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1. GENERAL RELATIONSHIPS AND TECHNIQUES
Table 1.2.8.3. Products of two real spherical harmonic functions ylmp in terms
of the density functions dlmp deﬁned by equation (1.2.7.3b)

Table 1.2.11.1. The arrays Gijkl and Hijkl to be used in the observational
equations Uij ¼ Gijkl Lkl þ Hijkl Skl þ Tij [equation (1.2.11.9)]
Gijkl

y00 y00 = 1.0000d00
y10 y00 = 0.43301d10
y10 y10 = 0.38490d20 + 1.0d00
y11 y00 = 0.43302d11
y11 y10 = 0.31831d21
y11 y11 = 0.31831d22+  0.19425d20 + 1.0d00
y11+ y11 = 0.31831d22
y20 y00 = 0.43033d20
y20 y10 = 0.37762d30 + 0.38730d10
y20 y11 = 0.28864d31  0.19365d11
y20 y20 = 0.36848d40 + 0.27493d20 + 1.0d00
y21 y00 = 0.41094d21
y21 y10 = 0.33329d31 + 0.33541d11
y21 y11 = 0.26691d32+  0.21802d30 + 0.33541d10
y21 y11 = 0.26691d32
y21 y20 = 0.31155d41 + 0.13127d21
y21 y21 = 0.25791d42+  0.22736d22+  0.24565d40 + 0.13747d20
+ 1.0d00
y21+ y21 = 0.25790d42 + 0.22736d22
y22 y00 = 0.41094d22
y22 y10 = 0.26691d32
y22 y11 =  0.31445d33+  0.083323d31+ + 0.33541d11+
y22 y11 = 0.31445d33  0.083323d31  0.33541d11
y22 y20 = 0.22335d42  0.26254d22
y22 y21 =  0.23873d43+  0.089938d41+ + 0.22736d21+
y22 y21 = 0.23873d43  0.089938d41  0.22736d21
y22 y22 =  0.31831d44+ + 0.061413d40  0.27493d20 + 1.0d00
y22+ y22 = 0.31831d44
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The resulting description of the average rigid-body motion is in
terms of six independently distributed instantaneous motions –
three screw librations about nonintersecting axes (with screw
pitches given by b
S11 =b
L11 etc.) and three translations. The parameter set consists of three libration and three translation
amplitudes, six angles of orientation for the principal axes of L
and T, six coordinates of axis displacement, and three screw
pitches, one of which has to be chosen arbitrarily, again for a total
of 20 variables.
Since diagonal elements of S enter into the expression for r TIJ ,
the indeterminacy of TrðSÞ introduces a corresponding indeterminacy in r T. The constraint TrðSÞ ¼ 0 is unaffected by the
various rotations and translations of the coordinate systems used
in the course of the analysis.
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S21
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1.2.12. Treatment of anharmonicity
The probability distribution (1.2.10.2) is valid in the case of
rectilinear harmonic motion. If the deviations from Gaussian
shape are not too large, distributions may be used which are
expansions with the Gaussian distribution as the leading term.
Three such distributions are discussed in the following sections.
1.2.12.1. The Gram–Charlier expansion
The three-dimensional Gram–Charlier expansion, introduced
into thermal-motion treatment by Johnson & Levy (1974), is an
expansion of a function in terms of the zero and higher derivatives of a normal distribution (Kendall & Stuart, 1958). If Dj is
the operator d/du j ,

ð1:2:11:11Þ

respectively, annihilate the S12 and S13 terms of the symmetrized
S tensor and simultaneously effect a further reduction in TrðTÞ
(the presuperscript denotes the axis that is shifted, the subscript
the direction of the shift component). Analogous equations for
Copyright © 2010 International Union of Crystallography
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displacements of the L2 and L3 axes are obtained by permutation
of the indices. If all three axes are appropriately displaced, only
the diagonal terms of S remain. Referred to the principal axes of
L, they represent screw correlations along these axes and are
independent of origin shifts.
The elements of the reduced T are

in which the carets indicate quantities referred to the principal
axis system.
The description of the averaged motion can be simpliﬁed
further by shifting to three generally nonintersecting libration
axes, one each for each principal axis of L . Shifts of the L1 axis in
the L2 and L3 directions by
b
S13 =b
L11 and 1b
S12 =b
L11 ;
2 ¼ b
3 ¼ b
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about the axis l and translation parallel to this axis. This quantity,
like Tij li lj, depends on the choice of origin, although the sum of
the two quantities is independent of the origin.
The nonsymmetrical tensor S can be written as the sum of a
symmetric tensor with elements SSij ¼ ðSij þ Sji Þ=2 and a skewsymmetric tensor with elements SAij ¼ ðSij  Sji Þ=2. Expressed in
terms of principal axes, SS consists of three principal screw
correlations hI tI i. Positive and negative screw correlations
correspond to opposite senses of helicity. Since an arbitrary
constant may be added to all three correlation terms, only the
differences between them can be determined from the data.
The skew-symmetric part SA is equivalent to a vector ðk  tÞ=2
with components ðk  tÞi =2 ¼ ðj tk  k tj Þ=2, involving correlations between a libration and a perpendicular translation. The
components of SA can be reduced to zero, and S made symmetric,
by a change of origin. It can be shown that the origin shift that
symmetrizes S also minimizes the trace of T. In terms of the
coordinate system based on the principal axes of L , the required
origin shifts b
i are
b
1 ¼

ij
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1.2. THE STRUCTURE FACTOR
1.2.12.2. The cumulant expansion

Table 1.2.12.1. Some Hermite polynomials (Johnson & Levy, 1974; Zucker &
Schulz, 1982)

A second statistical expansion which has been used to describe
the atomic probability distribution is that of Edgeworth (Kendall
& Stuart, 1958; Johnson, 1969). It expresses the function PðuÞ as

1
1
PðuÞ ¼ exp  j Dj þ  jk Dj Dk   jkl Dj Dk Dl
2!
3!

1 jklm
þ  Dj Dk Dl Dm  . . . P0 ðuÞ:
ð1:2:12:5aÞ
4!

H(u) = 1
Hj(u) = wj
Hjk(u) = wjwk  pjk
Hjkl(u) = wjwkwl  (wj pkl + wk plj + wl pjk) = wjwkwl  3w( j pkl)
Hjklm(u) = wjwkwlwm  6w( jwk plm) + 3pj( k plm)
Hjklmn(u) = wjwkwlwmwn  10w( lwmwn pjk) + 15w( npjk plm)
Hjklmnp(u) = wjwkwlwmwnwp  15w( jwkwlwm pjk) + 45w( jwk plm pnp)
 15pj( k plm pnp)
where wj  pjk uk and pjk are the elements of  1, deﬁned in
expression (1.2.10.2). Indices between brackets indicate that the
term is to be averaged over all permutations which produce
distinct terms, keeping in mind that pjk ¼ pkj and wj wk ¼ wk wj as
illustrated for Hjkl .

1 jk
1
c Dj Dk  c jkl Dj Dk Dl þ . . .
2!
3!
c1 . . . cr
D1 Dr P0 ðuÞ;
þ ð1Þr
r!

Like the moments  of a distribution, the cumulants  are
descriptive constants. They are related to each other (in the onedimensional case) by the identity


 t2
 tr
 t2
 tr
exp 1 t þ 2 þ . . . r þ . . . ¼ 1 þ 1 t þ 2 þ . . . þ r :
2!
r!
2!
r!
ð1:2:12:5bÞ

PðuÞ ¼ ½1  c j Dj þ

When it is substituted for t, (1.2.12.5b) is the characteristic
function, or Fourier transform of PðtÞ (Kendall & Stuart, 1958).
The ﬁrst two terms in the exponent of (1.2.12.5a) can be
omitted if the expansion is around the equilibrium position and
the harmonic term is properly described by P0 ðuÞ.
The Fourier transform of (1.2.12.5a) is, by analogy with the
left-hand part of (1.2.12.5b) (with t replaced by 2ih),


ð2iÞ3 jkl
ð2iÞ4 jklm
 hj hk hl þ
 hj hk hl hm þ . . . T0 ðHÞ
TðHÞ ¼ exp
3!
4!


4
2
¼ exp  3 i jkl hj hk hl þ 4  jklm hj hk hl hm þ . . . T0 ðHÞ;
3
3

ð1:2:12:1Þ

where P0 ðuÞ is the harmonic distribution, i ¼ 1; 2 or 3, and the
operator D1 . . . Dr is the rth partial derivative @ r =ð@u1 . . . @ur Þ.
Summation is again implied over repeated indices.
The differential operators D may be eliminated by the use
of three-dimensional Hermite polynomials H1 ...r deﬁned, by
analogy with the one-dimensional Hermite polynomials, by the
expression
D1 . . . Dr expð12jk1 u j uk Þ ¼ ð1Þr H1 ...r ðuÞ expð12jk1 u j uk Þ;
ð1:2:12:2Þ

ð1:2:12:6Þ

which gives

1
1
1
PðuÞ ¼ 1 þ c jkl Hjkl ðuÞ þ c jklm Hjklm ðuÞ þ c jklmn Hjklmn ðuÞ
3!
4!
5!

1
þ c jklmnp Hjklmnp ðuÞ þ . . . P0 ðuÞ;
ð1:2:12:3Þ
6!

where the ﬁrst two terms have been omitted. Expression
(1.2.12.6) is similar to (1.2.12.4) except that the entire series is in
the exponent. Following Schwarzenbach (1986), (1.2.12.6) can be
developed in a Taylor series, which gives

ð2iÞ3 jkl
ð2iÞ4 jklm
 hj hk hl þ
 hj hk hl hm þ . . .
TðHÞ ¼ 1 þ
3!
4!


ð2iÞ6 jklmp
6!
jkl mnp
þ

hj hk hl hm hn hp
þ


6!
2!ð3!Þ2

þ higher-order terms T0 ðHÞ:
ð1:2:12:7Þ

where the ﬁrst and second terms have been omitted since they are
equivalent to a shift of the mean and a modiﬁcation of the
harmonic term only. The permutations of j; k; l . . . here, and in
the following sections, include all combinations which produce
different terms.
The coefﬁcients c, deﬁned by (1.2.12.1) and (1.2.12.2), are
known as the quasimoments of the frequency function PðuÞ
(Kutznetsov et al., 1960). They are related in a simple manner to
the moments of the function (Kendall & Stuart, 1958) and are
invariant to permutation of indices. There are 10, 15, 21 and 28
components of c for orders 3, 4, 5 and 6, respectively. The
multivariate Hermite polynomials are functions of the elements
of jk1 and of uk, and are given in Table 1.2.12.1 for orders  6 (IT
IV, 1974; Zucker & Schulz, 1982).
The Fourier transform of (1.2.12.3) is given by

4
2
TðHÞ ¼ 1  3 ic jkl hj hk hl þ 4 c jklm hj hk hl hm
3
3
4
þ 5 ic jklmn hj hk hl hm hn
15

4 6 jklmnp
 c
hj hk hl hm hn hp þ . . . T0 ðHÞ; ð1:2:12:4Þ
45

This formulation, which is sometimes called the Edgeworth
approximation (Zucker & Schulz, 1982), clearly shows the relation to the Gram–Charlier expansion (1.2.12.4), and corresponds
to the probability distribution [analogous to (1.2.12.3)]

1
1
PðuÞ ¼ P0 ðuÞ 1 þ  jkl Hjkl ðuÞ þ  jklm Hjklm ðuÞ þ . . .
3!
4!


1
 jklmnp þ 10 jkl mnp Hjklmnp
þ
6!

þ higher-order terms :
ð1:2:12:8Þ
The relation between the cumulants  jkl and the quasimoments
c jkl are apparent from comparison of (1.2.12.8) and (1.2.12.4):
c jkl ¼  jkl
c jklm ¼  jklm
c jklmn ¼  jklmn
c jklmnp ¼  jklmnp þ 10 jkl mnp :

where T0 ðHÞ is the harmonic temperature factor. TðHÞ is a
power-series expansion about the harmonic temperature factor,
with even and odd terms, respectively, real and imaginary.
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ð1:2:12:9Þ

1. GENERAL RELATIONSHIPS AND TECHNIQUES
The sixth- and higher-order cumulants and quasimoments
differ. Thus the third-order cumulant  jkl contributes not only to
the coefﬁcient of Hjkl, but also to higher-order terms of the
probability distribution function. This is also the case for cumulants of higher orders. It implies that for a ﬁnite truncation of
(1.2.12.6), the probability distribution cannot be represented by a
ﬁnite number of terms. This is a serious difﬁculty when a probability distribution is to be derived from an experimental
temperature factor of the cumulant type.

the cases tested, and because its truncation is equivalent in real
and reciprocal space. The latter is also true for the one-particle
potential model, which is mathematically related to the Gram–
Charlier expansion by the interchange of the real- and reciprocalspace expressions. The terms of the OPP model have a speciﬁc
physical meaning. The model allows prediction of the temperature dependence of the temperature factor (Willis, 1969;
Coppens, 1980), provided the potential function itself can be
assumed to be temperature independent.
It has recently been shown that the Edgeworth expansion
(1.2.12.5a) always has negative regions (Scheringer, 1985b). This
implies that it is not a realistic description of a vibrating atom.

1.2.12.3. The one-particle potential (OPP) model
When an atom is considered as an independent oscillator
vibrating in a potential well VðuÞ, its distribution may be
described by Boltzmann statistics.
PðuÞ ¼ N expfVðuÞ=kTg;

1.2.13. The generalized structure factor

ð1:2:12:10Þ

In the generalized structure-factor formalism developed by
Dawson (1975), the complex nature of both the atomic scattering
factor and the generalized temperature factor are taken into
account. We write for the atomic scattering factor:

R

with N, the normalization constant, deﬁned by PðuÞ du ¼ 1. The
classical expression (1.2.12.10) is valid in the high-temperature
limit for which kT  VðuÞ.
Following Dawson (1967) and Willis (1969), the potential
function may be expanded in terms of increasing order of
products of the contravariant displacement coordinates:
V ¼ V0 þ j u j þ jk u j uk þ

jkl u

j k l

uu þ

jklm u

0

j k l m

u u u þ ...:

FðHÞ ¼ AðHÞ þ iBðHÞ;

0

j k l

u u 

0

jklm u

j k l m

u u u  . . .g;

ð1:2:13:2Þ

where the subscripts c and a refer to the centrosymmetric and
noncentrosymmetric components of the underlying electron
distribution, respectively. Substitution in (1.2.4.2) gives for the
real and imaginary components A and B of FðHÞ
P
0
AðHÞ ¼ ðfj; c þ fj Þ½cosð2H rj ÞTc  sinð2H rj ÞTa 

PðuÞ ¼ N expfjk u j uk g
0

ð1:2:13:1bÞ

and

The equilibrium condition gives j ¼ 0. Substitution into
(1.2.12.10) leads to an expression which may be simpliﬁed by the
assumption that the leading term is the harmonic component
represented by jk :
jkl u

ð1:2:13:1aÞ

Tj ðHÞ ¼ Tj; c ðHÞ þ iTj; a ðHÞ

ð1:2:12:11Þ

 f1 

00

fj ðHÞ ¼ fj; c ðHÞ þ ifj; a ðHÞ þ fj þ ifj

j

ð1:2:12:12Þ

00

 ðfj; a þ fj Þ½cosð2H rj ÞTa þ sinð2H rj ÞTc 

0

in which  ¼ =kT etc. and the normalization factor N depends
on the level of truncation.
The probability distribution is related to the spherical
harmonic expansion. The ten products of the displacement
parameters u j uk ul, for example, are linear combinations of the
seven octapoles ðl ¼ 3Þ and three dipoles ðl ¼ 1Þ (Coppens,
1980). The thermal probability distribution and the aspherical
atom description can be separated only because the latter is
essentially conﬁned to the valence shell, while the former applies
to all electrons which follow the nuclear motion in the atomic
scattering model.
The Fourier transform of the OPP distribution, in a general
coordinate system, is (Johnson, 1970a; Scheringer, 1985a)

4
2
0
0
TðHÞ ¼ T0 ðHÞ 1  3 i jkl G jkl ðHÞ þ 4 jklm G jklm ðHÞ
3
3

4
4
0
0
þ 5 i"jklmn G jklmn ðHÞ  6 i’jklmnp G jklmnp ðHÞ . . . ;
15
45

ð1:2:13:3aÞ
and
BðHÞ ¼

P

0

ðfj; c þ fj Þ½cosð2H rj ÞTa þ sinð2H rj ÞTc 

j
00

þ ðfj; a þ fj Þ½cosð2H rj ÞTc  sinð2H rj ÞTa 
ð1:2:13:3bÞ
(McIntyre et al., 1980; Dawson, 1967).
Expressions (1.2.13.3) illustrate the relation between valencedensity anisotropy and anisotropy of thermal motion.
1.2.14. Conclusion
This chapter summarizes mathematical developments of the
structure-factor formalism. The introduction of atomic asphericity into the formalism and the treatment of thermal motion are
interlinked. It is important that the complexities of the thermal
probability distribution function can often be reduced by very
low temperature experimentation. Results obtained with the
multipole formalism for atomic asphericity can be used to derive
physical properties and d-orbital populations of transition-metal
atoms (IT C, 2004). In such applications, the deconvolution of the
charge density and the thermal vibrations is essential. This
deconvolution is dependent on the adequacy of the models
summarized here.

ð1:2:12:13Þ
where T0 is the harmonic temperature factor and G represents
the Hermite polynomials in reciprocal space.
If the OPP temperature factor is expanded in the coordinate
system which diagonalizes jk, simpler expressions are obtained
in which the Hermite polynomials are replaced by products of the
displacement coordinates u j (Dawson et al., 1967; Coppens, 1980;
Tanaka & Marumo, 1983).
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1.2.12.4. Relative merits of the three expansions
The relative merits of the Gram–Charlier and Edgeworth
expansions have been discussed by Zucker & Schulz (1982), Kuhs
(1983), and by Scheringer (1985b). In general, the Gram–Charlier
expression is found to be preferable because it gives a better ﬁt in
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