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1. GENERAL RELATIONSHIPS AND TECHNIQUES

fundamental system S of neighbourhoods of the origin in ¢(£2) is
given by subsets of ¢({2) of the form

V(m,e,K) = {p € £(Q)[Ip| <m = op,k(p) < &}

for all natural integers m, positive real €, and compact subset K of (2.
Since a countable family of compact subsets K suffices to cover €2,
and since restricted values of ¢ of the form e = 1/N lead to the same
topology, S is equivalent to a countable system of neighbourhoods
and hence () is metrizable.

Convergence in ¢ may thus be defined by means of sequences. A
sequence (¢,) in ¢ will be said to converge to 0 if for any given
V(m,e,K) there exists vy such that ¢, € V(m,e,K) whenever
v > 1p; in other words, if the ¢, and all their derivatives DPy,
converge to 0 uniformly on any given compact K in 2.

1.3.2.3.3.2. Topology on 4(Q2)
It is defined by the family of semi-norms

v € Yx(§) — op(p) = sup [DPp(x)],
XE

where K is now fixed. The fundamental system S of neighbourhoods
of the origin in Y is given by sets of the form

Vim,e) ={p € Yx(Qllp| <m = op(p) < ¢},

It is equivalent to the countable subsystem of the V (m, 1/N), hence
Yk (Q) is metrizable.

Convergence in Y may thus be defined by means of sequences.
A sequence (¢,) in Yk will be said to converge to 0 if for any given
V(m, e) there exists vy such that ¢, € V(m,e) whenever v > vp; in
other words, if the ¢, and all their derivatives DP¢, converge to 0
uniformly in K.

1.3.2.3.3.3. Topology on 9(2)
It is defined by the fundamental system of neighbourhoods of the
origin consisting of sets of the form

V((m), (e))

= {g@ € 9(Q)||p| <my, = sup |[DPp(x)| < ¢, for all V},

(x| <v

where (mm) is an increasing sequence (m,,) of integers tending to +o0o
and (¢) is a decreasing sequence (&,) of positive reals tending to 0,
as v — 0.

This topology is not metrizable, because the sets of sequences
(mm) and (¢) are essentially uncountable. It can, however, be shown
to be the inductive limit of the topology of the subspaces Y, in the
following sense: V is a neighbourhood of the origin in ¢ if and only
if its intersection with % is a neighbourhood of the origin in %k for
any given compact K in (2.

A sequence (¢,) in ¢ will thus be said to converge to 0 in ¥ if all
the o, belong to some ¥k (with K a compact subset of ()
independent of v) and if (¢, ) converges to 0 in Y.

As aresult, a complex-valued functional 7'on & will be said to be
continuous for the topology of ¢ if and only if, for any given
compact K in €2, its restriction to ¥ is continuous for the topology
of Yk, i.e. maps convergent sequences in %k to convergent
sequences in C.

This property of ¥, i.e. having a non-metrizable topology which
is the inductive limit of metrizable topologies in its subspaces Y,
conditions the whole structure of distribution theory and dictates
that of many of its proofs.

1.3.2.3.3.4. Topologies on &™) @,Em),if<m>

These are defined similarly, but only involve conditions on
derivatives up to order m.
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1.3.2.3.4. Definition of distributions

A distribution T on € is a linear form over ¥4(), i.e. a map
T:p—(T,¢)

which associates linearly a complex number (T,¢) to any
v € 9(Q), and which is continuous for the topology of that
space. In the terminology of Section 1.3.2.2.6.2, T is an element of
9'(9), the topological dual of %().

Continuity over ¢ is equivalent to continuity over ¥k for all
compact K contained in 2, and hence to the condition that for any
sequence (¢,) in ¢ such that

(i) Supp ¢, is contained in some compact K independent of v,

(ii) the sequences (|DPy,|) converge uniformly to 0 on K for all
multi-indices p;
then the sequence of complex numbers (T, ¢, ) converges to 0 in C.

If the continuity of a distribution T requires (ii) for [p| < m only,
T may be defined over '™ and thus T € ¢'™); T is said to be a
distribution of finite order m. In particular, for m = 0, g9 is the
space of continuous functions with compact support, and a
distribution 7 € ¥’ is a (Radon) measure as used in the theory
of integration. Thus measures are particular cases of distributions.

Generally speaking, the larger a space of test functions, the
smaller its topological dual:

m < n= 9™ > g = gn o gm
This clearly results from the observation that if the ¢’s are allowed
to be less regular, then less wildness can be accommodated in T if
the continuity of the map ¢ — (T, ) with respect to ¢ is to be
preserved.

1.3.2.3.5. First examples of distributions

(i) The linear map ¢ — (6,¢) = ©(0) is a measure (i.e. a
zeroth-order distribution) called Dirac’s measure or (improperly)
Dirac’s ‘6-function’.

(ii) The linear map ¢+ (é(),¥) = ¢(a) is called Dirac’s
measure at point a € R".

(iii) The linear map ¢+ (—1)’DPy(a) is a distribution of
order m = |p| > 0, and hence is not a measure

(iv) The linear map ¢ — > _ ¢ (v) is a distribution of
infinite order on R: the order of differentiation is bounded for each
© (because  has compact support) but is not as  varies.

(v) If (p,) is a sequence of multi-indices p, = (p1y, ---,Pw)
such that |p,| —oc as v —oo, then the linear map
© > ,-0(DPp)(p,) is a distribution of infinite order on R".

1.3.2.3.6. Distributions associated to locally integrable
functions

Let f be a complex-valued function over {2 such that
[ f(x)] d"x exists for any given compact K in €; fis then called
locally integrable.

The linear mapping from %(Q2) to C defined by

pr— Jf(x)p(x) d'x
Q

may then be shown to be continuous over #(2). It thus defines a
distribution Ty € 4'(2):

(Ty, ) = ff

As the continuity of 7; only requires that ¢ € 79(q), Ty is actually
a Radon measure.

references


http://it.iucr.org/Ba/ch1o3v0001/references/
http://it.iucr.org/Ba/ch1o3v0001/sec1o3o2o3o3o2/


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [641.000 859.000]
>> setpagedevice


