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1. GENERAL RELATIONSHIPS AND TECHNIQUES
iii0  Tg0 1 g2  Tg0 2 Tg0 1

This formula played an important role in the solution of the 2D
Ising model by Onsager (1944) (see Montroll et al., 1963). It is also
encountered in phasing methods involving the ‘Burg entropy’
(Britten & Collins, 1982; Narayan & Nityananda, 1982; Bricogne,
1982, 1984, 1988).

The essential difference between left and right actions is of
course not whether the elements of G are written on the left or right
of those of X: it lies in the difference between (iii) and (iii0 ). In a left
action the product g1 g2 in G operates on x 2 X by g2 operating ﬁrst,
then g1 operating on the result; in a right action, g1 operates ﬁrst,
then g2 . This distinction will be of importance in Sections
1.3.4.2.2.4 and 1.3.4.2.2.5. In the sequel, we will use left actions
unless otherwise stated.

1.3.4.2.2. Crystal symmetry
1.3.4.2.2.1. Crystallographic groups
The description of a crystal given so far has dealt only with its
invariance under the action of the (discrete Abelian) group of
translations by vectors of its period lattice .
Let the crystal now be embedded in Euclidean 3-space, so that it
may be acted upon by the group M 3 of rigid (i.e. distancepreserving) motions of that space. The group M 3 contains a
normal subgroup T 3 of translations, and the quotient group
M 3=T 3 may be identiﬁed with the 3-dimensional orthogonal
group O 3. The period lattice  of a crystal is a discrete uniform
subgroup of T 3.
The possible invariance properties of a crystal under the action of
M 3 are captured by the following deﬁnition: a crystallographic
group is a subgroup of M 3 if
(i) \ T 3  , a period lattice and a normal subgroup of ;
(ii) the factor group G  = is ﬁnite.
The two properties are not independent: by a theorem of
Bieberbach (1911), they follow from the assumption that  is a
discrete subgroup of M 3 which operates without accumulation
point and with a compact fundamental domain (see Auslander,
1965). These two assumptions imply that G acts on  through an
integral representation, and this observation leads to a complete
enumeration of all distinct ’s. The mathematical theory of these
groups is still an active research topic (see, for instance, Farkas,
1981), and has applications to Riemannian geometry (Wolf, 1967).
This classiﬁcation of crystallographic groups is described
elsewhere in these Tables (Wondratschek, 1995), but it will be
surveyed brieﬂy in Section 1.3.4.2.2.3 for the purpose of establishing further terminology and notation, after recalling basic notions
and results concerning groups and group actions in Section
1.3.4.2.2.2.

(b) Orbits and isotropy subgroups
Let x be a ﬁxed element of X. Two fundamental entities are
associated to x:
(1) the subset of G consisting of all g such that gx  x is a
subgroup of G, called the isotropy subgroup of x and denoted Gx ;
(2) the subset of X consisting of all elements gx with g running
through G is called the orbit of x under G and is denoted Gx.
Through these deﬁnitions, the action of G on X can be related to
the internal structure of G, as follows. Let G=Gx denote the
collection of distinct left cosets of Gx in G, i.e. of distinct subsets of
G of the form gGx . Let jGj, jGx j, jGxj and jG=Gx j denote the
numbers of elements in the corresponding sets. The number jG=Gx j
of distinct cosets of Gx in G is also denoted G : Gx  and is called the
index of Gx in G; by Lagrange’s theorem
G : Gx   jG=Gx j 

gGx 7 ! gx
establishes a one-to-one correspondence between the distinct left
cosets of Gx in G and the elements of the orbit of x under G. It
follows that the number of distinct elements in the orbit of x is equal
to the index of Gx in G:
jGxj  G : Gx  

Gx  f xj 2 G=Gx g:
Similar deﬁnitions may be given for a right action of G on X. The
set of distinct right cosets Gx g in G, denoted Gx nG, is then in one-toone correspondence with the distinct elements in the orbit xG of x.

(i) g1 g2 x  g1 g2 x for all g1 , g2 2 G and all x 2 X ,

(c) Fundamental domain and orbit decomposition
The group properties of G imply that two orbits under G are
either disjoint or equal. The set X may thus be written as the disjoint
union
[
X  Gxi ,

for all x 2 X :

An element g of G thus induces a mapping Tg of X into itself deﬁned
by Tg x  gx, with the ‘representation property’:
(iii) Tg1 g2  Tg1 Tg2 for all g1 , g2 2 G:

i2I

Since G is a group, every g has an inverse g 1 ; hence every mapping
Tg has an inverse Tg 1 , so that each Tg is a permutation of X.
Strictly speaking, what has just been deﬁned is a left action. A
right action of G on X is deﬁned similarly as a mapping
g, x 7 ! xg such that
i0  x g1 g2   xg1 g2
0

ii 

xe  x

jGj
,
jGx j

and that the elements of the orbit of x may be listed without
repetition in the form

(a) Left and right actions
Let G be a group with identity element e, and let X be a set. An
action of G on X is a mapping from G  X to X with the property
that, if g x denotes the image of g, x, then
ex  x

jGj
:
jGx j

Now if g1 and g2 are in the same coset of Gx , then g2  g1 g0 with
g0 2 Gx , and hence g1 x  g2 x; the converse is obviously true.
Therefore, the mapping from cosets to orbit elements

1.3.4.2.2.2. Groups and group actions
The books by Hall (1959) and Scott (1964) are recommended as
reference works on group theory.

(ii)

for all g1 , g2 2 G:

where the xi are elements of distinct orbits and I is an indexing set
labelling them. The subset D  fxi gi2I is said to constitute a
fundamental domain (mathematical terminology) or an asymmetric
unit (crystallographic terminology) for the action of G on X: it
contains one representative xi of each distinct orbit. Clearly, other
fundamental domains may be obtained by choosing different
representatives for these orbits.
If X is ﬁnite and if f is an arbitrary complex-valued function over
X, the ‘integral’ of f over X may be written as a sum of integrals over
the distinct orbits, yielding the orbit decomposition formula:

for all g1 , g2 2 G and all x 2 X ,
for all x 2 X :

The mapping Tg0 deﬁned by Tg0 x  xg then has the ‘rightrepresentation’ property:
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