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2.3. Patterson and molecular-replacement techniques
BY M. G. ROSSMANN
2.3.1. Introduction
Historically, the Patterson has been used in a variety of ways to
effect the solutions of crystal structures. While some simple
structures (Ketelaar & de Vries, 1939; Hughes, 1940; Speakman,
1949; Shoemaker et al., 1950) were solved by direct analysis of
Patterson syntheses, alternative methods have largely superseded
this procedure. An early innovation was the heavy-atom method
which depends on the location of a small number of relatively
strong scatterers (Harker, 1936). Image-seeking methods and
Patterson superposition techniques were ﬁrst contemplated in the
late 1930s (Wrinch, 1939) and applied sometime later (Beevers &
Robertson, 1950; Clastre & Gay, 1950; Garrido, 1950a; Buerger,
1959). This experience provided the encouragement for computerized vector-search methods to locate individual atoms automatically
(Mighell & Jacobson, 1963; Kraut, 1961; Hamilton, 1965; Simpson
et al., 1965) or to position known molecular fragments in unknown
crystal structures (Nordman & Nakatsu, 1963; Huber, 1965). The
Patterson function has been used extensively in conjunction with
the isomorphous replacement method (Rossmann, 1960; Blow,
1958) or anomalous dispersion (Rossmann, 1961a) to determine the
position of heavy-atom substitution. Pattersons have been used to
detect the presence and relative orientation of multiple copies of a
given chemical motif in the crystallographic asymmetric unit in the
same or different crystals (Rossmann & Blow, 1962). Finally, the
orientation and placement of known molecular structures (‘molecular replacement’) into unknown crystal structures can be
accomplished via Patterson techniques.
The function, introduced by Patterson in 1934 (Patterson,
1934a,b), is a convolution of electron density with itself and may
be deﬁned as
R
2:3:1:1
P u   x   u  x dx,
V

where P u is the ‘Patterson’ function at u,  x is the crystal’s
periodic electron density and V is the volume of the unit cell. The
Patterson function, or F 2 series, can be calculated directly from the
experimentally derived X-ray intensities as
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An analysis of Patterson peaks can be obtained by considering N
atoms with form factors fi in the unit cell. Then

2.3.1.1. Background

P u 

AND
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The derivation of (2.3.1.2) from (2.3.1.1) can be found in this
volume (see Section 1.3.4.2.1.6) along with a discussion of the
physical signiﬁcance and symmetry of the Patterson function,
although the principal properties will be restated here.
The Patterson can be considered to be a vector map of all the
pairwise interactions between the atoms in a unit cell. The vectors in
a Patterson correspond to vectors in the real (direct) crystal cell but
translated to the Patterson origin. Their weights are proportional to
the product of densities at the tips of the vectors in the real cell. The
Patterson unit cell has the same size as the real crystal cell. The
symmetry of the Patterson comprises the Laue point group of the
crystal cell plus any additional lattice symmetry due to Bravais
centring. The reduction of the real space group to the Laue
symmetry is produced by the translation of all vectors to the
Patterson origin and the introduction of a centre of symmetry. The
latter is a consequence of the relationship between the vectors AB
and BA. The Patterson symmetries for all 230 space groups are
tabulated in IT A (1983).
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On substituting (2.3.1.3) in (2.3.1.2), we see that the Patterson
consists of the sum of N 2 total interactions of which N are of weight
fi2 at the origin and N N 1 are of weight fi fj at xi xj .
The weight of a peak in a real cell is given by
R
wi  i x dx  Zi the atomic number,
U

where U is the volume of the atom i. By analogy, the weight of a
peak in a Patterson (form factor fi fj ) will be given by
R
wij  Pij u du  Zi Zj :
U

Although the maximum height of a peak will depend on the spread
of the peak, it is reasonable to assume that heights of peaks in a
Patterson are proportional to the products of the atomic numbers of
the interacting atoms.
There are a total of N 2 interactions in a Patterson due to N atoms
in the crystal cell. These can be represented as an N  N square
matrix whose elements uij , wij indicate the position and weight of
the peak produced between atoms i and j (Table 2.3.1.1). The N
vectors corresponding to the diagonal of this matrix are located at
the Patterson origin and arise from the convolution of each atom
with itself. This leaves N N 1 vectors whose locations depend
on the relative positions of all of the atoms in the crystal cell and
whose weights depend on the atom types related by the vector.
Complete speciﬁcation of the unique non-origin Patterson vectors
requires description of only the N N 1=2 elements in either the
upper or the lower triangle of this matrix, since the two sets of
vectors represented by the two triangles are related by a centre of
symmetry uij  xi xj  uij  xj xi . Patterson vector
positions are usually represented as huvwi, where u, v and w are
expressed as fractions of the Patterson cell axes.
2.3.1.2. Limits to the number of resolved vectors
If we assume a constant number of atoms per unit volume, the
number of atoms N in a unit cell increases in direct proportion with
the volume of the unit cell. Since the number of non-origin peaks in
the Patterson function is N N 1 and the Patterson cell is the same
size as the real cell, the problem of overlapping peaks in the
Patterson function becomes severe as N increases. To make matters
worse, the breadth of a Patterson peak is roughly equal to the sum of
the breadth of the original atoms. The effective width of a Patterson
peak will also increase with increasing thermal motion, although
this effect can be artiﬁcially reduced by sharpening techniques.
Naturally, a loss of attainable resolution at high scattering angles
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2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION
Table 2.3.1.1. Matrix representation of Patterson peaks
The N  N matrix represents the position uij and weights wij of atomic
interactions in a Patterson arising from N atoms at xi and weight wi in the real
cell.

x1 , w1
x2 , w2
..
.
xN , wN

x1 , w1

x2 , w2

...

xN , wN

u11  x1 x1 ,
w11  w21
x2 x1 , w2 w1
..
.
xN x1 , wN w1

u12  x1 x2 ,
w12  w1 w2
0, w22
..
.
xN x2 , wN w2

...

u1N  x1 xN ,
w1N  w1 wN
x2 xN , w2 wN
..
.
0, w2N

...
..
.
...

structure factors which had been obtained from a Patterson in which
the largest peaks had been attenuated.
The N origin peaks [see expression (2.3.1.3)] may be removed
from the Patterson by using coefﬁcients
N
P

jFh; mod j2  jFh j2

i1

f i2 :

A Patterson function using these modiﬁed coefﬁcients will retain all
interatomic vectors. However, the observed structure factors Fh
must ﬁrst be placed on an absolute scale (Wilson, 1942) in order to
match the scattering-factor term.
Analogous to origin removal, the vector interactions due to atoms
in known positions can also be removed from the Patterson
function. Patterson showed that non-origin Patterson peaks arising
from known atoms 1 and 2 may be removed by using the expression

will affect the resolution of atomic peaks in the real cell as well as
peaks in the Patterson cell. If U is the van der Waals volume per
average atom, then the fraction of the cell occupied by atoms will be
f  NU=V . Similarly, the fraction of the cell occupied by Patterson
peaks will be 2UN N 1=V or 2f N 1. With the reasonable
assumption that f ' 0:1 for a typical organic crystal, then the cell
can contain at most ﬁve atoms N  5 for there to be no overlap,
other than by coincidence, of the peaks in the Patterson. As N
increases there will occur a background of peaks on which are
superimposed features related to systematic properties of the
structure.
The contrast of selected Patterson peaks relative to the general
background level can be enhanced by a variety of techniques. For
instance, the presence of heavy atoms not only enhances the size of
a relatively small number of peaks but ordinarily ensures a larger
separation of the peaks due to the light-atom skeleton on which the
heavy atoms are hung. That is, the factor f (above) is substantially
reduced. Another example is the effect of systematic atomic
arrangements (e.g. -helices or aromatic rings) resulting in multiple
peaks which stand out above the background. In the isomorphous
replacement method, isomorphous difference Pattersons are utilized
in which the contrast of the Patterson interactions between the
heavy atoms is enhanced by removal of the predominant
interactions which involve the rest of the structure.

jFh; mod j2  jFh j2

N
P
i1

fi2 ti2

2f1 f2 t1 t2 cos 2h  x1

where x1 and x2 are the positions of atoms 1 and 2 and t1 and t2 are
their respective thermal correction factors. Using one-dimensional
Fourier series, Patterson illustrated how interactions due to known
atoms can obscure other information.
Patterson also introduced a means by which the peaks in a
Patterson function may be artiﬁcially sharpened. He considered the
effect of thermal motion on the broadening of electron-density
peaks and consequently their Patterson peaks. He suggested that the
F 2 coefﬁcients could be corrected for thermal effects by simulating
the atoms as point scatterers and proposed using a modiﬁed set of
coefﬁcients
jFh; sharp j2  jFh j2 =f 2 ,
where f , the average scattering factor per electron, is given by
N
N
f  P fi PZi :
i1

i1

A common formulation for this type of sharpening expresses the
atomic scattering factors at a given angle in terms of an overall
isotropic thermal parameter B as
f s  f0 exp

2.3.1.3. Modifications: origin removal, sharpening etc.
A. L. Patterson, in his ﬁrst in-depth exposition of his newly
discovered F 2 series (Patterson, 1935), introduced the major
modiﬁcations to the Patterson which are still in use today. He
illustrated, with one-dimensional Fourier series, the techniques of
removing the Patterson origin peak, sharpening the overall function
and also removing peaks due to atoms in special positions. Each one
of these modiﬁcations can improve the interpretability of
Pattersons, especially those of simple structures. Whereas the
recommended extent of such modiﬁcations is controversial
(Buerger, 1966), most studies which utilize Patterson functions do
incorporate some of these techniques [see, for example, Jacobson et
al. (1961), Braun et al. (1969) and Nordman (1980a)]. Since
Patterson’s original work, other workers have suggested that the
Patterson function itself might be modiﬁed; Fourier inversion of the
modiﬁed Patterson then provides a new and perhaps more tractable
set of structure factors (McLachlan & Harker, 1951; Simonov,
1965; Raman, 1966; Corﬁeld & Rosenstein, 1966). Karle &
Hauptman (1964) suggested that an improved set of structure
factors could be obtained from an origin-removed Patterson
modiﬁed such that it was everywhere non-negative and that
Patterson density values less than a bonding distance from the
origin were set to zero. Nixon (1978) was successful in solving a
structure which had previously resisted solution by using a set of

x2 ,

Bs2 :

The Patterson coefﬁcients then become
Z total
Fh; sharp  PN
Fh :
il f s
The normalized structure factors, E (see Chapter 2.2), which are
used in crystallographic direct methods, are also a common source
of sharpened Patterson coefﬁcients E2 1. Although the centre
positions and total contents of Patterson peaks are unaltered by
sharpening, the resolution of individual peaks may be enhanced.
The degree of sharpening can be controlled by adjusting the size of
the assumed B factor; Lipson & Cochran (1966, pp. 165–170)
analysed the effect of such a choice on Patterson peak shape.
All methods of sharpening Patterson coefﬁcients aim at
producing a point atomic representation of the unit cell. In this
quest, the high-resolution terms are enhanced (Fig. 2.3.1.1).
Unfortunately, this procedure must also produce a serious Fourier
truncation error which will be seen as large ripples about each
Patterson peak (Gibbs, 1898). Consequently, various techniques
have been used (mostly unsuccessfully) in an attempt to balance the
advantages of sharpening with the disadvantages of truncation
errors.
Schomaker and Shoemaker [unpublished; see Lipson & Cochran
(1966, p. 168)] used a function
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Fig. 2.3.1.1. Effect of ‘sharpening’ Patterson coefﬁcients. (1) shows a mean
distribution of jFj2 values with resolution, sin =. The normal decline
of this curve is due to increasing destructive interference between
different portions within diffuse atoms at larger Bragg angles. (2) shows
the distribution of ‘sharpened’ coefﬁcients. (3) shows the theoretical
distribution of jFj2 produced by a point-atom structure. To represent
such a structure with a Fourier series would require an inﬁnite series in
order to avoid large errors caused by truncation.

jFh j2
jFh; sharp j  2 s2 exp
f
2




2 2
s ,
p

in which s is the length of the scattering vector, to produce a
Patterson synthesis which is less sensitive to errors in the low-order
terms. Jacobson et al. (1961) used a similar function,


jFh j2
 2
jFh; sharp j2  2 k  s2  exp
s ,
p
f
which they rationalize as the sum of a scaled exponentially
sharpened Patterson and a gradient Patterson function (the value
of k was empirically chosen as 23). This approach was subsequently
further developed and generalized by Wunderlich (1965).
2.3.1.4. Homometric structures and the uniqueness of
structure solutions; enantiomorphic solutions
Interpretation of any Patterson requires some assumption, such as
the existence of discrete atoms. A complete interpretation might
also require an assumption of the number of atoms and may require
other external information (e.g. bond lengths, bond angles, van der
Waals separations, hydrogen bonding, positive density etc.). To
what extent is the solution of a Patterson function unique? Clearly
the greater is the supply of external information, the fewer will be
the number of possible solutions. Other constraints on the
signiﬁcance of a Patterson include the error involved in measuring
the observed coefﬁcients and the resolution limit to which they have
been observed. The larger the error, the larger the number of
solutions. When the error on the amplitudes is inﬁnite, it is only the
other physical constraints, such as packing, which limit the
structural solutions. Alternative solutions of the same Patterson
are known as homometric structures.
During their investigation of the mineral bixbyite, Pauling &
Shappell (1930) made the disturbing observation that there were
two solutions to the structure, with different arrangements of atoms,
which yielded the same set of calculated intensities. Speciﬁcally,
atoms occupying equipoint set 24d in space group I 21 =a3 can be
placed at either x, 0, 14 or x, 0, 14 without changing the calculated
intensities. Yet the two structures were not chemically equivalent.
These authors resolved the ambiguity by placing the oxygen atoms
in question at positions which gave the most acceptable bonding
distances with the rest of the structure.

Patterson interpreted the above ambiguity in terms of the F 2
series: the distance vector sets or Patterson functions of the two
structures were the same since each yielded the same calculated
intensities (Patterson, 1939). He deﬁned such a pair of structures a
homometric pair and called the degenerate vector set which they
produced a homometric set. Patterson went on to investigate the
likelihood of occurrence of homometric structures and, indeed,
devoted a great deal of his time to this matter. He also developed
algebraic formalisms for examining the occurrence of homometric
pairs and multiplets in selected one-dimensional sets of points, such
as cyclotomic sets, and also sets of points along a line (Patterson,
1944). Some simple homometric pairs are illustrated in Fig. 2.3.1.2.
Drawing heavily from Patterson’s inquiries into the structural
uniqueness allowed by the diffraction data, Hosemann, Bagchi and
others have given formal deﬁnitions of the different types of
homometric structures (Hosemann & Bagchi, 1954). They
suggested a classiﬁcation divided into pseudohomometric structures
and homomorphs, and used an integral equation representing a
convolution operation to express their examples of ﬁnite homometric structures. Other workers have chosen various means for
describing homometric structures [Buerger (1959, pp. 41–50),
Menzer (1949), Bullough (1961, 1964), Hoppe (1962)].
Since a Patterson function is centrosymmetric, the Pattersons of a
crystal structure and of its mirror image are identical. Thus the
enantiomeric ambiguity present in noncentrosymmetric crystal
structures cannot be overcome by using the Patterson alone and
represents a special case of homometric structures. Assignment of
the correct enantiomorph in a crystal structure analysis is generally
not possible unless a recognizable fragment of known chirality
emerges (e.g. L-amino acids in proteins, D-riboses in nucleic acids,
the known framework of steroids and other natural products, the
right-handed twist of -helices, the left-handed twist of successive
strands in a -sheet, the fold of a known protein subunit etc.) or
anomalous-scattering information is available and can be used to
resolve the ambiguity (Bijvoet et al., 1951).
It is frequently necessary to select arbitrarily one enantiomorph
over another in the early stages of a structure solution. Structurefactor phases calculated from a single heavy atom in space group
P1, P2 or P21 (for instance) will be centrosymmetric and both
enantiomorphs will be present in Fourier calculations based on
these phases. In other space groups (e.g. P21 21 21 ), the selected
heavy atom is likely to be near one of the planes containing the 21
axes and thus produce a weaker ‘ghost’ image of the opposite
enantiomorph. The mixture of the two overlapped enantiomorphic
solutions can cause interpretive difﬁculties. As the structure
solution progresses, the ‘ghosts’ are exorcized owing to the
dominance of the chosen enantiomorph in the phases.

Fig. 2.3.1.2. (c) The point Patterson of the two homometric structures in (a)
and (b). The latter are constructed by taking points at a and 12 M0 , where
M0 is a cell diagonal, and adding a third point which is (a) at 34 M0  a or
(b) at 14 M0  a. [Reprinted with permission from Patterson (1944).]
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2.3.1.5. The Patterson synthesis of the second kind
Patterson also deﬁned a second, less well known, function
(Patterson, 1949) as
Z
P u   u  x   u x dx


2
V2

hemisphere
X

Fh2 cos 22h  u

2 h :

h

This function can be computed directly only for centrosymmetric
structures. It can be calculated for noncentrosymmetric structures
when the phase angles are known or assumed. It will represent the
degree to which the known or assumed structure has a centre of
symmetry at u. That is, the product of the density at u  x and u x
is large when integrated over all values x within the unit cell. Since
atoms themselves have a centre of symmetry, the function will
contain peaks at each atomic site roughly proportional in height to
the square of the number of electrons in each atom plus peaks at the
midpoint between atoms proportional in height to the product of the
electrons in each atom. Although this function has not been found
very useful in practice, it is useful for demonstrating the presence of
weak enantiomorphic images in a given tentative structure
determination.

convenient because then the structure factors are all real. Typically,
one of the vector peaks closest to the Patterson origin is selected to
start the solution, usually in the calculated asymmetric unit of the
Patterson. Care must be exercised in selecting the same origin for all
atomic positions by considering cross-vectors between atoms.
Examine, for example, the c-axis Patterson projection of a
cuprous chloride azomethane complex C2 H6 Cl2 Cu2 N2  in P1 as
shown in Fig. 2.3.2.2. The largest Patterson peaks should
correspond to vectors arising from Cu Z  29 and Cl Z  17
atoms. There will be copper atoms at xCu xCu , yCu  and
xCu xCu , yCu  as well as chlorine atoms at analogous
positions. The interaction matrix is

xCu , 29
xCl , 17
xCu , 29
xCl , 17

0, 841

xCu xCl , 493
0, 289

xCu , 29
2xCu , 841
xCl  xCu , 493
0, 841

xCl , 17
xCu  xCl , 493
2xCl , 289
xCu xCl , 493
0, 289

Position Weight Multiplicity Total weight
841
1
841
2xCu
289
1
289
2xCl
xCu xCl
493
2
986
493
2
986
xCu  xCl

2.3.2.1. Simple solutions in the triclinic cell. Selection of the
origin

Fig. 2.3.2.1. Origin selection in the interpretation of a Patterson of a onedimensional centrosymmetric structure.

xCl , 17

which shows that the Patterson should contain the following types
of vectors:

2.3.2. Interpretation of Patterson maps

A hypothetical one-dimensional centrosymmetric crystal structure containing an atom at x and at x and the corresponding
Patterson is illustrated in Fig. 2.3.2.1. There are two different
centres of symmetry which may be chosen as convenient origins. If
the atoms are of equal weight, we expect Patterson vectors at
positions u  2x with weights equal to half the origin peak. There
are two symmetry-related peaks, u1 and u2 (Fig. 2.3.2.1) in the
Patterson. It is an arbitrary choice whether u1  2x or u2  2x. This
choice is equivalent to selecting the origin at the centre of symmetry
I or II in the real structure (Fig. 2.3.2.1). Similarly in a threedimensional P1 cell, the Patterson will contain peaks at huvwi
which can be used to solve for the atom coordinates h2x, 2y, 2zi.
Solving for the same coordinates by starting from symmetric
representations of the same vector will lead to alternate origin
choices. For example, use of h1  u, 1  v, wi will lead to
translating the origin by  12 ,  12 , 0 relative to the solution
based on huvwi. There are eight distinct inversion centres in P1,
each one of which represents a valid origin choice. Although any
choice of origin would be allowable, an inversion centre is

xCu , 29

The coordinates of the largest Patterson peaks are given in Table
2.3.2.1 for an asymmetric half of the cell chosen to span 0 ! 12 in u
and 0 ! 1 in v. Since the three largest peaks are in the same ratio
(7:7:6) as the three largest expected vector types (986:986:841), it is
reasonable to assume that peak III corresponds to the copper–
copper interaction at 2xCu . Hence, xCu  0:08 and yCu  0:20.
Peaks I and II should be due to the double-weight Cu–Cl vectors at
xCu xCl and xCu  xCl . Now suppose that peak I is at position
xCu  xCl , then xCl  0:25 and yCl  0:14. Peak II should now
check out as the remaining double-weight Cu–Cl interaction at
xCu xCl . Indeed, xCu xCl  h 0:17, 0:06i  h0:17, 0:06i
which agrees tolerably well with the position of peak II. The
chlorine position also predicts the position of a peak at 2xCl with

Fig. 2.3.2.2. The c-axis projection of cuprous chloride azomethane
complex C2 H6 Cl2 Cu2 N2 . The space group is P1 with one molecule
per unit cell. [Adapted from and reprinted with permission from
Woolfson (1970, p. 321).]
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Table 2.3.2.1.

Coordinates of Patterson peaks for
C 2 H 6 Cl2 Cu2 N 2 projection

Height

u

v

Number in diagram (Fig. 2.3.2.2)

7
7
6
3
3
2
2

0.33
0.18
0.16
0.49
0.02
0.30
0.12

0.34
0.97
0.40
0.29
0.59
0.75
0.79

I
II
III
IV
V
VI
VII

vectors and such ‘Harker vectors’ constitute the subject of the next
section.
2.3.2.2. Harker sections

weight 289; peak IV conﬁrms the chlorine assignment. In fact, this
Patterson can be solved also for the lighter nitrogen- and carbonatom positions which account for the remainder of the vectors listed
in Table 2.3.2.1. However, the simplest way to complete the
structure determination is probably to compute a Fourier synthesis
using phases calculated from the heavier copper and chlorine
positions.
Consider now a real cell with M crystallographic asymmetric
units, each of which contains N atoms. Let us deﬁne xmn , the
position of the nth atom in the mth crystallographic unit, by
xmn  T m x1n  tm ,
where T m  and tm are the rotation matrix and translation vector,
respectively, for the mth crystallographic symmetry operator. The
Patterson of this crystal will contain vector peaks which arise from
atoms interacting with other atoms both in the same and in different
crystallographic asymmetric units. The set of MN2 Patterson
vector interactions for this crystal is represented in a matrix in Table
2.3.2.2. Upon dissection of this diagram we see that there are MN
origin vectors, M N 1N vectors from atom interactions with
other atoms in the same crystallographic asymmetric unit and
M M 1N 2 vectors involving atoms in separate asymmetric
units. Often a number of vectors of special signiﬁcance relating
symmetry-equivalent atoms emerge from this milieu of Patterson

Soon after Patterson introduced the F 2 series, Harker (1936)
recognized that many types of crystallographic symmetry result in a
concentration of vectors at characteristic locations in the Patterson.
Speciﬁcally, he showed that atoms related by rotation axes produce
vectors in characteristic planes of the Patterson, and that atoms
related by mirror planes or reﬂection glide planes produce vectors
on characteristic lines. Similarly, noncrystallographic symmetry
operators produce analogous concentrations of vectors. Harker
showed how special sections through a three-dimensional function
could be computed using one- or two-dimensional summations.
With the advent of powerful computers, it is usual to calculate a full
three-dimensional Patterson synthesis. Nevertheless, ‘Harker’
planes or lines are often the starting point for a structure
determination. It should, however, be noted that non-Harker vectors
(those not due to interactions between symmetry-related atoms) can
appear by coincidence in a Harker section. Table 2.3.2.3 shows the
position in a Patterson of Harker planes and lines produced by all
types of crystallographic symmetry operators.
Buerger (1946) noted that Harker sections can be helpful in
space-group determination. Concentrations of vectors in appropriate regions of the Patterson should be diagnostic for the presence
of some symmetry elements. This is particularly useful where these
elements (such as mirror planes) are not directly detected by
systematic absences.
Buerger also developed a systematic method of interpreting
Harker peaks which he called implication theory [Buerger (1959,
Chapter 7)].
2.3.2.3. Finding heavy atoms
The previous two sections have developed some of the useful
mechanics for interpreting Pattersons. In this section, we will
consider ﬁnding heavy-atom positions, in the presence of numerous
light atoms, from Patterson maps. The feasibility of structure
solution by the heavy-atom method depends on a number of factors
which include the relative size of the heavy atom and the extent and

Table 2.3.2.2. Square matrix representation of vector interactions in a Patterson of a crystal with M crystallographic asymmetric
units each containing N atoms
Peak positions um1n1; m2n2 correspond to vectors between the atoms xm1n1 and xm2n2 where xmn is the nth atom in the mth crystallographic asymmetric unit. The
corresponding weights are wn1 wn2 . The outlined blocks I1 and IM represent vector interactions between atoms in the same crystallographic asymmetric units (there
are M such blocks). The off-diagonal blocks IIM1 and II1M represent vector interactions between atoms in crystal asymmetric units 1 and M; there are M M 1
blocks of this type. The signiﬁcance of diagonal elements of block IIM1 is that they represent Harker-type interactions between symmetry-equivalent atoms (see
Section 2.3.2.2).

x11 , w1
x12 , w2
..
.
x1N , wN

x11 , w1

x12 , w2

...

x1N , wN

0, w21

u11; 12 , w1 w2
0, w22
..
.

...
...

u11; 1N , w1 wN
u12; 1N , w2 wN
..
.
0, w2N

...

xM1 , w1
xM2 , w2
..
.
xMN , wN

Block II1M
..
.

uM1; 11 , w21
uM2; 11 , w2 w1

xM2 , w2

...

Block I1
..
.

xM1 , w1

..

uM1; 12 , w1 w2
uM2; 12 , w22
..
.

..
.

.

...
uMN ; 1N , w2N

Block IIM1

Block IM
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Table 2.3.2.3. Position of Harker sections within a Patterson
Symmetry element

Form of P x, y, z

(a) Harker planes
Axes parallel to the b axis:
(i) 2, 3, 3, 4, 4, 6, 6
(ii) 21 , 42 , 63
(iii) 31 , 32 , 62 , 64
(iv) 41 , 43
(v) 61 , 65

P
P
P
P
P

x, 0, z
x, 12 , z
x, 13 , z
x, 14 , z
x, 16 , z

P
P
P
P
P
P

0, y, 0
1
2 , y, 0
0, y, 12
1
1
2 , y, 2
1
1
,
y,
4
4
3
1
,
y,
4
4

(b) Harker lines
Planes perpendicular to the b axis:
(i) Reflection planes
(ii) Glide plane, glide  12 a
(iii) Glide plane, glide  12 c
(iv) Glide plane, glide  12 a  c
(v) Glide plane, glide  14 a  c
(vi) Glide plane, glide  14 3a  c
(c) Special Harker planes
Axes parallel to or containing body diagonal (111), valid for cubic space
groups only:
Equation of plane
lx  my  nz p  0
(i) 3
l  m  n  cos 54:73561  0:57735
p0
l  m  n  cos 54:73561  0:57735
(ii) 31
p
p  3=3
Rhombohedral threefold axes produce analogous Harker planes whose
description will depend on the interaxial angle.

quality of the data. A useful rule of thumb is that the ratio
P
heavy
r P

Z2

light Z

2

should be near unity if the heavy atom is to provide useful starting
phase information (Z is the atomic number of an atom). The
condition that r > 1 normally guarantees interpretability of the
Patterson function in terms of the heavy-atom positions. This ‘rule’,
arising from the work of Luzzati (1953), Woolfson (1956), Sim
(1961) and others, is not inviolable; many ambitious determinations
have been accomplished via the heavy-atom method for which r
was well below 1.0. An outstanding example is vitamin B12 with
formula C62 H88 CoO14 P, which gave an r  0:14 for the cobalt atom
alone (Hodgkin et al., 1957). One factor contributing to the success
of such a determination is that the relative scattering power of Co is
enhanced for higher scattering angles. Thus, the ratio, r, provides a
conservative estimate. If the value of r is well above 1.0, the initial
easier interpretation of the Patterson will come at the expense of
poorly deﬁned parameters of the lighter atoms.
A general strategy for determining heavy atoms from the
Patterson usually involves the following steps.
(1) List the number and type of atoms in the cell.
(2) Construct the interaction matrix for the heaviest atoms to
predict the positions and weights of the largest Patterson vectors.
Group recurrent vectors and notice vectors with special properties,
such as Harker vectors.

(3) Compute the Patterson using any desired
P modiﬁcations.
Placing the map on an absolute scale P 000  Z 2  is convenient
but not necessary.
(4) Examine Harker sections and derive trial atom coordinates
from vector positions.
(5) Check the trial coordinates using other vectors in the
predicted set. Correlate enantiomorphic choice and origin choice
for independent sites.
(6) Include the next-heaviest atoms in the interpretation if
possible. In particular, use the cross-vectors with the heaviest
atoms.
(7) Use the best heavy-atom model to initiate phasing.
Detailed and instructive examples of using Pattersons to ﬁnd
heavy-atom positions are found in almost every textbook on crystal
structure analysis [see, for example, Buerger (1959), Lipson &
Cochran (1966) and Stout & Jensen (1968)].
The determination of the crystal structure of cholesteryl iodide by
Carlisle & Crowfoot (1945) provides an example of using the
Patterson function to locate heavy atoms. There were two
molecules, each of formula C27 H45 I, in the P21 unit cell. The
ratio r  2:8 is clearly well over the optimal value of unity. The
P(x, z) Patterson projection showed one dominant peak at
h0:434, 0:084i in the asymmetric unit. The equivalent positions
for P21 require that an iodine atom at xI , yI , zI generates another at
xI , 12  yI , zI and thus produces a Patterson peak at h2xI , 12 , 2zI i.
The iodine position was therefore determined as 0.217, 0.042. The y
coordinate of the iodine is arbitrary for P21 yet the value of yI 
0:25 is convenient, since an inversion centre in the two-atom iodine
structure is then exactly at the origin, making all calculated phases 0
or . Although the presence of this extra symmetry caused some
initial difﬁculties in the interpretation of the steroid backbone,
Carlisle and Crowfoot successfully separated the enantiomorphic
images. Owing to the presence of the perhaps too heavy iodine
atom, however, the structure of the carbon skeleton could not be
deﬁned very precisely. Nevertheless, all critical stereochemical
details were adequately illuminated by this determination. In the
cholesteryl iodide example, a number of different yet equivalent
origins could have been selected. Alternative origin choices include
all combinations of x  12 and z  12.
A further example of using the Patterson to ﬁnd heavy atoms will
be provided in Section 2.3.5.2 on solving for heavy atoms in the
presence of noncrystallographic symmetry.
2.3.2.4. Superposition methods. Image detection
As early as 1939, Wrinch (1939) showed that it was possible, in
principle, to recover a fundamental set of points from the vector
map of that set. Unlike the Harker–Buerger implication theory
(Buerger, 1946), the method that Wrinch suggested was capable of
using all the vectors in a three-dimensional set, not those restricted
to special lines or sections. Wrinch’s ideas were developed for
vector sets of points, however, and could not be directly applied to
real, heavily overlapped Pattersons of a complex structure. These
ideas seem to have lain dormant until the early 1950s when a
number of independent investigators developed superposition
methods (Beevers & Robertson, 1950; Clastre & Gay, 1950;
Garrido, 1950a; Buerger, 1950a).
A Patterson can be considered as a sum of images of a molecule
as seen, in turn, for each atom placed on the origin (Fig. 2.3.2.3).
Thus, the deconvolution of a Patterson could proceed by superimposing each image of the molecule obtained onto the others by
translating the Patterson origin to each imaging atom. For instance,
let us take a molecule consisting of four atoms ABCD arranged in
the form of a quadrilateral (Fig. 2.3.2.3). Then the Patterson consists
of the images of four identical quadrilaterals with atoms A, B, C and
D placed on the origin in turn. The Pattersons can then be
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Thus, the sum function is equivalent to a weighted ‘heavy atom’
method based on the known atoms assumed by the superposition
translation vectors.
The product function is somewhat more vigorous in that the
images are enhanced by the product. If an image is superimposed on
no image, then the product should be zero.
The product function can be expressed as
Pr x 

N
Q

P x  ui :

i1

When N  2 (h and p are sets of Miller indices),
PP 2 2
Pr x 
Fh Fp exp2i h  p  x
h p

 exp2i h  ui  p  ui :
Fig. 2.3.2.3. Atoms ABCD, arranged as a quadrilateral, generate a Patterson
which is the sum of the images of the quadrilateral when each atom is
placed on the origin in turn.

deconvoluted by superimposing two of these Pattersons after
translating these (without rotation) by, for instance, the vector
AB. A further improvement could be obtained by superimposing a
third Patterson translated by AC. This would have the additional
advantage in that ABC is a noncentrosymmetric arrangement and,
therefore, selects the enantiomorph corresponding to the hand of the
atomic arrangement ABC [cf. Buerger (1951, 1959)].
A basic problem is that knowledge of the vectors AB and AC also
implies some knowledge of the structure at a time when the
structure is not yet known. In practice ‘good-looking’ peaks,
estimated to be single peaks by assessing the absolute scale of the
structure amplitudes with Wilson statistics, can be assumed to be
the result of single interatomic vectors within a molecule.
Superposition can then proceed and the result can be inspected
for reasonable chemical sense. As many apparently single peaks can
be tried systematically using a computer, this technique is useful for
selecting and testing a series of reasonable Patterson interpretations
(Jacobson et al., 1961).
Three major methods have been used for the detection of
molecular images of superimposed Pattersons. These are the sum,
product and minimum ‘image seeking’ functions (Raman &
Lipscomb, 1961). The concept of the sum function is to add the
images where they superimpose, whereas elsewhere the summed
Pattersons will have a lower value owing to lack of image
superposition. Therefore, the sum function determines the average
Patterson density for superimposed images, and is represented
analytically as
S x 

N
P

P x  ui ,

i1

where S x is the sum function at x given by the superposition of the
ith Patterson translated by ui , or

N

P 2
P
S x 
Fh exp 2ih  x
exp 2ih  ui  :
h

i1

Setting
m exp i'h  

N
P

exp 2ih  ui 

i1

(m and 'h can be calculated from the translational vectors used for
the superposition),
P
S x  Fh2 m exp 2ih  x  'h :
h

Successive superpositions using the product functions will quickly
be dominated by a few terms with very large coefﬁcients.
Finally, the minimum function is a clever invention of Buerger
(Buerger, 1950b, 1951, 1953a,b,c; Taylor, 1953; Rogers, 1951). If a
superposition is correct then each Patterson must represent an image
of the structure. Whenever there are two or more images that
intersect in the Patterson, the Patterson density will be greater than a
single image. When two different images are superimposed, it is a
reasonable hope that at least one of these is a single image. Thus by
taking the value of that Patterson which is the minimum, it should
be possible to select a single image and eliminate noise from
interfering images as far as possible. Although the minimum
function is perhaps the most powerful algorithm for image selection
of well sharpened Pattersons, it is not readily amenable to Fourier
representation.
The minimum function was conceived on the basis of selecting
positive images on a near-zero background. If it were desired to
select negative images [e.g. the F1 F2 2 correlation function
discussed in Section 2.3.3.4], then it would be necessary to use a
maximum function. In fact, normally, an image has ﬁnite volume
with varying density. Thus, some modiﬁcation of the minimum
function is necessary in those cases where the image is large
compared to the volume of the unit cell, as in low-resolution protein
structures (Rossmann, 1961b). Nordman (1966) used the average of
the Patterson values of the lowest 10 to 20 per cent of the vectors in
comparing Pattersons with hypothetical point Pattersons. A similar
criterion was used by High & Kraut (1966).
Image-seeking methods using Patterson superposition have been
used extensively (Beevers & Robertson, 1950; Garrido, 1950b;
Robertson, 1951). For a review the reader is referred to Vector
Space (Buerger, 1959) and a paper by Fridrichsons & Mathieson
(1962). However, with the advent of computerized direct methods
(see Chapter 2.2), such techniques are no longer popular. Nevertheless, they provide the conceptual framework for the rotation and
translation functions (see Sections 2.3.6 and 2.3.7).
2.3.2.5. Systematic computerized Patterson vector-search
procedures. Looking for rigid bodies
The power of the modern digital computer has enabled rapid
access to the large number of Patterson density values which can
serve as a lookup table for systematic vector-search procedures. In
the late 1950s, investigators began to use systematic searches for the
placement of single atoms, of known chemical groups or fragments
and of entire known structures. Methods for locating single atoms
were developed and called variously: vector veriﬁcation (Mighell &
Jacobson, 1963), symmetry minimum function (Kraut, 1961;
Simpson et al., 1965; Corﬁeld & Rosenstein, 1966) and consistency
functions (Hamilton, 1965). Patterson superposition techniques
using stored function values were often used to image the structure
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from the known portion. In such single-site search procedures,
single atoms are placed at all possible positions in a crystal, using a
search grid of the same ﬁneness as for the stored Patterson function,
preferably about one-third of the resolution of the Patterson map.
Solutions are gauged to be acceptable if all expected vectors due to
symmetry-related atoms are observed above a speciﬁed threshold in
the Patterson.
Systematic computerized Patterson search procedures for
orienting and positioning known molecular fragments were also
developed in the early 1960s. These hierarchical procedures rely on
ﬁrst using the ‘self’-vectors which depend only on the orientation of
a molecular fragment. A search for the position of the fragment
relative to the crystal symmetry elements then uses the crossvectors between molecules (see Sections 2.3.6 and 2.3.7). Nordman
constructed a weighted point representation of the predicted vector
set for a fragment (Nordman & Nakatsu, 1963; Nordman, 1966) and
successfully solved the structure of a number of complex alkaloids.
Huber (1965) used the convolution molecule method of Hoppe
(1957a) in three dimensions to solve a number of natural-product
structures, including steroids. Various program systems have used
Patterson search methods operating in real space to solve complex
structures (Braun et al., 1969; Egert, 1983).
Others have used reciprocal-space procedures for locating known
fragments. Tollin & Cochran (1964) developed a procedure for
determining the orientation of planar groups by searching for
origin-containing planes of high density in the Patterson. General
procedures using reciprocal-space representations for determining
rotation and translation parameters have been developed and will be
described in Sections 2.3.6 and 2.3.7, respectively.
Although as many functions have been used to detect solutions in
these Patterson search procedures as there are programs, most rely
on some variation of the sum, product and minimum functions
(Section 2.3.2.4). The quality of the stored Patterson density
representation also varies widely, but it is now common to use 16
or more bits for single density values. Treatment of vector overlap is
handled differently by different investigators and the choice will
depend on the degree of overlapping (Nordman & Schilling, 1970;
Nordman, 1972). General Gaussian multiplicity corrections can be
employed to treat coincidental overlap of independent vectors in
general positions and overlap which occurs for symmetric peaks in
the vicinity of a special position or mirror plane in the Patterson (G.
Kamer, S. Ramakumar & P. Argos, unpublished results; Rossmann
et al., 1972).

they dominated the total scattering effect. It was not until Perutz and
his colleagues (Green et al., 1954; Bragg & Perutz, 1954) applied
the technique to the solution of haemoglobin, a protein of
68 000 Da, that it was necessary to consider methods for detecting
heavy atoms. The effect of a single heavy atom, even uranium, can
only have a very marginal effect on the structure amplitudes of a
crystalline macromolecule. Hence, techniques had to be developed
which were dependent on the difference of the isomorphous
structure amplitudes rather than on the solution of the Patterson
of the heavy-atom-derivative compound on its own.
2.3.3.2. Finding heavy atoms with centrosymmetric
projections
Phases in a centrosymmetric projection will be 0 or  if the origin
is chosen at the centre of symmetry. Hence, the native structure
factor, FN , and the heavy-atom-derivative structure factor, FNH ,
will be collinear. It follows that the structure amplitude, jFH j, of the
heavy atoms alone in the cell will be given by
jFH j  j jFNH j  jFN jj  ",
where " is the error on the parenthetic sum or difference. Three
different cases may arise (Fig. 2.3.3.1). Since the situation shown in
Fig. 2.3.3.1(c) is rare, in general
jFH j2 ' jFNH j

jFN j2 :

2:3:3:1

Thus, a Patterson computed with the square of the differences
between the native and derivative structure amplitudes of a
centrosymmetric projection will approximate to a Patterson of the
heavy atoms alone.
The approximation (2.3.3.1) is valid if the heavy-atom
substitution is small enough to make jFH j  jFNH j for most
reﬂections, but sufﬁciently large to make "  jFNH j jFN j2 . It
is also assumed that the native and heavy-atom-derivative data have
been placed on the same relative scale. Hence, the relation (2.3.3.1)
should be re-written as
jFH j2 ' jFNH j

kjFN j2 ,

where k is an experimentally determined scale factor (see Section
2.3.3.7). Uncertainty in the determination of k will contribute
further to ", albeit in a systematic manner.
Centrosymmetric projections were used extensively for the
determination of heavy-atom sites in early work on proteins such
as haemoglobin (Green et al., 1954), myoglobin (Bluhm et al.,

2.3.3. Isomorphous replacement difference Pattersons
2.3.3.1. Introduction
One of the initial stages in the application of the isomorphous
replacement method is the determination of heavy-atom positions.
Indeed, this step of a structure determination can often be the most
challenging. Not only may the number of heavy-atom sites be
unknown, and have incomplete substitution, but the various
isomorphous compounds may also lack isomorphism. To compound these problems, the error in the measurement of the
isomorphous difference in structure amplitudes is often comparable
to the differences themselves. Clearly, therefore, the ease with
which a particular problem can be solved is closely correlated with
the quality of the data-measuring procedure.
The isomorphous replacement method was used incidentally by
Bragg in the solution of NaCl and KCl. It was later formalized by
J. M. Robertson in the analysis of phthalocyanine where the
coordination centre could be Pt, Ni and other metals (Robertson,
1935, 1936; Robertson & Woodward, 1937). In this and similar
cases, there was no difﬁculty in ﬁnding the heavy-atom positions.
Not only were the heavy atoms frequently in special positions, but

Fig. 2.3.3.1. Three different cases which can occur in the relation of the
native, FN , and heavy-atom derivative, FNH , structure factors for
centrosymmetric reﬂections. FN is assumed to have a phase of 0,
although analogous diagrams could be drawn when FN has a phase of .
The crossover situation in (c) is clearly rare if the heavy-atom
substitution is small compared to the native molecule, and can in
general be neglected.
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p
1958) and lysozyme (Poljak, 1963). However, with the advent of
2:3:3:2
jFH j2 ' 2 jFNH j jFN j2 ,
faster data-collecting techniques, low-resolution (e.g. a 5 Å limit)
three-dimensional data are to be preferred for calculating difference whichpaccounts for the assumption (Section 2.3.3.2) that
Pattersons. For noncentrosymmetric reﬂections, the approximation "3  2"2 . The almost universal method for the initial determina(2.3.3.1) is still valid but less exact (Section 2.3.3.3). However, the tion of major heavy-atom sites in an2isomorphous derivative utilizes
larger number of three-dimensional differences compared to a Patterson with jFNH j jFN j coefﬁcients. Approximation
projection differences will enhance the signal of the real Patterson (2.3.3.2) is also the basis for the reﬁnement of heavy-atom
peaks relative to the noise. If there are N terms in the Patterson
p parameters in a single isomorphous replacement pair (Rossmann,
synthesis, then the peak-to-noise ratio will be proportionally N 1960; Cullis et al., 1962; Terwilliger & Eisenberg, 1983).
and 1/". With the subscripts 2 and 3 representing two- and threedimensional syntheses, respectively, the latter will be more
2.3.3.4. Correlation functions
powerful than the former whenever
p p
In the most general case of a triclinic space group, it will be
N3
N2
necessary
to select an origin arbitrarily, usually coincident with a
>
:
"3
"2
heavy atom. All other heavy atoms (and subsequently also the
p
Now, as "3 ' 2"2 , it follows that N3 must be greater than 2N2 if macromolecular atoms) will be referred to this reference atom.
the three-dimensional noncentrosymmetric computation is to be However, the choice of an origin will be independent in the
interpretation of each derivative’s difference Patterson. It will then
more powerful. This condition must almost invariably be true.
be necessary to correlate the various, arbitrarily chosen, origins. The
same problem occurs in space groups lacking symmetry axes
2.3.3.3. Finding heavy atoms with three-dimensional
perpendicular to the primary rotation axis (e.g. P21 , P6 etc.),
methods
although only one coordinate, namely parallel to the unique rotation
A Patterson of a native bio-macromolecular structure (coefﬁ- axis, will require correlation. This problem gave rise to some
cients FN2 ) can be considered as being, at least approximately, a concern in the 1950s. Bragg (1958), Blow (1958), Perutz (1956),
vector map of all the light atoms (carbons, nitrogens, oxygens, some Hoppe (1959) and Bodo et al. (1959) developed a variety of
satisfactory. Rossmann
sulfurs, and also phosphorus for nucleic acids) other than hydrogen techniques, none of which were entirely
2
F

synthesis
and applied it
(1960)
proposed
the
F
NH1
NH2
atoms. These interactions will be designated as LL. Similarly, a
successfully
to
the
heavy-atom
determination
of
horse
haemogloPatterson of the heavy-atom derivative will contain HH  HL  LL
bin.
This
function
gives
positive
peaks
H1

H1
at
the
end of
interactions, where H represents the heavy atoms. Thus, a true
vectors
between
the
heavy-atom
sites
in
the
ﬁrst
compound,
positive
2
2
difference Patterson, with coefﬁcients FNH FN , will contain only
the interactions HH  HL. In general, the carpet of HL vectors peaks H2  H2 between the sites in the second compound, and
completely dominates the HH vectors except for very small proteins negative peaks between sites in the ﬁrst and second compound (Fig.
such as insulin (Adams et al., 1969). Therefore, it would be 2.3.3.3). It is thus the negative peaks which provide the necessary
preferable to compute a Patterson containing only HH interactions correlation. The function is unique in that it is a Patterson
in order to interpret the map in terms of speciﬁc heavy-atom sites. containing signiﬁcant information in both positive and negative
Blow (1958) and Rossmann (1960) showed that a Patterson with peaks. Steinrauf (1963) suggested using the coefﬁcients jFNH1 j
jFNH j jFN j2 coefﬁcients approximated to a Patterson containing jFN j  jFNH2 j jFN j in order to eliminate the positive H1  H1
only HH vectors. If the phase angle between FN and FNH is ' (Fig. and H2  H2 vectors.
Although the problem of correlation was a serious concern in the
2.3.3.2), then
early structural determination of proteins during the late 1950s and
early 1960s, the problem has now been by-passed. Blow &
jFH j2  jFN j2  jFNH j2 2jFN kFNH j cos ':
In general, however, jFH j  jFN j. Hence, ' is small and
jFH j2 ' jFNH j

jFN j2 ,

which is the same relation as (2.3.3.1) for centrosymmetric
approximations. Since the direction of FH is random compared to
the root-mean-square projected length of FH onto FN will be
FN , p
FH = 2. Thus it follows that a better approximation is

Fig. 2.3.3.2. Vector triangle showing the relationship between FN , FNH and
FH , where FNH  FN  FH .

Fig. 2.3.3.3. A Patterson with coefﬁcients FNH1 FNH2 2 will be
equivalent to a Patterson whose coefﬁcients are AB2 . However,
AB  FH1  FH2 . Thus, a Patterson with AB2 coefﬁcients is
equivalent to having negative atomic substitutions in compound 1 and
positive substitutions in compound 2, or vice versa. Therefore, the
Patterson will contain positive peaks for vectors of the type H1  H1 and
H2  H2, but negative vector peaks for vectors of type H1  H2.
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2 
2
Rossmann (1961) and Kartha (1961) independently showed that it
P
P
2
Eh  Ah  ahi  Bh  bhi :
2:3:3:4
was possible to compute usable phases from a single isomorphous
N
N
replacement (SIR) derivative. This contradicted the previously
accepted notion that it was necessary to have at least two Following the same procedure as above, it follows that
isomorphous derivatives to be able to determine a noncentrosym"
#
metric reﬂection’s phase (Harker, 1956). Hence, currently, the
P
P
P
CP0  2h Ah ah  Bh bh  
ahi ahj  bhi bhj  , 2:3:3:5
procedure used to correlate origins in different derivatives is to
h
i6j
compute SIR phases from the ﬁrst compound and apply them to a
difference electron-density map of the second heavy-atom
PL
PL
derivative. Thus, the origin of the second derivative will be referred where ah  i1 ahi and bh  i1 bhi .
Expression (2.3.3.5) will now be compared with the ‘feedback’
to the arbitrarily chosen origin of the ﬁrst compound. More
method
(Dickerson et al., 1967, 1968) of verifying heavy-atom sites
important, however, the interpretation of such a ‘feedback’
difference Fourier is easier than that of a difference Patterson. using SIR phasing. Inspection of Fig. 2.3.3.4 shows that the native
Hence, once one heavy-atom derivative has been solved for its phase, , will be determined as  '   (' is the structure-factor
heavy-atom sites, the solution of other derivatives is almost assured. phase corresponding to the presumed heavy-atom positions) when
jFN j > jFH j and  ' when jFN j  jFH j. Thus, an SIR difference
This concept is examined more closely in the following section.
electron density,  x, can be synthesized by the Fourier
summation
2.3.3.5. Interpretation of isomorphous difference Pattersons
1X
m jFNH j jFN j cos 2h  x 'h 

x

Difference Pattersons have usually been manually interpreted in
V
terms of point atoms. In more complex situations, such as
from terms with h  jFNH j jFN j > 0
crystalline viruses, a systematic approach may be necessary to
1X
analyse the Patterson. That is especially true when the structure
m jFNH j jFN j cos 2h  x 'h 

contains noncrystallographic symmetry (Argos & Rossmann,
V
1976). Such methods are in principle dependent on the comparison
from terms with h < 0
of the observed Patterson, P1 x, with a calculated Patterson, P2 x.
1X
A criterion, CP , based on the sum of the Patterson densities at all test
mjh j cos 2h  x 'h ,

V
vectors within the unit-cell volume V, would be
R
CP  P1 x  P2 x dx:
where m is a ﬁgure of merit of the phase reliability (Blow & Crick,
V
1959; Dickerson et al., 1961). Now,
CP can be evaluated for all reasonable heavy-atom distributions.
Each different set of trial sites corresponds to a different P2
Patterson. It is then easily shown that
P
CP  2h Eh2 ,
h

where the sum is taken over all h reﬂections in reciprocal space, 2h
are the observed differences and Eh are the structure factors of the
trial point Patterson. (The symbol E is used here because of its close
relation to normalized structure factors.)
Let there be n noncrystallographic asymmetric units within the
crystallographic asymmetric unit and m crystallographic asymmetric units within the crystal unit cell. Then there are L symmetryrelated heavy-atom sites where L  nm. Let the scattering
contribution of the ith site have ai and bi real and imaginary
structure-factor components with respect to an arbitrary origin.
Hence, for reﬂection h

2 
2
N P
N
P
P
2 P
Eh
ahi 
bhi  L 
ahi ahj  bhi bhj :
L

Therefore,

i6j

L

"
#
P 2
PP
ahi ahj  bhi bhj  :
CP   h L  2
i6j

h

P

But h 2h must be independent of the number, L, of heavy-atom
sites per cell. Thus the criterion can be re-written as
"
#
P
P
P
ahi ahj  bhi bhj  :
2:3:3:3
CP0  2h
h

i6j

More generally, if some sites have already been tentatively
determined, and if these sites give rise to the structure-factor
components Ah and Bh , then

Fig. 2.3.3.4. The phase of the native compound (structure factor FN ) is
determined either as being equal to, or 180° out of phase with, the
presumed heavy-atom contribution when only a single isomorphous
compound is available. In (a) is shown the case when jFN j > jFNH j and
' '  . In (b) is shown the case when jFN j < jFNH j and  ',
where ' is the phase of the heavy-atom structure factor FH .
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Fh  Ah  iBh  FH cos 'h  iFH sin 'h ,
where Ah and Bh are the real and imaginary components of the
presumed heavy-atom sites. Therefore,
1 X mjh j
 x 
Ah cos 2h  x  Bh sin 2h  x:
V
jFH j
If this SIR difference electron-density map shows signiﬁcant
peaks at sites related by noncrystallographic symmetry, then those
sites will be at the position of a further set of heavy atoms. Hence, a
suitable criterion for ﬁnding heavy-atom sites is
n
P
CSIR   xj ,
j1

or by substitution
n
X
1 X mjh j
CSIR 
Ah cos 2h  xj  Bh sin 2h  xj :
V h jFH j
j1

broken on combining information from all three sites (which
together lack a centre of symmetry) by superimposing Figs.
2.3.3.5(c) and (d) to obtain either the original structure (Fig.
2.3.3.5a) or its enantiomorph. Thus it is clear, in principle, that there
is sufﬁcient information in a single isomorphous derivative data set,
when used in conjunction with a native data set, to solve a structure
completely. However, the procedure shown in Fig. 2.3.3.5 does not
consider the accumulation of error in the selection of individual
images when these intersect with another image. In this sense the
reciprocal-space isomorphous replacement technique has greater
elegance and provides more insight, whereas the alternative view
given by the Patterson method was the original stimulus for the
discovery of the SIR phasing technique (Blow & Rossmann, 1961).
Other Patterson functions for the deconvolution of SIR data have
been proposed by Ramachandran & Raman (1959), as well as
others. The principles are similar but the coefﬁcients of the
functions are optimized to emphasize various aspects of the signal
representing the molecular structure.

But
ah 

n
P

cos 2h  xj and bh 

j1

n
P

sin 2h  xj :

2.3.3.7. Isomorphism and size of the heavy-atom substitution

j1

Therefore,
CSIR 

1 X mjh j
Ah ah  Bh bh :
V h jFH j

2:3:3:6

This expression is similar to (2.3.3.5) derived by consideration of a
Patterson search. It differs from (2.3.3.5) in two respects: the
Fourier coefﬁcients are different and expression (2.3.3.6) is lacking
a second term. Now the ﬁgure of merit m will be small whenever
jFH j is small as the SIR phase cannot be determined well under
those conditions. Hence, effectively, the coefﬁcients are a function
of jh j, and the coefﬁcients of the functions (2.3.3.5) and (2.3.3.6)
are indeed rather similar. The second term in (2.3.3.5) relates to the
use of the search atoms in phasing and could be included in
(2.3.3.6), provided the actual feedback sites in each of the n
electron-density functions tested by CSIR are omitted in turn. Thus, a
systematic Patterson search and an SIR difference Fourier search
are very similar in character and power.

It is insufﬁcient to discuss Patterson techniques for locating
heavy-atom substitutions without also considering errors of all
kinds. First, it must be recognized that most heavy-atom labels are
not a single atom but a small compound containing one or more
heavy atoms. The compound itself will displace water or ions and
locally alter the conformation of the protein or nucleic acid. Hence,
a simple Gaussian approximation will sufﬁce to represent individual
heavy-atom scatterers responsible for the difference between native
and heavy-atom derivatives. Furthermore, the heavy-atom compound often introduces small global structural changes which can
be detected only at higher resolution. These problems were
considered with some rigour by Crick & Magdoff (1956). In
general, lack of isomorphism is exhibited by an increase in the size
of the isomorphous differences with increasing resolution (Fig.
2.3.3.6).

2.3.3.6. Direct structure determination from difference
Pattersons
2
The difference Patterson computed with coefﬁcients FHN
FN2
contains information on the heavy atoms (HH vectors) and the
macromolecular structure (HL vectors) (Section 2.3.3.3). If the
scaling between the jFHN j and jFN j data sets is not perfect there will
also be noise. Rossmann (1961b) was partially successful in
determining the low-resolution horse haemoglobin structure by
using a series of superpositions based on the known heavy-atom
sites. Nevertheless, Patterson superposition methods have not been
used for the structure determination of proteins owing to the
successful error treatment of the isomorphous replacement method
in reciprocal space. However, it is of some interest here for it gives
an alternative insight into SIR phasing.
The deconvolution of an arbitrary molecule, represented as ‘?’,
2
FN2  Patterson, is demonstrated in Fig. 2.3.3.5. The
from an FHN
original structure is shown in Fig. 2.3.3.5(a) and the corresponding
Patterson in Fig. 2.3.3.5(b). Superposition with respect to one of the
heavy-atom sites is shown in Fig. 2.3.3.5(c) and the other in Fig.
2.3.3.5(d). Both Figs. 2.3.3.5(c) and (d) contain a centre of
symmetry because the use of only a single HH vector implies a
centre of symmetry half way between the two sites. The centre is

Fig. 2.3.3.5. Let (a) be the original structure which contains three heavy
atoms ABC in a noncentrosymmetric conﬁguration. Then a Fourier
2
summation, with FNH
FN2  coefﬁcients, will give the Patterson
shown in (b). Displacement of the Patterson by the vector BC and
selecting the common patterns yields (c). Similarly, displacement by AC
gives (d). Finally, superposition of (c) on (d) gives the original ﬁgure or
its enantiomorph. This series of steps demonstrates that, in principle,
complete structural information is contained in an SIR derivative.
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complex scattering factor
f0  f 0  if 00 ,

Fig. 2.3.3.6. A plot of mean isomorphous differences as a function of
resolution. (a) The theoretical size of mean differences following
roughly a Gaussian distribution. (b) The observed size of differences for
a good isomorphous derivative where the smaller higher-order
differences have been largely masked by the error of measurement.
(c) Observed differences where ‘lack of isomorphism’ dominates
beyond approximately 5 Å resolution.

Crick & Magdoff (1956) also derived the approximate expression
r
2NH fH

NP fP
to estimate the r.m.s. fractional change in intensity as a function of
heavy-atom substitution. Here, NH represents the number of heavy
atoms attached to a protein (or other large molecule) which contains
NP light atoms. fH and fP are the scattering powers of the average
heavy and protein atom, respectively. This function was tabulated
by Eisenberg (1970) as a function of molecular weight (proportional
to NP ). For instance, for a single, fully substituted, Hg atom the
formula predicts an r.m.s. intensity change of around 25% in a
molecule of 100 000 Da. However, the error of measurement of a
reﬂection intensity is likely to be arround 10% of I, implying
perhaps an error of around 14% of I on a difference measurement.
Thus, the isomorphous replacement difference measurement for
almost half the reﬂections will be buried in error for this case.
Scaling of the different heavy-atom-derivative data sets onto a
common relative scale is clearly important if error is to be reduced.
Blundell & Johnson (1976, pp. 333–336) give a careful discussion
of this subject. Sufﬁce it to say here only that a linear scale factor is
seldom acceptable as the heavy-atom-derivative crystals frequently
suffer from greater disorder than the native crystals. The heavyatom derivative should, in general, have a slightly larger mean
value for the structure factors on account of the additional heavy
atoms
(Green
P
P et al., 1954). The usual effect is to make
jFNH j2 = jFN j2 ' 1:05 (Phillips, 1966).
As the amount of heavy atom is usually unknown in a yet
unsolved heavy-atom derivative, it is usual practice either to apply a
scale factor of the form k exp B sin =2  or, more generally, to
use local scaling (Matthews & Czerwinski, 1975). The latter has the
advantage of not making any assumption about the physical nature
of the relative intensity decay with resolution.
2.3.4. Anomalous dispersion

where f0 is the scattering factor of the atom without the anomalous
absorption and re-scattering effect, f 0 is the real correction term
(usually negative), and f 00 is the imaginary component. The real
term f0  f 0 is often written as f 0 , so that the total scattering factor
will be f 0  if 00 . Values of f 0 and f 00 are tabulated in IT IV
(Cromer, 1974), although their precise values are dependent on the
environment of the anomalous scatterer. Unlike f0 , f 0 and f 00 are
almost independent of scattering angle as they are caused by
absorption of energy in the innermost electron shells. Thus, the
anomalous effect resembles scattering from a point atom.
The structure factor of index h can now be written as
Fh 

N
P
j1

N
P
j1

fj00 exp 2ih  xj :

2:3:4:1

(Note that the only signiﬁcant contributions to the second term are
from those atoms that have a measurable anomalous effect at the
chosen wavelength.)
Let us now write the ﬁrst term as A  iB and the second as a  ib.
Then, from (2.3.4.1),
F  A  iB  i a  ib  A

b  i B  a:

2:3:4:2

Therefore,
jFh j2  A

b2  B  a2

and similarly
jFh j2  A  b2 

B  a2 ,

demonstrating that Friedel’s law breaks down in the presence of
anomalous dispersion. However, it is only for noncentrosymmetric
reﬂections that jFh j 6 jFh j.
Now,
 x 

sphere
1 X
Fh exp 2ih  x:
V h

Hence, by using (2.3.4.2) and simplifying,
 x 

2
V

hemisphere
X

 A cos 2h  x

B sin 2h  x

h

 i a cos 2h  x

b sin 2h  x:

2:3:4:3

The ﬁrst term in (2.3.4.3) is the usual real Fourier expression for
electron density, while the second term is an imaginary component
due to the anomalous scattering of a few atoms in the cell.
2.3.4.2. The Ps u function
Expression (2.3.4.3) gives the complex electron density
expression in the presence of anomalous scatterers. A variety of
Patterson-type functions can be derived from (2.3.4.3) for the
determination of a structure. For instance, the Ps u function gives
vectors between the anomalous atoms and the ‘normal’ atoms.
From (2.3.4.1) it is easy to show that
Fh Fh  jFh j2
P 0 0

fi fj  fi00 fj00  cos 2h  xi

2.3.4.1. Introduction
The physical basis for anomalous dispersion has been well
reviewed by Ramaseshan & Abrahams (1975), James (1965),
Cromer (1974) and Bijvoet (1954). As the wavelength of radiation
approaches the absorption edge of a particular element, then an
atom will disperse X-rays in a manner that can be deﬁned by the

fj0 exp 2ih  xj   i

i; j



P
i; j

Therefore,
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fi0 fj00

fi00 fj0  sin 2h  xi

xj 
xj :

and
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P
Patterson. The procedure has been used only rarely [cf. Moncrief &
jFh j2  jFh j2  2 fi0 fj0  fi00 fj00  cos 2h  xi xj 
i; j
Lipscomb (1966) and Pepinsky et al. (1957)], probably because
alternative procedures are available for small compounds and the
solution of Ps u is too complex for large biological molecules.
P
jFh j2 jFh j2  2 fi0 fj00 fi00 fj0  sin 2h  xi xj :
2.3.4.3. The position of anomalous scatterers
i; j

Let us now consider the signiﬁcance of a Patterson in the
presence of anomalous dispersion. The normal Patterson deﬁnition
is given by
R
P u   x x  u dx
V



sphere
1 X
jFh j2 exp
2
V h

 Pc u

2ih  u

iPs u,

where
Pc u 

2
V

hemisphere
X

jFh j2  jFh j2  cos 2h  u

h

and
2
Ps u 
V

hemisphere
X

2

jFh j

Anomalous scatterers can be used as an aid to phasing, when
their positions are known. But the anomalous-dispersion differences
(Bijvoet differences) can also be used to determine or conﬁrm the
heavy atoms which scatter anomalously (Rossmann, 1961a).
Furthermore, the use of anomalous-dispersion information obviates
the lack of isomorphism but, on the other hand, the differences are
normally far smaller than those produced by a heavy-atom
isomorphous replacement.
Consider a structure of many light atoms giving rise to the
structure factor Fh N. In addition, it contains a few heavy atoms
which have a signiﬁcant anomalous-scattering effect. The nonanomalous component will be Fh H and the anomalous
component is F00h H  i f 00 =f 0 Fh H (Fig. 2.3.4.2a). The total
structure factor will be Fh . The Friedel opposite is constructed
appropriately (Fig. 2.3.4.2a). Now reﬂect the Friedel opposite
construction across the real axis of the Argand diagram (Fig.
2.3.4.2b). Let the difference in phase between Fh and Fh be '. Thus
4jF00h Hj2  jFh j2  jFh j2

2

jFh j  sin 2h  u:

2jFh jjFh j cos ',

but since ' is very small

h

The Pc u component is essentially the normal Patterson, in
which the peak heights have been very slightly modiﬁed by the
anomalous-scattering effect. That is, the peaks of Pc u are
proportional in height to fi0 fj0  fi00 fj00 .
The Ps u component is more interesting. It represents vectors
between the normal atoms in the unit cell and the anomalous
scatterers, proportional in height to fi0 fj00 fi00 fj0  (Okaya et al.,
1955). This function is antisymmetric with respect to the change of
the direction of the diffraction vector. An illustration of the function
is given in Fig. 2.3.4.1. In a unit cell containing N atoms, n of which
are anomalous scatterers, the Ps u function contains only n N n
positive peaks and an equal number of negative peaks related to the
former by anticentrosymmetry. The analysis of a Ps u synthesis
presents problems somewhat similar to those posed by a normal

Fig. 2.3.4.1. (a) A model structure with an anomalous scatterer at A. (b)
The corresponding Ps u function showing positive peaks (full lines)
and negative peaks (dashed lines). [Reprinted with permission from
Woolfson (1970, p. 293).]

jF00h Hj2 ' 14 jFh j

jFh j2 :

Hence, a Patterson with coefﬁcients

jFh j

jFh j2 will be

Fig. 2.3.4.2. Anomalous-dispersion effect for a molecule whose light atoms
contribute Fh N and heavy atom Fh H with a small anomalous
component of F00h H, 90 ahead of the non-anomalous Fh H
component. In (a) is seen the construction for Fh and Fh . In (b) Fh
has been reﬂected across the real axis.
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equivalent to a Patterson with coefﬁcients jF00h Hj2 which is
proportional to jFh Hj2 . Such a Patterson (Rossmann, 1961a) will
have vectors between all anomalous scatterers with heights
proportional to the number of anomalous electrons f 00 . This
‘anomalous dispersion’ Patterson function has been used to ﬁnd
anomalous scatterers such as iron (Smith et al., 1983; Strahs &
Kraut, 1968) and sulfur atoms (Hendrickson & Teeter, 1981).
It is then apparent that a Patterson with coefﬁcients
2
 jFh j
FANO

jFh j2

(Rossmann, 1961a), as well as a Patterson with coefﬁcients
2
 jFNH j
FISO

jFH j2

(Rossmann, 1960; Blow, 1958), represent Pattersons of the heavy
2
Patterson suffers from errors which may be
atoms. The FANO
2
larger than the size of the Bijvoet differences, while the FISO
Patterson may suffer from partial lack of isomorphism. Hence,
Kartha & Parthasarathy (1965) have suggested the use of the sum of
these two Pattersons, which would then have coefﬁcients
2
2
FANO
 FISO
.
However, given both SIR and anomalous-dispersion data, it is
possible to make an accurate estimate of the jFH j2 magnitudes for
use in a Patterson calculation [Blundell & Johnson (1976, p. 340),
Matthews (1966), Singh & Ramaseshan (1966)]. In essence, the
Harker phase diagram can be constructed out of three circles: the
native amplitude and each of the two isomorphous Bijvoet
differences, giving three circles in all (Blow & Rossmann, 1961)
which should intersect at a single point thus resolving the ambiguity
in the SIR data and the anomalous-dispersion data. Furthermore, the
phase ambiguities are orthogonal; thus the two data sets are
cooperative. It can be shown (Matthews, 1966; North, 1965) that
2
2
 FN2  16k 2 FP2 FH2 I 2 1=2 ,
FN2  FNH
k
 2
where I  FNH
FNH 2 and k  f 00 =f 0 . The sign in the thirdterm expression is when j NH
H j < =2 or + otherwise.
Since, in general, jFH j is small compared to jFN j, it is reasonable to
assume that the sign above is usually negative. Hence, the heavyatom lower estimate (HLE) is usually written as
2
2
2
16k 2 FP2 FH2 I 2 1=2 ,
 FNH
 FH2
FHLE
k
which is an expression frequently used to derive Patterson
coefﬁcients useful in the determination of heavy-atom positions
when both SIR and anomalous-dispersion data are available.

Crystallographic symmetry applies to the whole of the threedimensional crystal lattice. Hence, the symmetry must be expressed
both in the lattice and in the repeating pattern within the lattice. In
contrast, noncrystallographic symmetry is valid only within a
limited volume about the noncrystallographic symmetry element.
For instance, the noncrystallographic twofold axes in the plane of
the paper of Fig. 2.3.5.1 are true only in the immediate vicinity of
each local dyad. In contrast, the crystallographic twofold axes
perpendicular to the plane of the paper (Fig. 2.3.5.1) apply to every
point within the lattice. Two types of noncrystallographic symmetry
can be recognized: proper and improper rotations. A proper
symmetry element is independent of the sense of rotation, as, for
example, a ﬁvefold axis in an icosahedral virus; a rotation either left
or right by one-ﬁfth of a revolution will leave all parts of a given
icosahedral shell (but not the whole crystal) in equivalent positions.
Proper noncrystallographic symmetry can also be recognized by the
existence of a closed point group within a deﬁned volume of the
lattice. Improper rotation axes are found when two molecules are
arbitrarily oriented relative to each other in the same asymmetric
unit or when they occur in two entirely different crystal lattices. For
instance, in Fig. 2.3.5.2, the object A1 B1 can be rotated by + about
the axis at P to orient it identically with A2 B2 . However, the two
objects will not be coincident after a rotation of A1 B1 by  or of
A2 B2 by +. The envelope around each noncrystallographic object
must be known in order to deﬁne an improper rotation. In contrast,
only the volume about the closed point group need be deﬁned for
proper noncrystallographic operations. Hence, the boundaries of the
repeating unit need not correspond to chemically covalently linked
units in the presence of proper rotations.
Translational components of noncrystallographic rotation elements are said to be ‘precise’ in a direction parallel to the axis and

2.3.5. Noncrystallographic symmetry
2.3.5.1. Definitions
The interpretation of Pattersons can be helped by using various
types of chemical or physical information. An obvious example is
the knowledge that one or two heavy atoms per crystallographic
asymmetric unit are present. Another example is the exploitation of
a rigid chemical framework in a portion of a molecule (Nordman &
Nakatsu, 1963; Burnett & Rossmann, 1971). One extremely useful
constraint on the interpretation of Pattersons is noncrystallographic
symmetry. Indeed, the structural solution of large biological
assemblies such as viruses is only possible because of the natural
occurrence of this phenomenon. The term ‘molecular replacement’
is used for methods that utilize noncrystallographic symmetry in the
solution of structures [for earlier reviews see Rossmann (1972) and
Argos & Rossmann (1980)]. These methods, which are only
partially dependent on Patterson concepts, are discussed in Sections
2.3.6–2.3.8.

Fig. 2.3.5.1. The two-dimensional periodic design shows crystallographic
twofold axes perpendicular to the page and local noncrystallographic
rotation axes in the plane of the paper (design by Audrey Rossmann).
[Reprinted with permission from Rossmann (1972, p. 8).]
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could also be considered in the application of molecular
replacement to non-biological materials.
In this chapter, the relationship
x0  Cx  d
will be used to describe noncrystallographic symmetry, where x and
x0 are position vectors, expressed as fractional coordinates, with
respect to the crystallographic origin, [C] is a rotation matrix, and d
is a translation vector. Crystallographic symmetry will be described
as
x0  Tx  t,

Fig. 2.3.5.2. The objects A1 B1 and A2 B2 are related by an improper rotation
, since it is necessary to consider the sense of rotation to achieve
superposition of the two objects. [Reprinted with permission from
Rossmann (1972, p. 9).]

‘imprecise’ perpendicular to the axis (Rossmann et al., 1964). The
position, but not direction, of a rotation axis is arbitrary. However, a
convenient choice is one that leaves the translation perpendicular to
the axis at zero after rotation (Fig. 2.3.5.3).
Noncrystallographic symmetry has been used as a tool in
structural analysis primarily in the study of biological molecules.
This is due to the propensity of proteins to form aggregates with
closed point groups, as, for instance, viruses with 532 symmetry. At
best, only part of such a point group can be incorporated into the
crystal lattice. Since biological materials cannot contain inversion
elements, all studies of noncrystallographic symmetries have been
limited to rotational axes. Reﬂection planes and inversion centres

Fig. 2.3.5.3. The position of the twofold rotation axis which relates the two
piglets is completely arbitrary. The diagram on the left shows the
situation when the translation is parallel to the rotation axis. The
diagram on the right has an additional component of translation
perpendicular to the rotation axis, but the component parallel to the
axis remains unchanged. [Reprinted from Rossmann et al. (1964).]

where [T] and t are the crystallographic rotation matrix and
translation vector, respectively. The noncrystallographic asymmetric unit will be deﬁned as having n copies within the
crystallographic asymmetric unit, and the unit cell will be deﬁned
as having m crystallographic asymmetric units. Hence, there are
L  nm noncrystallographic asymmetric units within the unit cell.
Clearly, the n noncrystallographic asymmetric units cannot
completely ﬁll the volume of one crystallographic asymmetric
unit. The remaining space must be assumed to be empty or to be
occupied by solvent molecules which disobey the noncrystallographic symmetry.
2.3.5.2. Interpretation of Pattersons in the presence of
noncrystallographic symmetry
If noncrystallographic symmetry is present, an atom at a general
position within the relevant volume will imply the presence of
others within the same crystallographic asymmetric unit. If the
noncrystallographic symmetry is known, then the positions of
equivalent atoms may be generated from a single atomic position.
The additional vector interactions which arise from crystallographically and noncrystallographically equivalent atoms in a
crystal may be predicted and exploited in an interpretation of the
Patterson function.
An object in real space which has a closed point group may
incorporate some of its symmetry in the crystallographic symmetry.
If there are l such objects in the cell, then there will be mn=l
equivalent positions within each object. The ‘self-vectors’ formed
between these positions within the object will be independent of the
position of the objects. This distinction is important in that the selfvectors arising from atoms interacting with other atoms within a
single particle may be correctly predicted without the knowledge of
the particle centre position. In fact, this distinction may be exploited
in a two-stage procedure in which an atom may be ﬁrst located
relative to the particle centre by use of the self-vectors and
subsequently the particle may be positioned relative to crystallographic symmetry elements by use of the ‘cross-vectors’ (Table
2.3.5.1).
The interpretation of a heavy-atom difference Patterson for the
holo-enzyme of lobster glyceraldehyde-3-phosphate dehydrogenase
(GAPDH) provides an illustration of how the known noncrystallographic symmetry can aid the solution (Rossmann et al., 1972;
Buehner et al., 1974). The GAPDH enzyme crystallized in a
P21 21 21 cell (a = 149.0, b = 139.1, c = 80.7 Å) containing one
tetramer per asymmetric unit. A rotation-function analysis had
indicated the presence of three mutually perpendicular molecular
twofold axes which suggested that the tetramer had 222 symmetry,
and a locked rotation function determined the precise orientation of
the tetramer relative to the crystal axes (see Table 2.3.5.2). Packing
considerations led to assignment of a tentative particle centre near
1 1
2 , 4 , Z.
An isomorphous difference Patterson was calculated for the
K2 HgI4 derivative of GAPDH using data to a resolution of 6.8 Å.
From an analysis of the three Harker sections, a tentative ﬁrst
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Table 2.3.5.1. Possible types of vector searches

Self-vectors
(1)

Dimension
of search, n

Cross-vectors

n3

Locate single site
relative to particle
centre

(2)

Use information from (1)
to locate particle centre

n3

Simultaneous search for both (1) and (2). In general
this is a six-dimensional search but may be
simplified when particle is on a crystallographic
symmetry axis

3n6

(4)

Given (1) for more
than one site, find all
vectors within
particle

n3

(5)

Given information from (3), locate additional site
using complete vector set

n3

(3)

(Stauffacher et al., 1987)] and enzyme [catalase (Murthy et al.,
1981)] heavy-atom difference Pattersons. A heavy atom is placed in
turn at all plausible positions within the volume of the
noncrystallographic asymmetric unit and the corresponding vector
set is constructed from the resulting constellation of heavy atoms.
Argos & Rossmann (1976) found a spherical polar coordinate
search grid to be convenient for spherical viruses. After all vectors
for the current search position are predicted, the vectors are
allocated to the nearest grid point and the list is sorted to eliminate
recurring ones. The criterion used by Argos & Rossmann for
selecting a solution is that the sum
S

N
P

Pi

NPav

i1

of the lookup Patterson density values Pi achieves a high value for a
correct heavy-atom position. The sum is corrected for the carpet of
cross-vectors by the second term in the sum.
An additional criterion, which has been found useful for
discriminating correct solutions, is a unit vector density criterion
.
N
P
Pi =ni  N,
U
i1

heavy-atom position was assigned (atom A2 at x, y, z). At this
juncture, the known noncrystallographic symmetry was used to
obtain a full interpretation. From Table 2.3.5.2 we see that
molecular axis 2 will generate a second heavy atom with coordinates roughly 14  y, 14  x, 2Z z (if the molecular centre
was assumed to be at 12 , 14 , Z). Starting from the tentative
coordinates of site A2 , the site A1 related by molecular axis 1 was
detected at about the predicted position and the second site A1
generated acceptable cross-vectors with the earlier determined site
A2 . Further examination enabled the completion of the set of four
noncrystallographically related heavy-atom sites, such that all
predicted Patterson vectors were acceptable and all four sites
placed the molecular centre in the same position. Following
reﬁnement of these four sites, the corresponding SIR phases were
used to ﬁnd an additional set of four sites in this compound as well
as in a number of other derivatives. The multiple isomorphous
replacement phases, in conjunction with real-space electron-density
averaging of the noncrystallographically related units, were then
sufﬁcient to solve the GAPDH structure.
When investigators studied larger macromolecular aggregates
such as the icosahedral viruses, which have 532 point symmetry,
systematic methods were developed for utilizing the noncrystallographic symmetry to aid in locating heavy-atom sites in
isomorphous heavy-atom derivatives. Argos & Rossmann (1974,
1976) introduced an exhaustive Patterson search procedure for a
single heavy-atom site within the noncrystallographic asymmetric
unit which has been successfully applied to the interpretation of
both virus [satellite tobacco necrosis virus (STNV) (Lentz et al.,
1976), southern bean mosaic virus (Rayment et al., 1978), alfalfa
mosaic virus (Fukuyama et al., 1983), cowpea mosaic virus

where ni is the number of vectors expected to contribute to the
Patterson density value Pi (Arnold et al., 1987). This criterion can
be especially valuable for detecting correct solutions at special
search positions, such as an icosahedral ﬁvefold axis, where the
number of vector lookup positions may be drastically reduced
owing to the higher symmetry. An alternative, but equivalent,
method for locating heavy-atom positions from isomorphous
difference data is discussed in Section 2.3.3.5.
Even for a single heavy-atom site at a general position in the
simplest icosahedral or T  1 virus, there are 60 equivalent heavy
atoms in one virus particle. The number of unique vectors
corresponding to this self-particle vector set will depend on the
crystal symmetry but may be as many as 60 59=2  1770 for a
virus particle at a general crystallographic position. Such was the
case for the STNV crystals which were in space group C2
containing four virus particles at general positions. The method of
Argos & Rossmann was applied successfully to a solution of the
K2 HgI4 derivative of STNV using a 10 Å resolution difference
Patterson. Application of the noncrystallographic symmetry vector
search procedure to a K2 Au CN2 derivative of human rhinovirus
14 (HRV14) crystals (space group P21 3, Z  4) has succeeded in
establishing both the relative positions of heavy atoms within one
particle and the positions of the virus particles relative to the crystal
symmetry elements (Arnold et al., 1987). The particle position was
established by incorporating interparticle vectors in the search and
varying the particle position along the crystallographic threefold
axis until the best ﬁt for the predicted vector set was achieved.

2.3.6. Rotation functions
Table 2.3.5.2. Orientation of the glyceraldehyde-3-phosphate
dehydrogenase molecular twofold axis in the orthorhombic cell

Rotation
axes
1
2
3

Polar coordinates (°)
'
45.0
180.0–55.0
180.0–66.0

Cartesian coordinates
(direction cosines)
u

7.0 0.7018
38.6 0.6402
70.6 0.3035

v

2.3.6.1. Introduction
The rotation function is designed to detect noncrystallographic
rotational symmetry (see Table 2.3.6.1). The normal rotation
function deﬁnition is given as (Rossmann & Blow, 1962)
R
2:3:6:1
R  P1 u  P2 u0  du,
U

w
0.7071
0.5736
0.4067

0.0862
0.5111
0.8616

where P1 and P2 are two Pattersons and U is an envelope centred at
the superimposed origins. This convolution therefore measures the
degree of similarity, or ‘overlap’, between the two Pattersons when
P2 has been rotated relative to P1 by an amount deﬁned by
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Table 2.3.6.1. Different types of uses for the rotation function
Pattersons to be compared
Type of rotation function

P1

P2

Purpose

Self

Unknown structure

Unknown structure, same cell

Cross

Unknown structure

Unknown structure in different cell

Cross

Unknown structure

Known structure in large cell to
avoid overlap of self-Patterson
vectors

Finds orientation of noncrystallographic
axes
Finds relative orientation of unknown
molecules
Determines orientation of unknown
structure as preliminary to positioning
and subsequent phasing with known
molecule

u0  Cu:

2:3:6:2

The elements of [C] will depend on three rotation angles 1 , 2 , 3 .
Thus, R is a function of these three angles. Alternatively, the matrix
[C] could be used to express mirror symmetry, permitting searches
for noncrystallographic mirror or glide planes.
The basic concepts were ﬁrst clearly stated by Rossmann & Blow
(1962), although intuitive uses of the rotation function had been
considered earlier. Hoppe (1957b) had also hinted at a convolution
of the type given by (2.3.6.1) to ﬁnd the orientation of known
molecular fragments and these ideas were implemented by Huber
(1965).
Consider a structure of two identical units which are in different
orientations. The Patterson function of such a structure consists of
three parts. There will be the self-Patterson vectors of one unit,
being the set of interatomic vectors which can be formed within that
unit, with appropriate weights. The set of self-Patterson vectors of
the other unit will be identical, but they will be rotated away from
the ﬁrst due to the different orientation. Finally, there will be the
cross-Patterson vectors, or set of interatomic vectors which can be
formed from one unit to another. The self-Patterson vectors of the
two units will all lie in a volume centred at the origin and limited by
the overall dimensions of the units. Some or all of the crossPatterson vectors will lie outside this volume. Suppose the Patterson
function is now superposed on a rotated version of itself. There will
be no particular agreement except when one set of self-Patterson
vectors of one unit has the same orientation as the self-Patterson
vectors from the other unit. In this position, we would expect a
maximum of agreement or ‘overlap’ between the two. Similarly, the
superposition of the molecular self-Patterson derived from different
crystal forms can provide the relative orientation of the two crystals
when the molecules are aligned.
While it would be possible to evaluate R by interpolating in P2
and forming the point-by-point product with P1 within the volume
U for every combination of 1 , 2 and 3 , such a process is tedious
and requires large computer storage for the Pattersons. Instead, the
process is usually performed in reciprocal space where the number
of independent structure amplitudes which form the Pattersons is
about one-thirtieth of the number of Patterson grid points. Thus, the
computation of a rotation function is carried out directly on the
structure amplitudes, while the overlap deﬁnition (2.3.6.1) simply
serves as a physical basis for the technique.
The derivation of the reciprocal-space expression depends on the
expansion of each Patterson either as a Fourier summation, the
conventional approach of Rossmann & Blow (1962), or as a sum of
spherical harmonics in Crowther’s (1972) analysis. The conventional and mathematically easier treatment is discussed presently,
but the reader is referred also to Section 2.3.6.5 for Crowther’s
elegant approach. The latter leads to a rapid technique for

performing the computations, about one hundred times faster than
conventional methods.
Let, omitting constant coefﬁcients,
P
P1 u  jFh j2 exp 2ih  u
h

and
P2 u0  

P 2
jFp j exp 2ip  u0 :
p

From (2.3.6.2) it follows that
P
P2 u0   jFp j2 exp 2ipC  u,
p

and, hence, by substitution in (2.3.6.1)

Z 
P 2
R 1 , 2 , 3  
jFh j exp 2ih  u
h

U

"
#
P 2
jFp j exp 2ipC  u du

p

U

P

2

jFh j

UGhp 

R

2:3:6:3

p

h

where

!
P 2
jFp j Ghp ,

exp f2i h  pC  ug du:

U

When the volume U is a sphere, Ghp has the analytical form
Ghp 

3 sin 

 cos 
3

,

2:3:6:4

where   2HR and H  h  pC. G is a spherical interference
function whose form is shown in Fig. 2.3.6.1
The expression (2.3.6.3) represents the rotation function in
reciprocal space. If h0  C T p in the argument of Ghp , then h0 can
be seen as the point in reciprocal space to which p is rotated by [C].
Only for those integral reciprocal-lattice points which are close to h0
will Ghp be of an appreciable size (Fig. 2.3.6.1). Thus, the number
of signiﬁcant terms is greatly reduced in the summation over p for
every value of h, making the computation of the rotation function
manageable.
The radius of integration R should be approximately equal to or a
little smaller than the molecular diameter. If R were roughly equal
to the length of a lattice translation, then the separation of
reciprocal-lattice points would be about 1=R. Hence, when H is
equal to one reciprocal-lattice separation, HR ' 1, and G is thus
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Fig. 2.3.6.1. Shape of the interference function G for a spherical envelope
of radius R at a distance H from the reciprocal-space origin. [Reprinted
from Rossmann & Blow (1962).]

quite small. Indeed, all terms with HR > 1 might well be neglected.
Thus, in general, the only terms that need be considered are those
where h0 is within one lattice point of h. However, in dealing with
a small molecular fragment for which R is small compared to the
unit-cell dimensions, more reciprocal-lattice points must be
included for the summation over p in the rotation-function
expression (2.3.6.3).
In practice, the equation

Fig. 2.3.6.2. Relationships of the orthogonal axes X1 , X2 , X3 to the
crystallographic axes a1 , a2 , a3 . [Reprinted from Rossmann & Blow
(1962).]

X0  rX,

2:3:6:6

where r represents the rotation matrix relating the two vectors in
the orthogonal system. Finally, X0 is converted back to fractional
coordinates measured along the oblique cell dimension in the
second crystal by
x0  aX0 :

h  h0  0,
Thus, by substitution,

that is

x0  arX  arbx,

C T p  h

and by comparison with (2.3.6.2) it follows that

or
p  C T 

1

2:3:6:7

C  arb:
h,

2:3:6:5

determines p, given a set of Miller indices h. This will give a nonintegral set of Miller indices. The terms included in the inner
summation of (2.3.6.3) will be integral values of p around the nonintegral lattice point found by solving (2.3.6.5).
Details of the conventional program were given by Tollin &
Rossmann (1966) and follow the principles outlined above. They
discussed various strategies as to which crystal should be used to
calculate the ﬁrst (h) and second
P (p) Patterson. Rossmann & Blow
(1962) noted that the factor p jFp j2 Ghp in expression (2.3.6.3)
represents an interpolation of the squared transform of the selfPatterson of the second (p) crystal. Thus, the rotation function is a
sum of the products of the two molecular transforms taken over all
the h reciprocal-lattice points. Lattman & Love (1970) therefore
computed the molecular transform explicitly and stored it in the
computer, sampling it as required by the rotation operation. A
discussion on the suitable choice of variables in the computation of
rotation functions has been given by Lifchitz (1983).
2.3.6.2. Matrix algebra
The initial step in the rotation-function procedure involves the
orthogonalization of both crystal systems. Thus, if fractional
coordinates in the ﬁrst crystal system are represented by x, these
can be orthogonalized by a matrix [ ] to give the coordinates X in
units of length (Fig. 2.3.6.2); that is,
X  bx:
If the point X is rotated to the point X0 , then

Fig. 2.3.6.2 shows the mode of orthogonalization used by Rossmann
& Blow (1962). With their deﬁnition it can be shown that
1
0
1= a1 sin 3 sin !
0
0
B 1= a2 tan 1 tan ! 1=a2
1= a2 tan 1  C
C
a  B
A
@ 1= a2 tan 3 sin !
1= a3 sin 1 tan !
0
1= a3 sin 1 
and

0

a1 sin 3 sin ! 0
0
b  @ a1 cos 3
a2 a3 cos
a1 sin 3 cos ! 0 a3 sin

1
1

A,

1

where
cos !  cos 2 cos 1 cos 3 = sin 1 sin 3 
with
0  ! < . For a Patterson compared with itself, a  b 1 .
Both spherical , , ' and Eulerian 1 , 2 , 3  angles are used
in evaluating the rotation function. The usual deﬁnitions employed
are given diagrammatically in Figs. 2.3.6.3 and 2.3.6.4. They give
rise to the following rotation matrices.
(a) Matrix [r] in terms of Eulerian angles 1 , 2 , 3 :
1
0
sin 1 cos 2 sin 3 cos 1 cos 2 sin 3 sin 2 sin 3
C
B  cos 1 cos 3
 sin 1 cos 3
C
B
C
B
B sin 1 cos 2 cos 3 cos 1 cos 2 cos 3 sin 2 cos 3 C
C
B
cos 1 sin 3
sin 1 sin 3
A
@
sin 1 sin 2

cos 1 sin 2

cos 2

and (b) matrix [r] in terms of rotation angle  and the spherical
polar coordinates , ':
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Fig. 2.3.6.3. Eulerian angles 1 , 2 , 3 relating the rotated axes X10 , X20 , X30 to
the original unrotated orthogonal axes X1 , X2 , X3 . [Reprinted from
Rossmann & Blow (1962).]

0

cos   sin2 cos2 ' 1

cos 
B
B
B
B
B sin cos cos ' 1 cos 
B
B
sin sin ' sin 
B
B
B
@ sin2 sin ' cos ' 1 cos 
cos sin 

sin cos cos ' 1

Fig. 2.3.6.4. Variables and ' are polar coordinates which specify a
direction about which the axes may be rotated through an angle .
[Reprinted from Rossmann & Blow (1962).]

cos 



1  3
,
2




1  3
1 3
tan '  cot 2 =2 sin
sec
,
2
2


1 3
:
cos ' tan  cot
2

 sin sin ' sin 
cos   cos2

1

cos =2  cos 2 =2 cos

cos 

sin cos sin ' 1 cos 
 sin cos ' sin 
1
2
sin cos ' sin ' 1 cos 
C
 cos sin 
C
C
C
sin cos sin ' 1 cos  C
C
C
sin cos ' sin 
A

cos   sin2 sin2 ' 1

cos 

Since ' and can always be chosen in the range 0 to , these
equations sufﬁce to ﬁnd , , ' from any set 1 , 2 , 3 .
2.3.6.3. Symmetry
In analogy with crystal lattices, the rotation function is periodic
and contains symmetry. The rotation function has a cell whose
periodicity is 2 in each of its three angles. This may be written as
R 1 , 2 , 3   R 1  2n1 , 2  2n2 , 3  2n3 

Alternatively, (b) can be expressed as
0

cos   u2 1

cos 

uv 1

or

cos 

R , , '  R   2n1 ,  2n2 , '  2n3 ,

w sin 

B
@ vu 1 cos   w sin  cos   v2 1 cos 
wu 1 cos  v sin  wv 1 cos   u sin 
1
uw 1 cos   v sin 
C
uw 1 cos  u sin  A,
cos   w2 1

cos 

where u, v and w are the direction cosines of the rotation axis given
by
u  sin cos ',
v  cos ,
w

sin sin ':

This latter form also demonstrates that the trace of a rotation matrix
is 2 cos   1.
The relationship between the two sets of variables established by
comparison of the elements of the two matrices yields

where n1 , n2 and n3 are integers. A redundancy in the deﬁnition of
either set of angles leads to the equivalence of the following points:
R 1 , 2 , 3   R 1  ,

2 , 3   in Eulerian space

or
R , , '  R , 2

, '   in polar space:

These relationships imply an n glide plane perpendicular to 2 for
Eulerian space or a ' glide plane perpendicular to in polar space.
In addition, the Laue symmetry of the two Pattersons themselves
must be considered. This problem was ﬁrst discussed by Rossmann
& Blow (1962) and later systematized by Tollin et al. (1966),
Burdina (1970, 1971, 1973) and Rao et al. (1980). A closely related
problem was considered by Hirshfeld (1968). The rotation function
will have the same value whether the Patterson density at X or T i X
in the ﬁrst crystal is multiplied by the Patterson density at X0 or
T j X0 in the second crystal. T i  and T j  refer to the ith and jth
crystallographic rotations in the orthogonalized coordinate systems
of the ﬁrst and second crystal, respectively. Hence, from (2.3.6.6)
T j X0   r T i X
or
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Table 2.3.6.2. Eulerian symmetry elements for all possible
types of space-group rotations
Axis Direction First crystal
1
2
2
4
3
6
2*

[010]
[001]
[001]
[001]
[001]
[110]

Second crystal

  1 , 2 ,   3 
 1 ,   2 , 3 
  1 , 2 , 3 
=2  1 , 2 , 3 
2=3  1 , 2 , 3 
=3  1 , 2 , 3 
3=2 1 ,  2 ,   3 

  1 , 2 ,   3 
1 ,   2 ,  3 
1 , 2 ,   3 
1 , 2 , =2  3 
1 , 2 , 2=3  3 
1 , 2 , =3  3 
  1 ,  2 , 3=2

3 

* This axis is not unique (that is, it can always be generated by two other unique
axes), but is included for completeness.

X0  T Tj rT i X:
Thus, it is necessary to ﬁnd angular relationships which satisfy the
relation
r  T Tj rT i 
for given Patterson symmetries. Tollin et al. (1966) show that the
Eulerian angular equivalences can be expressed in terms of the Laue
symmetries of each Patterson (Table 2.3.6.2).
The example given by Tollin et al. (1966) is instructive in the use
of Table 2.3.6.2. They consider the determination of the Eulerian
space group when P1 has symmetry Pmmm and P2 has symmetry
P2=m. These Pattersons contain the proper rotation groups 222 and
2 (parallel to b), respectively. Inspection of Table 2.3.6.2 shows that
these symmetries produce the following Eulerian relationships:
(a) In the ﬁrst crystal (Pmmm):
1 2 3 !   1 ,
1 2 3 ! 

2 ,   3 onefold axis

1 ,   2 , 3 twofold axis parallel to b

1 2 3 !   1 , 2 , 3 twofold axis parallel to c:
(b) In the second crystal P2=m:
1 2 3 !   1 ,

2 ,   3 onefold axis

1 2 3 ! 1 ,   2 , 

3 twofold axis parallel to b:

When these symmetry operators are combined two cells result, each
of which has the space group Pbcb (Fig. 2.3.6.5). The asymmetric
unit within which the rotation function need be evaluated is found

Fig. 2.3.6.5. Rotation space group diagram for the rotation function of a
Pmmm Patterson function P1  against a P2=m Patterson function P2 .
The Eulerian angles 1 , 2 , 3 repeat themselves after an interval of 2.
Heights above the plane are given in fractions of a revolution.
[Reprinted from Tollin et al. (1966).]

from a knowledge of the Eulerian space group. In the above
example, the limits of the asymmetric unit are 0  1  =2, 0 
2   and 0  3  =2.
Non-linear transformations occur when using Eulerian symmetries for threefold axes along [111] (as in the cubic system) or when
using polar coordinates. Hence, Eulerian angles are far more
suitable for a derivation of the limits of the rotation-function
asymmetric unit. However, when searching for given molecular
axes, where some plane of  need be explored, polar angles are
more useful.
Rao et al. (1980) have determined all possible rotation function
Eulerian space groups, except for combinations with Pattersons of
cubic space groups. They numbered these rotation groups 1 through
100 (Table 2.3.6.3) according to the combination of the Patterson
Laue groups. The characteristics of each of the 100 groups are given
in Table 2.3.6.4, including the limits of the asymmetric unit. In the
100 unique combinations of non-cubic Laue groups, there are only
16 basic rotation function space groups.
2.3.6.4. Sampling, background and interpretation
If the origins are retained in the Pattersons, their product will
form a high but constant plateau on which the rotation-function

Table 2.3.6.3. Numbering of the rotation function space groups
The Laue group of the rotated Patterson map P1 is chosen from the left column and the Laue group of P2 is chosen from the upper row.

1
2=m, b axis unique
2=m, c axis unique
mmm
4=m
4=mmm
3
3m
6=m
6=mmm

1

2/m, b axis
unique

2/m, c axis
unique

mmm

4/m

4/mmm

3

3m

6/m

6/mmm

1
2
3
4
5
6
7
8
9
10

11
12
13
14
15
16
17
18
19
20

21
22
23
24
25
26
27
28
29
30

31
32
33
34
35
36
37
38
39
40

41
42
43
44
45
46
47
48
49
50

51
52
53
54
55
56
57
58
59
60

61
62
63
64
65
66
67
68
69
70

71
72
73
74
75
76
77
78
79
80

81
82
83
84
85
86
87
88
89
90

91
92
93
94
95
96
97
98
99
100
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peaks are superimposed; this leads to a small apparent peak-to-noise
ratio. The effect can be eliminated by removal of the origins through
a modiﬁcation of the Patterson coefﬁcients. Irrespective of origin
removal, a signiﬁcant peak is one which is more than three r.m.s.
deviations from the mean background.
As in all continuous functions sampled at discrete points, a
convenient grid size must be chosen. Small intervals result in an
excessive computing burden, while large intervals might miss
peaks. Furthermore, equal increments of angles do not represent
equal changes in rotation, which can result in distorted peaks
(Lattman, 1972). In general, a crude idea of a useful sampling
interval can be obtained by considering the angle necessary to move
one reciprocal-lattice point onto its neighbour (separated by a ) at
the extremity of the resolution limit, R. This interval is given by
  a =2 1=R  12Ra  :
Simple sharpening of the rotation function can be useful. This
can be achieved by restricting the computations to a shell in
reciprocal space or by using normalized structure factors. Useful
limits are frequently 10 to 6 Å for an average protein or 6 to 5 Å for
a virus structure determination.
When exploring the rotation function in polar coordinates, there
is no signiﬁcance to the latitude ' (Fig. 2.3.6.4) when  0. For
small values of , the rotation function will be quite insensitive to
', which therefore needs to be explored only at coarse intervals (say
45°). As approaches the equator at 90°, optimal increments of
and ' will be about equal. A similar situation exists with Eulerian
angles. When 2  0, the rotation function will be determined by
1  3 , corresponding to  0 and varying  in polar coordinates.
There will be no dependence on 1 3 . Thus Eulerian searches
can often be performed more economically in terms of the variables
  1  3 and   1 3 , where
0

B
B
B
B
B
B
B
r  B
B
B
B
B
B
B
@


 
2
cos  cos2
2 
2 2
 cos  sin
2

 

2
sin  cos2
 2 
2
 sin  sin2
2
sin 2 sin   



 
2
sin 2 sin 
2 
2
 sin  sin2
2

 

2
cos  cos2
sin 2 cos 
2 
2
cos  sin2
2
sin  cos2

sin 2 cos   

1
 C
C
C
C
C
C
C
C,
 C
C
C
C
C
C
A

In general, the interpretation of the rotation function is
straightforward. However, noise often builds up relative to the
signal in high-symmetry space groups or if the data are limited or
poor. One aid to a systematic interpretation is the locked rotation
function (Rossmann et al., 1972) for use when a molecule has more
than one noncrystallographic symmetry axis. It is then possible to
determine the rotation-function values for each molecular axis for a
chosen molecular orientation (Fig. 2.3.6.6).
Another problem in the interpretation of rotation functions is the
appearance of apparent noncrystallographic symmetry that relates
the self-Patterson of one molecule to the self-Patterson of a
crystallographically related molecule. For example, take the case
of -chymotrypsin (Blow et al., 1964). The space group is P21 with
a molecular dimer in each of the two crystallographic asymmetric
units. The noncrystallographic dimer axis was found to be
perpendicular to the crystallographic 21 axis. The product of the
crystallographic twofold in the Patterson with the orthogonal
twofold in the self-Patterson vectors around the origin creates a
third twofold, orthogonal to both of the other twofolds. In real space
this represents a twofold screw direction relating the two dimers in
the cell. In other cases, the product of the crystallographic and
noncrystallographic symmetry results in symmetry which only has
meaning in terms of all the vectors in the vicinity of the Patterson
origin, but not in real space. Rotation-function peaks arising from
such products are called Klug peaks (Johnson et al., 1975). Such
peaks normally refer to the total symmetry of all the vectors around
the Patterson origin and may, therefore, be much larger than the
peaks due to noncrystallographic symmetry within one molecule
alone. Hence the Klug peaks, if not correctly recognized, can lead to
erroneous conclusions (Åkervall et al., 1972). Litvin (1975) has
shown how Klug peaks can be predicted. These usually occur only
for special orientations of a particle with a given symmetry relative
to the crystallographic symmetry axes. Prediction of Klug peaks
requires the simultaneous consideration of the noncrystallographic
point group, the crystallographic point group and their relative
orientations.
2.3.6.5. The fast rotation function
Unfortunately, the rotation-function computations can be
extremely time-consuming by conventional methods. Sasada
(1964) developed a technique for rapidly ﬁnding the maximum of

cos 2

which reduces to the simple rotation matrix
0
1
cos  sin  0
r  @ sin  cos  0 A
0
0
1
when 2  0.
The computational effort to explore carefully a complete
asymmetric unit of the rotation-function Eulerian group can be
considerable. However, unless improper rotations are under
investigation (as, for example, cross-rotation functions between
different crystal forms of the same molecule), it is not generally
necessary to perform such a global search. The number of
molecules per crystallographic asymmetric unit, or the number of
subunits per molecule, are often good indicators as to the possible
types of noncrystallographic symmetry element. For instance, in the
early investigation of insulin, the rotation function was used to
explore only the   180 plane in polar coordinates as there were
only two molecules per crystallographic asymmetric unit (Dodson
et al., 1966). Rotation functions of viruses, containing 532
icosahedral symmetry, are usually limited to exploration of the  
180, 120, 72 and 144° planes [e.g. Rayment et al. (1978) and Arnold
et al. (1984)].

Fig. 2.3.6.6. The locked rotation function, L, applied to the determination
of the orientation of the common cold virus (Arnold et al., 1984). There
are four virus particles per cubic cell with each particle sitting on a
threefold axis. The locked rotation function explores all positions of
rotation about this axis and, hence, repeats itself after 120°. The locked
rotation function is determined from the individual rotation-function
values of the noncrystallographic symmetry directions of a 532
icosahedron. [Reprinted with permission from Arnold et al. (1984).]
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Table 2.3.6.4. Rotation function Eulerian space groups
The rotation space groups are given in Table 2.3.6.3.
No. of the
rotation
space group
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53

No. of
equivalent
positions a
2
4
4
8
8
16
6
12
12
24
4
8
8
16
16
32
12
24
24
48
4
8
8
16
16
32
12
24
24
48
8
16
16
32
32
64
24
48
48
96
8
16
16
32
32
64
24
48
48
96
16
32
32

Symbol b

Translation
along the
1 axis c

Translation
along the
3 axis c

Range of the asymmetric unit d

Pn
Pbn21
Pc
Pbc21
Pc
Pbc21
Pn
Pbn21
Pc
Pbc21
P21 nb
Pbnb
P2cb
Pbcb
P2cb
Pbcb
P21 nb
Pbnb
P2cb
Pbcb
Pa
Pba2
Pm
Pbm2
Pm
Pbm2
Pa
Pba2
Pm
Pbm2
P21 ab
Pbab
P2mb
Pbmb
P2mb
Pbmb
P21 ab
Pbab
P2mb
Pbmb
Pa
Pba2
Pm
Pbm2
Pm
Pbm2
Pa
Pba2
Pm
Pbm2
P21 ab
Pbab
P2mb

2
2


=2
=2
2=3
2=3
=3
=3
2
2


=2
=2
2=3
2=3
=3
=3
2
2


=2
=2
2=3
2=3
=3
=3
2
2


=2
=2
2=3
2=3
=3
=3
2
2


=2
=2
2=3
2=3
=3
=3
2
2


2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2




















=2
=2
=2
=2
=2
=2
=2
=2
=2
=2
=2
=2
=2

0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
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< 2,
< 2,
< ,
< ,
< =2,
< =2,
< 2=3,
< 2=3,
< =3,
< =3,
< 2,
 =2,
< ,
 =2,
< =2,
< =2,
< 2=3,
< 2=3,
< =3,
< =3,
< 2,
< 2,
< ,
< ,
< =2,
< =2,
< 2=3,
< 2=3,
< =3,
< =3,
< 2,
 =2,
< ,
 =2,
< =2,
< =2,
< 2=3,
< 2=3,
< =3,
< =3,
< 2,
< 2,
< ,
< ,
< =2,
< =2,
< 2=3,
< 2=3,
< =3,
< =3,
< 2,
< 2,
< ,

0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2

 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 =2,
< ,
 =2,
 =2,
 =2,
< ,
 =2,
< ,
 =2,
< ,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 =2,
< ,
 =2,
 =2,
 =2,
 =2,
 =2,
 =2,
 =2,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 =2,
 =2,
 =2,

0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3

< 2
< 2
< 2
< 2
< 2
< 2
< 2
< 2
< 2
< 2
< 2
< 2
< 2
< 2
< 2
 =2
< 2
 =2
< 2
 =2
<
<
<
<
<
<
<
<
<
<
<
<
<
<
<
 =2
<
 =2
<
 =2
< =2
< =2
< =2
< =2
< =2
< =2
< =2
< =2
< =2
< =2
< =2
 =4
< =2
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Table 2.3.6.4. Rotation function Eulerian space groups (cont.)
No. of the
rotation
space group

No. of
equivalent
positions a

54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100

64
64
128
48
96
96
192
6
12
12
24
24
48
18
36
36
72
12
24
24
48
48
96
36
72
72
144
12
24
24
48
48
96
36
72
72
144
24
48
48
96
96
192
72
144
144
288

Symbol b

Translation
along the
1 axis c

Translation
along the
3 axis c

Range of the asymmetric unit d

Pbmb
P2mb
Pbmb
P21 ab
Pbab
P2mb
Pbmb
Pn
Pbn21
Pc
Pbc21
Pc
Pbc21
Pn
Pbn21
Pc
Pbc21
P21 nb
Pbnb
P2cb
Pbcb
P2cb
Pbcb
P21 nb
Pbnb
P2cb
Pbcb
Pa
Pba2
Pm
Pbm2
Pm
Pbm2
Pa
Pba2
Pm
Pbm2
P21 ab
Pbab
P2mb
Pbmb
P2mb
Pbmb
P21 ab
Pbab
P2mb
Pbmb


=2
=2
2=3
2=3
=3
=3
2
2


=2
=2
2=3
2=3
=3
=3
2
2


=2
=2
2=3
2=3
=3
=3
2
2


=2
=2
2=3
2=3
=3
=3
2
2


=2
=2
2=3
2=3
=3
=3

=2
=2
=2
=2
=2
=2
=2
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
2=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3
=3

0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1
0  1

 =2,
< =2,
 =4,
< 2=3,
< 2=3,
< =3,
 =6,
< 2,
< 2,
< ,
< ,
< =2,
< =2,
< 2=3,
< 2=3,
< =3,
< =3,
< 2,
 =2,
< ,
 =2,
< =2,
 =4,
< 2=3,
 =6,
< =3,
 =6,
< 2,
< 2,
< ,
< ,
< =2,
< =2,
< 2=3,
< 2=3,
< =3,
< =3,
< 2,
 =2,
< ,
 =2,
< =2,
 =4,
< 2=3,
< 2=3,
< =3,
 =6,

0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2
0  2

 =2,
 =2,
 =2,
 =2,
 =2,
 =2,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 =2,
< ,
 =2,
 =2,
 =2,
 =2,
 =2,
 ,
 =2,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 ,
 =2,
 =2,
< ,
 =2,
 =2,
 =2,
 =2,
 =2,
 =2,
 =2,
 =2,

0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3
0  3

< =2
< =2
< =2
< =2
 =4
< =2
< =2
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< 2=3
< =3
< =3
< =3
< =3
< =3
< =3
< =3
< =3
< =3
< =3
< =3
< =3
< =3
 =2
< =3
< =3
< =3
 =6
< =3
< =3

Notes: (a) This is the number of equivalent positions in the rotation unit cell. (b) Each symbol retains the order 1 , 2 , 3 . The monoclinic space groups have the b
axis unique setting. (c) This is a translation symmetry: e.g. for the case of =2 translation along the 1 axis, 1 , 2 , 3 goes to =2  1 , 2 , 3 and   1 , 2 , 3 , and
3=2  1 , 2 , 3 . All other equivalent positions in the basic rotation space group are similarly translated. (d) Several consistent sets of ranges exist but the one with
the minimum range of 2 is listed.
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R
a given peak by looking at the slope of the rotation function. A
R 1 , 2 , 3  
R 1 , 2 , 3  0P1 r, , '
sphere
major breakthrough came when Crowther (1972) recast the rotation
function in a manner suitable for rapid computation. Only a brief
 R 1 , 2 , 3 P2 r, , ' dV
outline of Crowther’s fast rotation function is given here. Details are
R

P1 r, , 'R 1 1 , 2 , 3  0
found in the original text (Crowther, 1972) and his computer
sphere
program description.
Since the rotation function correlates spherical volumes of a
 R 1 , 2 , 3 P2 r, , ' dV :
given Patterson density with rotated versions of either itself or
another Patterson density, it is likely that a more natural form for the He showed that the polar coordinates are now equivalent to   3 ,
rotation function will involve spherical harmonics rather than the
 2 and '  1 =2. The rotation function can then be
Fourier components jFh j2 of the crystal representation. Thus, if the expressed as


two Patterson densities P1 r, , ' and P2 r, , ' are expanded
P l
P P 
0
l
within the spherical volume of radius less than a limiting value of a,
almn blm0 n
fdqm dqm
 1 m m
R , , ' 
0
n
q
then
lmm0
P 

 expi q expi m0 m'g,
P r, , '  a ^j k rY^ m , '
1

lmn

and

P

P2 r, , ' 

l0 m0 n0

lmn l

ln

l

0
bl0 m0 n0^jl0 kl0 n0 rY^lm0

permitting rapid calculation of the fast rotation function in polar
coordinates.
Crowther (1972) uses the Eulerian angles , , which are
related to those deﬁned by Rossmann & Blow (1962) according to
=2.
1   =2, 2  and 3 

, ',

and the rotation function would then be deﬁned as
R
R
P1 r, , 'RP2 r, , 'r2 sin dr d d':

2.3.7. Translation functions

sphere

Here Y^lm , ' is the normalized spherical harmonic of order l;
^jl kln r is the normalized spherical Bessel function of order l; almn ,
blmn are complex coefﬁcients; and RP2 r, , ' represents the
rotated second Patterson. The rotated spherical harmonic can then
be expressed in terms of the Eulerian angles 1 , 2 , 3 as
R 1 , 2 , 3 Y^lm

l
P

, ' 

q l

Dlqm 1 , 2 , 3 Y^lq

, ',

where
l
Dlqm 1 , 2 , 3   exp iq3 dqm
2  exp im1 

lmm0 n

Since the radial summation over n is independent of the rotation,
P
clmm0  almn blmn ,
n

R 1 , 2 , 3  
or
R 1 , 2 , 3  


P P
mm0

l

P
lmm0

clmm0 Dlm0 m 1 , 2 , 3 

clmm0 dml 0 m

The problem of determining the position of a noncrystallographic
symmetry element in space, or the position of a molecule of known
orientation in a unit cell, has been reviewed by Rossmann (1972),
Colman et al. (1976), Karle (1976), Argos & Rossmann (1980),
Harada et al. (1981) and Beurskens (1981). All methods depend on
the prior knowledge of the object’s orientation implied by the
rotation matrix [C]. The various translation functions, T, derived
below, can only be computed given this information.
The general translation function can be deﬁned as
R
T Sx , Sx0   1 x  2 x0  dx,
U

l
and dqm
2  are the matrix elements of the three-dimensional
rotation group. It can then be shown that
P 
almn blm0 n Dlm0 m 1 , 2 , 3 :
R 1 , 2 , 3  

and hence

2.3.7.1. Introduction


2  expi m0 3  m1 :

The coefﬁcients clmm0 refer to a particular pair of Patterson densities
and are independent of the rotation. The coefﬁcients Dlm0 m ,
containing the whole rotational part, refer to rotations of spherical
harmonics and are independent of the particular Patterson densities.
Since the summations over m and m0 represent a Fourier synthesis,
rapid calculation is possible.
As polar coordinates rather than Eulerian angles provide a more
graphic interpretation of the rotation function, Tanaka (1977) has
recast the initial deﬁnition as

where T is a six-variable function given by each of the three
components that deﬁne Sx and Sx0 . Here Sx and Sx0 are equivalent
reference positions of the objects, whose densities are 1 x and
2 x0 . The translation function searches for the optimal overlap of
the two objects after they have been similarly oriented. Following
the same procedure used for the rotation-function derivation,
Fourier summations are substituted for 1 x and 2 x0 . It can
then be shown that
)
Z ( X
1
T Sx , Sx0  
jFh j expi h 2h  x
Vh h
U
(
)
1 X

jFp j expi p 2p  x0  dx:
Vp p
Using the substitution x0  Cx  d and simplifying leads to
1 XX
jF jjF j
T Sx , S0x  
V h Vp h p h p
 expi h  p 2p  d
Z
 expf 2i h  CT p  xg dx:
U

The integral is the diffraction function Ghp (2.3.6.4). If the
integration is taken over the volume U, centred at Sx and Sx0 , it
follows that
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molecules of unknown structure. For simplicity, let the noncrystallographic axis be a dyad (Fig. 2.3.7.1). Fig. 2.3.7.2 shows the
corresponding Patterson of the hypothetical point-atom structure.
Opposite sets of cross-Patterson vectors in Fig. 2.3.7.2 are related
by a twofold rotation and a translation equal to twice the precise
vector in the original structure. A suitable translation function
would then compare a Patterson at S with the rotated Patterson at
S. Hence, substituting Sx  S and Sx0  S in (2.3.7.1),
2 XX 2
T S  2
jFh j jFp j2 Ghp cos2 h p  S:
2:3:7:2
V h p

Fig. 2.3.7.1. Crosses represent atoms in a two-dimensional model structure.
The triangles are the points chosen as approximate centres of molecules
A and B. AB has components t and s parallel and perpendicular,
respectively, to the screw rotation axis. [Reprinted from Rossmann et al.
(1964).]

T Sx , Sx0  

2 XX
jFh jjFp jGhp
V h Vp h p
 cos

h



p

2 h  Sx  p  Sx0 :

2:3:7:1

The opposite cross-vectors can be superimposed only if an
evenfold rotation between the unknown molecules exists. The
translation function (2.3.7.2) is thus applicable only in this special
situation. There is no published translation method to determine the
interrelation of two unknown structures in a crystallographic
asymmetric unit or in two different crystal forms. However, another
special situation exists if a molecular evenfold axis is parallel to a
crystallographic evenfold axis. In this case, the position of the
noncrystallographic symmetry element can be easily determined
from the large peak in the corresponding Harker section of the
Patterson.
In general, it is difﬁcult or impossible to determine the positions
of noncrystallographic axes (or their intersection at a molecular
centre). However, the position of heavy atoms in isomorphous
derivatives, which usually obey the noncrystallographic symmetry,
can often determine this information.

2.3.7.2. Position of a noncrystallographic element relating
two unknown structures

2.3.7.3. Position of a known molecular structure in an
unknown unit cell

The function (2.3.7.1) is quite general. For instance, the rotation
function corresponds to a comparison of Patterson functions P1 and
P2 at their origins. That is, the coefﬁcients are F 2 , phases are zero
and Sx  Sx0  0. However, the determination of the translation
between two objects requires the comparison of cross-vectors away
from the origin.
Consider, for instance, the determination of the precise
translation vector parallel to a rotation axis between two identical

The most common type of translation function occurs when
looking for the position of a known molecular structure in an
unknown crystal. For instance, if the structure of an enzyme has
previously been determined by the isomorphous replacement
method, then the structure of the same enzyme from another
species can often be solved by molecular replacement [e.g. Grau et
al. (1981)]. However, there are some severe pitfalls when, for
instance, there are gross conformational changes [e.g. Moras et al.
(1980)]. This type of translation function could also be useful in the
interpolation of E maps produced by direct methods. Here there
may often be confusion as a consequence of a number of molecular
images related by translations (Karle, 1976; Beurskens, 1981; Egert
& Sheldrick, 1985).
Tollin’s (1966) Q function and Crowther & Blow’s (1967)
translation function are essentially identical (Tollin, 1969) and
depend on a prior knowledge of the search molecule as well as its
orientation in the unknown cell. The derivation given here,
however, is somewhat more general and follows the derivation of
Argos & Rossmann (1980), and should be compared with the
method of Harada et al. (1981).
If the known molecular structure is correctly oriented into a cell
(p) of an unknown structure and placed at S with respect to a deﬁned
origin, then a suitable translation function is
P
2:3:7:3
T S  jFp; obs j2 jFp Sj2 :
p

Fig. 2.3.7.2. Vectors arising from the structure in Fig. 2.3.7.1. The selfvectors of molecules A and B are represented by + and ; the crossvectors from molecules A to B and B to A by  and *. Triangles mark
the position of AB and AB . [Reprinted from Rossmann et al.
(1964).]

This deﬁnition is preferable to one based on an R-factor calculation
as it is more amenable to computation and is independent of a
relative scale factor.
The structure factor Fp S can be calculated by modifying
expression (2.3.8.9) (see below). That is,
"
#
N
X
UX
Fp S 
exp 2ip  Sn 
Fh Ghpn exp 2ih  S ,
Vh n1
h
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where Vh is the volume of cell (h) and Sn is the position, in the nth
crystallographic asymmetric unit, of cell (p) corresponding to S in
known cell (h). Let
P
Ap; n exp i n   Fh Ghpn exp 2ih  S,
h

which are the coefﬁcients of the molecular transform for the known
molecule placed into the nth asymmetric unit of the p cell. Thus
Fp S 

N
UX
Ap; n expi
Vh n1

 2p  Sn 

or
Fp S 

N
UX
Ap; n expi
Vh n1

 expfi2 pn

pm   S 

2.3.8. Molecular replacement
n

and then from (2.3.7.3)
 2 XXX
U
T S 
jFp; obs j2 Ap; n Ap; m
Vh
p n m
 expfi2 pn

pm   S 

n

If an initial set of poor phases, for example from an SIR
derivative, are available and the rotation function has given the
orientation of a noncrystallographic rotation axis, it is possible to
search the electron-density map systematically to determine the
translation axis position. The translation function must, therefore,
measure the quality of superposition of the poor electron-density
map on itself. Hence Sx  Sx0  S and the function (2.3.7.1) now
becomes
2 XX
T S  2
jFh jjFp jGhp cos h  p 2 h  p  S:
Vh h p
This real-space translation function has been used successfully to
determine the intermolecular dyad axis for -chymotrypsin (Blow
et al., 1964) and to verify the position of immunoglobulin domains
(Colman & Fehlhammer, 1976).

n  2pn  S,

where pn  C Tn p and S  S1 . Hence
 2 XX
U
2
jFp Sj 
Ap; n Ap; m
Vh
n m

2.3.7.4. Position of a noncrystallographic symmetry element
in a poorly defined electron-density map

m g

m g


,



2.3.8.1. Using a known molecular fragment

,

2:3:7:4

which is a Fourier summation with known coefﬁcients
fjFp; obs j2 Ap; n Ap; m  expi n
m g such that T(S) will be a
maximum at the correct molecular position.
Terms with n  m in expression (2.3.7.4) can be omitted as they
are independent of S and only contribute a constant to the value of
T(S). For terms with n 6 m, the indices take on special values. For
instance, if the p cell is monoclinic with its unique axis parallel to b
such that p1  p, q, r and p2  p, q, r, then p1 p2 would be
(2p, 0, 2r). Hence, T(S) would be a two-dimensional function
consistent with the physical requirement that the translation
component, parallel to the twofold monoclinic axis, is arbitrary.
Crowther & Blow (1967) show that if FM are the structure factors
of a known molecule correctly oriented within the cell of the
unknown structure at an arbitrary molecular origin, then (altering
the notation very slightly from above)
P
T S  jFobs pj2 FM pFM pC exp 2ip  S,

The most straightforward application of the molecular-replacement method occurs when the orientation and position of a known
molecular fragment in an unknown cell have been previously
determined. The simple procedure is to apply the rotation and
translation operations to the known fragment. This will place it into
one ‘standard’ asymmetric unit of the unknown cell. Then the
crystal operators (assuming no further noncrystallographic operators are present in the unknown cell) are applied to generate the
complete unit cell of the unknown structure. Structure factors can
then be calculated from the rotated and translated known molecule
into the unknown cell. The resultant model can be reﬁned in
numerous ways.
More generally, consider a molecule placed in any crystal cell
(h), within which coordinate positions shall be designated by x. Let
the corresponding structure factors be Fh . It is then possible to
compute the structure factors Fp for another cell (p) into which the
same molecule has been placed N times related by the crystallographic symmetry operators C 1 , d1 ; C 2 , d2 ; . . . ; C N , dN . Let
the electron density at a point y1 in the ﬁrst crystallographic
asymmetric unit be spatially related to the point yn in the nth
asymmetric unit of the p crystal such that
2:3:8:1

yn  C n y1  dn :

2:3:8:2

where

p

where [C] is a crystallographic symmetry operator relative to which
the molecular origin is to be determined. This is of the same form as
(2.3.7.4) but concerns the special case where the h cell, into which
the known molecule was placed, has the same dimensions as the p
cell.
R-factor calculations are sometimes used to determine the
position of a known molecular fragment in an unknown cell,
particularly if only one parameter is being searched. Such
calculations are computationally less convenient than the Fourier
methods described above, but can be more sensitive. All these
methods can be improved by simultaneous consideration of packing
requirements of the molecular fragments (Harada et al., 1981;
Hendrickson & Ward, 1976; Rabinovich & Shakked, 1984). Indeed,
packing considerations can frequently limit the search volume very
considerably.

 yn    y1 ,

From the deﬁnition of a structure factor,
N R
P
Fp 
 yn  exp 2ip  yn  dyn ,

2:3:8:3

n1 U

where the integral is taken over the volume U of one molecule. But
since each molecule is identical as expressed in equation (2.3.8.1)
and since (2.3.8.2) can be substituted in equation (2.3.8.3), we have
N R
P
Fp 
 y1  exp2ip  C n y1  dn  dy1 :
2:3:8:4
n1 U

Now let the molecule in the h crystal be related to the molecule in
the ﬁrst asymmetric unit of the p crystal by the noncrystallographic
symmetry operation
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x  Cy  d,

2:3:8:5
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which implies
 x   y1    y2   : . . .
Furthermore, in the h cell
1 X
Fh exp
 x 
Vh h

2ih  x,

2:3:8:6

2:3:8:7

and thus, by combining with (2.3.8.5), (2.3.8.6) and (2.3.8.7),
1 X
Fh exp 2i hC  y1  h  d:
2:3:8:8
 y1  
Vh h
Now using (2.3.8.4) and (2.3.8.8) it can be shown that
Fp 

N
UX X
Fh Ghpn exp2i p  Sn
Vh h
n1

where
UGhpn 

R

exp2i pC n 

h  S,

hC  u du:

2:3:8:9

2:3:8:10

U

S is a chosen molecular origin in the h crystal and Sn is the
corresponding molecular position in the nth asymmetric unit of the
p crystal.
2.3.8.2. Using noncrystallographic symmetry for phase
improvement
The use of noncrystallographic symmetry for phase determination was proposed by Rossmann & Blow (1962, 1963) and
subsequently explored by Crowther (1967, 1969) and Main &
Rossmann (1966). These methods were developed in reciprocal
space and were primarily concerned with ab initio phase
determination. Real-space averaging of electron density between
noncrystallographically related molecules was used in the structure
determination of deoxyhaemoglobin (Muirhead et al., 1967) and of
-chymotrypsin (Matthews et al., 1967). The improvement derived
from the averaging between the two noncrystallographic units was,
however, not clear in either case. The ﬁrst obviously successful
application was in the structure determination of lobster glyceraldehyde-3-phosphate dehydrogenase (Buehner et al., 1974; Argos
et al., 1975), where the tetrameric molecule of symmetry 222
occupied one crystallographic asymmetric unit. The improvement
in the essentially SIR electron-density map was considerable and
the results changed from uninterpretable to interpretable. The
uniqueness and validity of the solution lay in the obvious chemical
correctness of the polypeptide fold and its agreement with known
amino-acid-sequence data. In contrast to the earlier reciprocalspace methods, noncrystallographic symmetry was used as a
method to improve poor phases rather than to determine phases
ab initio.
Many other applications followed rapidly, aided greatly by the
versatile techniques developed by Bricogne (1976). Of particular
interest is the application to the structure determination of
hexokinase (Fletterick & Steitz, 1976), where the averaging
occurred both between different crystal forms and within the
same crystal.
The most widely used procedure for real-space averaging is the
‘double sorting’ technique developed by Bricogne (1976) and also
by Johnson (1978). An alternative method is to maintain the
complete map stored in the computer (Nordman, 1980b). This
avoids the sorting operation, but is only possible given a very large
computer or a low-resolution map containing relatively few grid
points.
Bricogne’s double sorting technique involves generating realspace non-integral points Di  which are related to integral grid

points Ii  in the cell asymmetric unit by the noncrystallographic
symmetry operators. The elements of the set Di are then brought
back to their equivalent points in the cell asymmetric unit D0i  and
sorted by their proximity to two adjacent real-space sections. The
set Ii0 , calculated on a ﬁner grid than Ii and stored in the computer
memory two sections at a time, is then used for linear interpolation
to determine the density values at D0i which are successively stored
and summed in the related array Ii . A count is kept of the number of
densities received at each Ii , resulting in a ﬁnal averaged aggregate,
when all real-space sections have been utilized. The density to be
assigned outside the molecular envelope (deﬁned with respect to the
set Ii ) is determined by averaging the density of all unused points in
Ii . The grid interval for the set Ii0 should be about one-sixth of the
resolution to avoid serious errors from interpolation (Bricogne,
1976). The grid point separation in the set Ii need only be sufﬁcient
for representation of electron density, or about one-third of the
resolution.
Molecular replacement in real space consists of the following
steps (Table 2.3.8.1): (a) calculation of electron density based on a
starting phase set and observed amplitudes; (b) averaging of this
density among the noncrystallographic asymmetric units or
molecular copies in several crystal forms, a process which deﬁnes
a molecular envelope as the averaging is only valid within the range
of the noncrystallographic symmetry; (c) reconstructing the unit
cell based on averaged density in every noncrystallographic
asymmetric unit; (d) calculating structure factors from the
reconstructed cell; (e) combining the new phases with others to
obtain a weighted best-phase set; and (f) returning to step (a) at the
previous or an extended resolution. Decisions made in steps (b) and
(e) determine the rate of convergence (see Table 2.3.8.1) to a
solution (Arnold et al., 1987).
The power of the molecular-replacement procedure for either
phase improvement or phase extension depends on the number of

Table 2.3.8.1. Molecular replacement: phase refinement as an
iterative process
(A)

Fobs ,

0
0
n , mn

! n

(B)

n ! n (modified)
(i) Use of noncrystallographic symmetry operators
(ii) Definition of envelope limiting volume within which
noncrystallographic symmetry is valid
(iii) Adjustment of solvent density*
(iv) Use of crystallographic operators to reconstruct modified
density into a complete cell

(C)

n (modified) ! Fcalc; n1 ;

(D)

Fcalc; n1 , calc; n1   Fobs , 0  ! Fobs , 0n1 , m0n1
(i) Assessment of reliability of new phasing set n1 in relation
to original phasing set 0 w
(ii) Use of figures of merit m0 , mn1 and reliability w to
determine modified phasing set 0n1 , m0n1 †
(iii) Consideration of n1 and mn1 where there was no prior
knowledge of
(a) Fobs (e.g. very low order reflections or uncollected data)
(b) 0 (e.g. no isomorphous information or phase extension)

(E)

Return to step (A) with
of Fobs .

calc; n1

0
0
n1 , mn1

and a possibly augmented set

* Wang (1985); Bhat & Blow (1982); Collins (1975); Schevitz et al. (1981);
Hoppe & Gassmann (1968).
† Rossmann & Blow (1961); Hendrickson & Lattman (1970).

261

2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION
#
Z " XX
noncrystallographic asymmetric units, the size of the excluded
1
Fh exp 2ih  xn  exp 2ip  x dx,
Fp 
volume expressed in terms of the ratio V UN=V and the
NV N h
magnitude of the measurement error on the structure amplitudes.
U
Crowther (1967, 1969) and Bricogne (1974) have investigated the
dependence on the number of noncrystallographic asymmetric units which is readily simpliﬁed to
and conclude that three or more copies are sufﬁcient to ensure
U X X
Fp 
Fh Ghpn exp 2ih  dn :
convergence of an iterative phase improvement procedure in the
NV
h
N
absence of errors on the structure amplitudes. As with the analogous
case of isomorphous replacement in which three data sets ensure
reasonable phase determination, additional copies will enhance the
power of the method, although their usefulness is subject to the law
of diminishing returns. Another example of this principle is the sign
determination of the h0l reﬂections of horse haemoglobin (Perutz,
1954) in which seven shrinkage stages constituted the sampling of
the transform of a single copy.
Procedures for real-space averaging have been used extensively
with great success. The interesting work of Wilson et al. (1981) is
noteworthy for the continuous adjustment of molecular envelope
with increased map deﬁnition. Furthermore, the analysis of
complete virus structures has only been possible as a consequence
of this technique (Bloomer et al., 1978; Harrison et al., 1978; AbadZapatero et al., 1980; Liljas et al., 1982). Although the procedure
has been used primarily for phase improvement, apparently
successful attempts have been made at phase extension (Nordman,
1980b; Gaykema et al., 1984; Rossmann et al., 1985). Ab initio
phasing of glyceraldehyde-3-phosphate dehydrogenase (Argos et
al., 1975) was successfully attempted by initially ﬁlling the known
envelope with uniform density to determine the phases of the
innermost reﬂections and then gradually extending phases to 6.3 Å
resolution. Johnson et al. (1976) used the same procedure to
determine the structure of southern bean mosaic virus to 22.5 Å
resolution. Particularly impressive was the work on polyoma virus
(Rayment et al., 1982; Rayment, 1983; Rayment et al., 1983) where
crude initial models led to an entirely unexpected breakdown of the
Caspar & Klug (1962) concept of quasi-symmetry. Ab initio
phasing has also been used by combining the electron-diffraction
projection data of two different crystal forms of bacterial rhodopsin
(Rossmann & Henderson, 1982).
2.3.8.3. Equivalence of real- and reciprocal-space molecular
replacement
Let us proceed in reciprocal space doing exactly the same as is
done in real-space averaging. Thus
AV x 

N
1X
 xn ,
N n1

where
xn  C n x  dn :
Therefore,
AV x 

"
1X1 X
N

N

V

Setting
Bhp 

U X
Ghpn exp 2ih  dn ,
NV N

the molecular-replacement equations can be written as
X
Fp 
Bhp Fh

2:3:8:11

h

(Main & Rossmann, 1966), or in matrix form
F  BF,
which is the form of the equations used by Main (1967) and by
Crowther (1967). Colman (1974) arrived at the same conclusions by
an application of Shannon’s sampling theorem. It should be noted
that the elements of [B] are dependent only on knowledge of the
noncrystallographic symmetry and the volume within which it is
valid. Substitution of approximate phases into the right-hand side of
(2.3.8.11) produces a set of calculated structure factors exactly
analogous to those produced by back-transforming the averaged
electron density in real space. The new phases can then be used in a
renewed cycle of molecular replacement.
Computationally, it has been found more convenient and faster to
work in real space. This may, however, change with the advent of
vector processing in ‘supercomputers’. Obtaining improved phases
by substitution of current phases on the right-hand side of the
molecular-replacement equations (2.3.8.1) seems less cumbersome
than the repeated forward and backward Fourier transformation,
intermediate sorting, and averaging required in the real-space
procedure.
2.3.9. Conclusions
Complete interpretation of Patterson maps is no longer used
frequently in structure analysis, although most determinations of
heavy-atom positions of isomorphous pairs are based on Patterson
analyses. Incorporation of the Patterson concept is crucial in many
sophisticated techniques essential for the solution of complex
problems, particularly in the application to biological macromolecular structures. Patterson techniques provide important physical
insights in a link between real- and reciprocal-space formulation of
crystal structures and diffraction data.
2.3.9.1. Update

#
Fh exp 2ih  xn  :

h

The next step is to perform the back-transform of the averaged
electron density. Hence,
R
Fp  AV x exp 2ip  x dx,
U

where U is the volume within the averaged part of the cell. Hence,
substituting for AV ,

This article was originally completed in January 1986. Since
then, some advances have occurred. In particular, the use of realspace averaging between noncrystallographically related electron
density within the crystallographic asymmetric unit has become an
accepted way of extending phase information to higher resolution,
particularly for complex structures such as viruses (Gaykema et al.,
1984; Rossmann et al., 1985; Hogle et al., 1985; Arnold et al., 1987;
Hosur et al., 1987; Luo et al., 1987; Acharya et al., 1989). The
power of this procedure has been examined theoretically by Arnold
& Rossmann (1986).
The availability of fast computers with large random access
memories and even larger disk storage also makes many of the
techniques considered here commonplace and no longer subject to
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limitations of computer hardware. For instance, numerous rotation
and translation functions can be evaluated rapidly, making it
possible to explore many alternative interpretations of such
functions in the anticipation that there must be one solution
consistent with the available search models and the observed
data. Such possibilities have encouraged the creation of powerful
computer packages such as MERLOT (Fitzgerald, 1988), BRUTE
(Fujinaga & Read, 1987), a package based on a generalized locked
rotation function (Tong & Rossmann, 1990) and others. In addition,
ab initio phase determination based on noncrystallographic
redundancy has become a fairly common event (Rossmann, 1990).
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the structure. Proc. R. Soc. London Ser. A, 265, 161–187.

333

2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION
2.3 (cont.)
Dickerson, R. E., Kendrew, J. C. & Strandberg, B. E. (1961). The
crystal structure of myoglobin: phase determination to a
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Garrido, J. (1950a). Sur la détermination des structures cristallines
au moyen de la transformée de Patterson. Compt. Rend. 230,
1878–1879.
Garrido, J. (1950b). Les coincidences fortuites dans la méthode des
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zur Bestimmung der Kristallstruktur bei ganz oder teilweise
bekannter Molekülstruktur. Acta Cryst. 10, 750–751.
Hoppe, W. (1959). Die Bestimmung genauer Schweratom-parameter
in isomorphen azentrischen Kristallen. Acta Cryst. 12, 665–674.
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