For this reason, the rhombohedral
centring R case is not included in Table 1.5.4.2.
In Section 1.4.2.4 the occurrence of glide reﬂections in a space
group of type P4mm (due to integral translations inclined to a

Example 1
Let W ¼ x þ 12; y þ 12; z be an n glide with normal vector along
the c axis. For the composition of W with an integral translaobtains 1
a symmetry operation W 0 with
tion tðu1 ; u2 ; u3 Þ one 0
1
u1 þ 2
translation part w0 ¼ @ u2 þ 12 A. The decomposition of w0 into
u3
the intrinsic
translation
part
and the location part gives
0
1
0 1
0
u1 þ 12
w0g ¼ @ u2 þ 12 A and w0l ¼ @ 0 A. This shows that the intrinsic
0 1
u1
u3
0
translation part is only changed by the lattice vector @ u2 A
0
and hence W 0 is a coplanar equivalent of the symmetry
operation W 00 ¼ x þ 12; y þ 12; z þ u3 , which is an n glide with
glide plane normal to the c axis and located at z ¼ u3 =2. One
concludes that W and W 0 belong to symmetry elements of the
same type. The same conclusion would in fact remain true in
the case of a C-centred lattice, since the composition of W with
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