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1. GENERAL RELATIONSHIPS AND TECHNIQUES
of charge from any computer with a web browser via the Internet
(Aroyo, Perez-Mato et al., 2006; Aroyo, Kirov et al., 2006). Simple
retrieval tools give direct access to the ﬁgures and tables for any
space group. The wavevector database available on the server
forms the background of the description and classiﬁcation of the
space-group irreps calculated and applied by different programs
of the server.
This chapter is a modiﬁcation of Chapter 1.5 of the second
edition of International Tables for Crystallography, Volume B,
published in 2001. As in the previous edition, we consider in more
detail the reciprocal-space group approach and show that widely
used crystallographic conventions can be adopted for the classiﬁcation of space-group representations. Some basic concepts are
developed in Section 1.5.3. Possible conventions are discussed in
Section 1.5.4. In contrast to Chapter 1.5 in the second edition of
IT B, the consequences and advantages of the reciprocal-space
group approach are demonstrated and discussed in Section 1.5.5
using examples from the database of the Bilbao Crystallographic
Server (1998).

Equivalence implies isomorphism but the inverse is not true: two
matrix groups may be isomorphic without being equivalent.
According to the theorem of Schur-Auerbach, every ﬁnite matrix
group is equivalent to a unitary matrix group (by a unitary matrix
group we understand a matrix group consisting entirely of unitary
matrices).
A matrix group M is reducible if it is equivalent to a matrix
group in which every matrix M is of the form


D1 X
;
R¼
O D2
see e.g. Lomont (1959), p. 47. The group M is completely reducible if it is equivalent to a matrix group in which for all matrices
R the submatrices X are O matrices (consisting of zeros only).
According to the theorem of Maschke, a ﬁnite matrix group is
completely reducible if it is reducible. A matrix group is irreducible if it is not reducible.
A (matrix) representation ðGÞ of a group G is a homomorphic
mapping of G onto a matrix group MðGÞ. In a representation 
every element g 2 G is associated with a matrix MðgÞ. The
dimension of the matrices is called the dimension of the representation.
The above-mentioned theorems on ﬁnite matrix groups can be
applied directly to representations: we can restrict the considerations to unitary representations only. Further, since every
ﬁnite matrix group is either completely reducible into irreducible
constituents or irreducible, it follows that the inﬁnite set of all
matrix representations of a group is known in principle once the
irreps are known. Naturally, the question of how to construct all
nonequivalent irreps of a ﬁnite group and how to classify them
arises.
Linear representations are especially important for applications. In this chapter only linear representations of space groups
will be considered. Realizations and representations are homomorphic images of abstract groups, but not all of them are linear.
In particular, the action of space groups on point space is a
nonlinear realization of the abstract space groups because
isometries and thus symmetry operations of space groups G are
nonlinear operations. The same holds for their description by
matrix-column pairs (W, w),1 by the general position, or by
augmented ð4  4Þ matrices, see IT A, Part 8. Therefore, the
isomorphic matrix representation of a space group, mostly used
by crystallographers and listed in the space-group tables of IT A
as the general position, is not linear.

1.5.3. Basic concepts
The aim of this section is to give a brief overview of some of the
basic concepts related to groups and their representations. Its
content should be of some help to readers who wish to refresh
their knowledge of space groups and representations, and to
familiarize themselves with the kind of description in this
chapter. However, it can not serve as an introductory text for
these subjects. The interested reader is referred to books dealing
with space-group theory, representations of space groups and
their applications in solid-state physics: see BC or Chapter 1.2 of
International Tables for Crystallography Volume D by Janssen
(2003).
1.5.3.1. Representations of ﬁnite groups
Group theory is the proper tool for studying symmetry in
science. The elements of the crystallographic groups are rigid
motions (isometries) with regard to performing one after
another. The set of all isometries that map an object onto itself
always fulﬁls the group postulates and is called the symmetry or
the symmetry group of that object; the isometry itself is called a
symmetry operation. Symmetry groups of crystals are dealt with
in this chapter. In addition, groups of matrices with regard to
matrix multiplication (matrix groups) are considered frequently.
Such groups will sometimes be called realizations or representations of abstract groups.
Many applications of group theory to physical problems are
closely related to representation theory, cf. Rosen (1981) and
references therein. In this section, matrix representations  of
ﬁnite groups G are considered. The concepts of homomorphism
and matrix groups are of essential importance.
A group B is a homomorphic image of a group A if there exists
a mapping of the elements ai of A onto the elements bk of B that
preserves the multiplication relation (in general several elements
of A are mapped onto one element of B): if ai ! bi and ak ! bk ,
then ai ak ! bi bk holds for all elements of A and B (the image of
the product is equal to the product of the images). In the special
case of a one-to-one mapping, the homomorphism is called an
isomorphism.
A matrix group is a group whose elements are non-singular
square matrices. The law of combination is matrix multiplication
and the group inverse is the inverse matrix. In the following we
will be concerned with some basic properties of ﬁnite matrix
groups relevant to representations.
Let M1 and M2 be two matrix groups whose matrices are of
the same dimension. They are said to be equivalent if there exists
a (non-singular) matrix S such that M2 ¼ S1 M1 S holds.
Copyright © 2010 International Union of Crystallography

1.5.3.2. Space groups
In crystallography one deals with real crystals. In many cases
the treatment of the crystal is much simpler, but nevertheless
describes the crystal and its properties very well, if the real crystal
is replaced by an ‘ideal crystal’. The real crystal is then considered to be a ﬁnite piece of an undisturbed, periodic, and thus
inﬁnitely extended arrangement of particles or their centres: ideal
crystals are periodic objects in three-dimensional point space E3,
also called direct space. Periodicity means that there are translations among the symmetry operations of ideal crystals. The
symmetry group of an ideal crystal is called its space group G.
Space groups G are of special interest for our problem because:
(1) their irreps are the subject of the classiﬁcation to be
discussed;
(2) this classiﬁcation makes use of the isomorphism of certain
groups to the so-called symmorphic space groups G0.
Therefore, space groups are introduced here in a slightly more
detailed manner than the other concepts. In doing this we follow
the deﬁnitions and symbolism of IT A, Part 8.
1
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In physics written as the Seitz symbol ðWjwÞ.
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To each space group G belongs an inﬁnite set T of translations,
the translation subgroup of G. The group T forms an inﬁnite
Abelian invariant subgroup of G. For each translation its translation vector is deﬁned. The set of all translation vectors is called
the vector lattice L of G. Because of the ﬁnite size of the atoms
constituting the real crystal, the lengths of the translation vectors
of the ideal crystal cannot be arbitrarily small; rather there is a
lower limit  > 0 for their length in the range of a few Å.
When referred to a coordinate system ðO; a1 ; a2 ; a3 Þ, consisting
of an origin O and a basis ak, the symmetry operations, i.e. the
elements g: x~ ¼ Wx þ w of the space group G, are described by
matrix–column pairs (W, w) with matrix part W and column part
w. The translations of G are represented by pairs ðI; t i Þ, where I is
the ð3  3Þ unit matrix and t i is the column of coefﬁcients of the
translation vector ti 2 L. The basis can always be chosen such
that all columns t i and no other columns of translations consist of
integers. Such a basis p1 ; p2 ; p3 is called a primitive basis. For each
vector lattice L there exists an inﬁnite number of primitive bases.
The space group G can be decomposed into right cosets relative to T :

1.5.3.3. Representations of the translation group T and the
reciprocal lattice
For representation theory we follow the terminology of BC
and CDML.
Let G be referred to a primitive basis. For the following, the
inﬁnite set of translations, based on discrete cyclic groups of
inﬁnite order, will be replaced by a (very large) ﬁnite set in the
usual way, assuming the Born–von Karman boundary conditions
ðI; t bi ÞNi ¼ ðI; Ni Þ ¼ ðI; oÞ

ð1:5:3:2Þ

to hold, where t bi ¼ ð1; 0; 0Þ, (0, 1, 0) or (0, 0, 1) and Ni is a large
integer for i = 1, 2 or 3, respectively. Then for any lattice translation (I, t),
ðI; NtÞ ¼ ðI; oÞ

ð1:5:3:3Þ

holds, where Nt is the column ðN1 t1 ; N2 t2 ; N3 t3 Þ. If the (inﬁnitely
many) translations mapped in this way onto (I, o) form a normal
subgroup T 1 of G, then the mapping described by (1.5.3.3) is a
homomorphism. There exists a factor group G0 ¼ G=T 1 of G
relative to T 1 with translation subgroup T 0 ¼ T =T 1 which is
ﬁnite and is sometimes called the ﬁnite space group.
Only the irreps of these ﬁnite space groups will be considered.
The deﬁnitions of space-group type, symmorphic space group etc.
can be transferred to these groups. Because T is Abelian, T 0 is
also Abelian. Replacing the space group G by G0 means that the
especially well developed theory of representations of ﬁnite
groups can be applied, cf. Lomont (1959), Jansen & Boon (1967).
For convenience, the prime 0 will be omitted and the symbol G will
be used instead of G0 ; T 0 will be denoted by T in the following.
Because T (formerly T 0 ) is Abelian, its irreps ðT Þ are onedimensional and consist of (complex) roots of unity. Owing to
equations (1.5.3.2) and (1.5.3.3), the irreps q1 q2 q3 ½ðI; tÞ of T
have the form



t1
t2
t3
q1 q2 q3
; ð1:5:3:4Þ
½ðI; tÞ ¼ exp 2i q1
þ q2
þ q3

N1
N2
N3

G ¼ T [ T ðW 2 ; w2 Þ [ . . . [ T ðW i ; wi Þ [ . . . [ T ðW n ; wn Þ:
ð1:5:3:1Þ
The coset representatives form the ﬁnite set V =
fðW v ; wv Þg; v ¼ 1; . . . ; n, with ðW 1 ; w1 Þ ¼ ðI; oÞ, where I is the
unit matrix and o is the column consisting of zeros only. The
factor group G=T is isomorphic to the point group P of G (called
G in books on representation theory) describing the symmetry of
the external shape of the macroscopic crystal and being represented by the matrices W 1 ; W 2 ; . . . ; W n ; P ¼ fW i g. If V can be
chosen such that all wv ¼ o, then G is called a symmorphic space
group G0 . A symmorphic space group can be recognized easily
from its conventional Hermann–Mauguin symbol which does not
contain any screw or glide component. In terms of group theory, a
symmorphic space group is the semidirect product of T and P, cf.
BC, p. 44. In symmorphic space groups G0 (and in no others)
there are site-symmetry groups which are isomorphic to the point
group P of G0. (For the term ‘site-symmetry group’, see Section
1.5.4.2.)
Space groups can be classiﬁed into 219 (afﬁne) space-group
types either by isomorphism or by afﬁne equivalence; the 230
crystallographic space-group types are obtained by restricting the
transformations available for afﬁne equivalence to those with
positive determinant, cf. IT A, Section 8.2.1. Many important
properties of space groups are shared by all space groups of a
type. In such a case one speaks of properties of the type. For
example, if a space group is symmorphic, then all space groups of
its type are symmorphic, so that one normally speaks of a
symmorphic space-group type.
With the concept of symmorphic space groups one can also
deﬁne the arithmetic crystal classes: Let G0 be a symmorphic
space group referred to a primitive basis and V ¼ fðW v ; wv Þg its
set of coset representatives with wv ¼ o for all columns. To G0 all
those space groups G can be assigned for which a primitive basis
can be found such that the matrix parts W v of their sets V are the
same as those of G0, only the columns wv may differ. In this way,
to a type of symmorphic space groups G0, other types of space
groups are assigned, i.e. the space-group types are classiﬁed
according to the symmorphic space-group types. These classes
are called arithmetic crystal classes of space groups or of spacegroup types.
There are 73 arithmetic crystal classes corresponding to the 73
types of symmorphic space groups; between 1 and 16 space-group
types belong to an arithmetic crystal class. A matrix-algebraic
deﬁnition of arithmetic crystal classes and a proposal for their
nomenclature can be found in IT A, Section 8.2.3; see also
Section 8.3.4 and Table 8.3.4.1.

where t is the column ðt1 ; t2 ; t3 Þ, qj ¼ 0; 1; 2; . . . ; Nj  1,
j ¼ 1; 2; 3, and tk and qj are integers.
Given a primitive basis a1 ; a2 ; a3 of L, mathematicians and
crystallographers deﬁne the basis of the dual or reciprocal lattice
L by
ai  aj ¼ ij ;

ð1:5:3:5Þ

where a  a is the scalar product between the vectors and ij is the
unit matrix (see e.g. Chapter 1.1, Section 1.1.3). Texts on the
physics of solids redeﬁne the basis a1 ; a2 ; a3 of the reciprocal
lattice L , lengthening each of the basis vectors aj by the factor
2. Therefore, in the physicist’s convention the relation between
the bases of direct and reciprocal lattice reads (cf. BC, p. 86):
ai  aj ¼ 2ij :

ð1:5:3:6Þ

In the present chapter only the physicist’s basis of the reciprocal
lattice is employed, and hence the use of aj should not lead to
misunderstandings. The set of all vectors K,2
K ¼ k1 a1 þ k2 a2 þ k3 a3 ;

ð1:5:3:7Þ

ki integer, is called the lattice reciprocal to L or the reciprocal
lattice L .3
If one adopts the notation of IT A, Part 5, the basis of direct
space is denoted by a row ða1 ; a2 ; a3 ÞT, where ð ÞT means trans2

See Note (1) in Section 1.5.1.
The lattice L is often called the direct lattice. These names are historically
introduced and cannot be changed, although equations (1.5.3.5) and (1.5.3.6) show
that essentially neither of the lattices is preferred: they form a pair of mutually
reciprocal lattices.

3
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posed. For reciprocal space, the basis is described by a column
ða1 ; a2 ; a3 Þ.
To each lattice generated from a basis ðai ÞT a reciprocal lattice
is generated from the basis ðaj Þ. Both lattices, L and L , can be
compared most easily by referring the direct lattice L to its
conventional basis ðai ÞT as deﬁned in Chapters 2.1 and 9.1 of IT
A. In this case, the lattice L may be primitive or centred. If ðai ÞT
forms a primitive basis of L, i.e. if L is primitive, then the basis
ðaj Þ forms a primitive basis of L. If L is centred, i.e. ðai ÞT is not a
primitive basis of L, then there exists a centring matrix P,
0 < detðPÞ < 1, by which three linearly independent vectors of L
with rational coefﬁcients are generated from those with integer
coefﬁcients, cf. IT A, Table 5.1.3.1.
Moreover, P can be chosen such that the set of vectors
ðp1 ; p2 ; p3 ÞT ¼ ða1 ; a2 ; a3 ÞT P

procal space, where the translation of this region by all vectors of
L ﬁlls the reciprocal space without gap or overlap. Such a region
is called a fundamental region of L. (The nomenclature in
literature is not quite uniform. We follow here widely adopted
deﬁnitions.)
The fundamental region of L is not uniquely determined. Two
types of fundamental regions are of interest in this chapter:
(1) The ﬁrst Brillouin zone is that range of k space around o for
which jkj  jK  kj holds for any vector K 2 L (Wigner–Seitz
cell or domain of inﬂuence in k space). Visually, it is the region of
endpoints of the k vectors that are nearer to the origin than to
any other point of the reciprocal lattice. The Brillouin zone is a
centrosymmetric body bounded by centrosymmetric planes
which bisect perpendicularly the connecting lines from the origin
to the neighbouring reciprocal-lattice points. The Brillouin zone
is used in books and articles on irreps of space groups.
(2) The crystallographic unit cell in reciprocal space, for short
unit cell, is the set of all k vectors with 0  ki < 1. It corresponds
to the unit cell used in crystallography for the description of
crystal structures in direct space.
Let k be some vector according to (1.5.3.12) and W be the
matrices of G. The following deﬁnitions are useful:

ð1:5:3:8Þ

forms a primitive basis of L. Then the basis vectors ðp1 ; p2 ; p3 Þ of
the lattice reciprocal to the lattice generated by ðp1 ; p2 ; p3 ÞT
are determined by
ðp1 ; p2 ; p3 Þ ¼ P 1 ða1 ; a2 ; a3 Þ

ð1:5:3:9Þ

and form a primitive basis of L.
Because detðP 1 Þ > 1, not all vectors K of the form (1.5.3.7)
belong to L. If k1 ; k2 ; k3 are the (integer) coefﬁcients of these
vectors K referred to ðaj Þ and kp1 p1 þ kp2 p2 þ kp3 p3 are the
vectors of L, then K ¼ ðkj ÞT ðaj Þ ¼ ðkj ÞT Pðpi Þ ¼ ðkpi ÞT ðpi Þ is a
vector of L if and only if the coefﬁcients
ðkp1 ; kp2 ; kp3 ÞT ¼ ðk1 ; k2 ; k3 ÞT P

Deﬁnition. The set of all vectors k0 fulﬁlling the condition
k0 ¼ kW þ K;

ð1:5:3:13Þ

Deﬁnition. The set of all matrices W 2 G for which

ð1:5:3:10Þ

k ¼ kW þ K;

K 2 L

ð1:5:3:14Þ
k

forms a group which is called
the little co-groupk G of k. The
k
vector k is called general if G ¼ fIg; otherwise G > fIg and k is
called special.

ð1:5:3:11Þ

As is well known, the Bravais type of the reciprocal lattice L is
not necessarily the same as that of its direct lattice L. If W is the
matrix of a (point-) symmetry operation of the direct lattice,
referred to its basis ðai ÞT , then W 1 is the matrix of the same
symmetry operation of the reciprocal lattice but referred to the
dual basis ðai Þ. This does not affect the symmetry because in a
(symmetry) group the inverse of each element in the group also
belongs to the group. Therefore, the (point) symmetries of a
lattice and its reciprocal lattice are always the same. However,
there may be differences in the matrix descriptions due to the
different orientations of L and L relative to the symmetry
elements of G and due to the reference to the different bases ðai ÞT
and ðai Þ. For example, if L has the point symmetry (Hermann–
Mauguin symbol) 3m1, then the symbol for the point symmetry of
L is 31m and vice versa.

k

In words: The k vector is called general if its little co-group G
k
is the identity of G. Otherwise, G is a non-trivial subgroup of the
k
point group G of G, G > G , and k is called a special vector of the
reciprocal space.
Equation (1.5.3.14) for k resembles the equation
x ¼ W x þ t;

t2L

ð1:5:3:15Þ

by which the ﬁxed points of the symmetry operation ðW ; tÞ of a
symmorphic space group G0 are determined. Indeed, the orbits of
k deﬁned by (1.5.3.13)
correspond to the point orbits of G0, the
k
little co-group G of k corresponds to the site-symmetry group of
that point X whose coordinates ðxi Þ have the same values as the
vector coefﬁcients ðki ÞT of k.
k
Consider the coset decomposition of G relative to G .
Deﬁnition.
If fW m g is a set of coset representatives of G relative to
k
G , then the set fkW m g is called the star of k and the vectors kW m
are called the arms of the star.

1.5.3.4. Irreducible representations of space groups and the
reciprocal-space group
Let ðai ÞT be a conventional basis of the lattice
P3 L of the space
group G. From (1.5.3.6), ki ¼ qi =Ni and k ¼ k¼1 ki ai , equation
(1.5.3.4) can be written
q1 q2 q3 ½ðI; tÞ ¼ k ½ðI; tÞ ¼ exp½ik  t:

K 2 L

is called the orbit of k.

are integers. In other words, ðk1 ; k2 ; k3 ÞT has to fulﬁl the equation
ðk1 ; k2 ; k3 ÞT ¼ ðkp1 ; kp2 ; kp3 ÞT P 1 :

W 2 G;

The number of arms of the star of k is equalk to the order jGj of
the pointk group G divided by the order jG j of the symmetry
group G of k. If k is general, then there are jGj vectors from the
orbit of k in each fundamental region
and jGj arms of the star. If k
k
is special with little co-group G , then the number of arms of the
star of k and the number of kk vectors in the fundamental region
from the orbit of k is jG j=jG j.

ð1:5:3:12Þ

Equation (1.5.3.12) has the same form if a primitive basis ðpi ÞT of
L has
P3been chosen. In this case, the vector k is given by
k ¼ i¼1 kpi pi with rational coefﬁcients kpi.
Let a primitive basis ðpi ÞT be chosen for the lattice L. The set of
all vectors k (known as wavevectors) forms a discontinuous array.
Consider two wavevectors k and k0 ¼ k þ K, where K is a vector
of the reciprocal lattice L. Obviously, k and k0 describe the same
irrep of T . Therefore, to determine all irreps of T it is necessary
to consider only the wavevectors of a small region of the reci-

Deﬁnition.
The group of all elements ðW ; wÞ 2 G for which
k
W 2 G is called the little group Lk of k.
The analogue of the little group Lk is rarely considered in
crystallography.
All symmetry operations of G0 may be obtained as combinations of an operation that leaves the origin ﬁxed with a transla-
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tion of L, i.e. are of the kind ðW ; tÞ ¼ ðI; tÞðW ; oÞ. We now deﬁne
the analogous group for the k vectors. Whereas G0 is a realization
of the corresponding abstract group in direct (point) space, the
group to be deﬁned will be a realization of it in reciprocal
(vector) space.

three types of polyhedra of cubic, one type of hexagonal, two of
rhombohedral, three of tetragonal, six of orthorhombic, six of
monoclinic, and three types of triclinic symmetry.
For low symmetries the shape of the Brillouin zone is so
variable that BC, p. 90 ff. chose a primitive unit cell of L for the
fundamental regions of triclinic and monoclinic crystals. This cell
also reﬂects the point symmetry of L, it has six faces only, and
although its shape varies with the lattice parameters all cells are
afﬁnely equivalent. For space groups of higher symmetry, BC and
most other authors prefer the Brillouin zone.
Considering L as a lattice, one can refer it to its conventional
crystallographic lattice basis. Referred to this basis, the unit cell of
L is always an alternative to the Brillouin zone. With the
exception of the hexagonal lattice, the unit cell of L reﬂects the
point symmetry, it has only six faces and its shape is always
afﬁnely equivalent for varying lattice parameters. For a space
group G with a primitive lattice, the above-deﬁned conventional
unit cell of L is also primitive. If G has a centred lattice, then L
also belongs to a type of centred lattice and the conventional cell
of L [not to be confused with the cell spanned by the basis ðaj Þ
dual to the basis ðai ÞT ] is larger than necessary. However, this is
not disturbing because in this context the fundamental region is
an auxiliary construction only for the deﬁnition of the minimal
domain; see Section 1.5.4.2.

Deﬁnition. The group ðGÞ which is the semidirect product of the
point group G and the translation group of the reciprocal lattice
L of G is called the reciprocal-space group of G.
By this deﬁnition, the reciprocal-space group ðGÞ is
isomorphic to a symmorphic space group G0. The elements of G0
are the operations ðW ; t K Þ ¼ ðI; t K ÞðW ; oÞ with W 2 G and
t K 2 L with the coefﬁcients of K. In order to emphasize that ðGÞ
is a group acting on reciprocal space and not the inverse of a
space group (whatever that may mean) we insert a hyphen ‘-’
between ‘reciprocal’ and ‘space’.
From the deﬁnition of ðGÞ it follows that space groups of the
same type deﬁne the same type of reciprocal-space group ðGÞ.
Moreover, as ðGÞ does not depend on the column parts of the
space-group operations, all space groups of the same arithmetic
crystal class determine the same type of ðGÞ ; for arithmetic
crystal class see Section 1.5.3.2. Following Wintgen (1941), the
types of reciprocal-space groups ðGÞ are listed for the arithmetic
crystal classes of space groups, i.e. for all space groups G, in
Appendix A1.5.1.

1.5.4.2. Minimal domains
One can show that all irreps of G can be built up from the irreps
k of T . Moreover, to ﬁnd all irreps of G it is only necessary to
consider one k vector from each orbit of k, cf. CDML, p. 31.

1.5.4. Conventions in the classiﬁcation of space-group irreps
Because of the isomorphism between the reciprocal-space groups
ðGÞ and the symmorphic space groups G0 one can introduce
crystallographic conventions in the classiﬁcation of space-group
irreps. These conventions will be compared with those which
have mainly been used up to now. Illustrative examples to the
following more theoretical considerations are discussed in
Section 1.5.5.

Deﬁnition. A simply connected part of the fundamental region
which contains exactly one k vector of each orbit of k is called a
minimal domain .
The choice of the minimal domain is by no means unique. One
of the difﬁculties in comparing the published data on irreps of
space groups is due to the different minimal domains found in the
literature.
The number of k vectors of each general k orbit in a fundamental region is always equal to the order of the point group G of
G; see Section 1.5.3.4. Therefore, the volume of the minimal
domain  in reciprocal space is 1=jG j of the volume of the
fundamental region. Now we can restrict the search for all irreps
of G to the k vectors within a minimal domain .
In general, in representation theory of space groups the Brillouin zone is taken as the fundamental region and  is called a
representation domain.4 Again, the volume of a representation
domain in reciprocal space is 1=jG j of the volume of the Brillouin
zone. In addition, as the Brillouin zone contains for each k vector
all k vectors of the star of k, by application of all symmetry
operations W 2 G to  one obtains the Brillouin zone; cf. BC, p.
147. As the Brillouin zone may change its geometrical type
depending on the lattice parameters, the type of the representation domain may also vary with varying lattice parameters;
see the examples of Section 1.5.5.
The simplest crystal structures are the lattice-like structures
that are built up of translationally equivalent points (centres of
particles) only. For such a structure the point group G of the space
group G is equal to the point group Q of its lattice L. Such point
groups are called holohedral, the space group G is called holo-

1.5.4.1. Fundamental regions
Different types of regions of reciprocal space may be chosen as
fundamental regions, see Section 1.5.3.4. The most frequently
used type is the ﬁrst Brillouin zone, which is the Wigner–Seitz cell
(or Voronoi region, Dirichlet domain, domain of inﬂuence; cf. IT
A, Chapter 9.1) of the reciprocal lattice. The Brillouin zone has
the property of including the star of each k vector that belongs to
it. Such a choice has three advantages:
(1) the Brillouin zone manifests the point symmetry of the
reciprocal lattice L of G;
(2) only k vectors of the boundary of the Brillouin zone may
have little-group representations which are kobtained from
projective representations of the little co-group G , see e.g. BC, p.
156;
(3) for physical reasons, the Brillouin zone may be the most
convenient fundamental region.
Of these advantages only the third may be essential. For the
classiﬁcation of irreps the minimal domains, see Section 1.5.4.2,
are much more important than the fundamental regions. The
minimal domain does not display the point-group symmetry
anyway and the distinguished k vectors always belong to its
boundary however the minimal domain may be chosen.
The serious disadvantage of the Brillouin zone is its often
complicated shape which, moreover, depends on the lattice
parameters of L, cf. Section 1.5.5.3. The body that represents the
Brillouin zone belongs to one of the ﬁve Fedorov polyhedra
(more or less distorted versions of the cubic forms cube,
rhombdodecahedron or cuboctahedron, of the hexagonal prism,
or of the tetragonal elongated rhombdodecahedron). A more
detailed description is that by the 24 symmetrische Sorten
(Delaunay sorts) of Delaunay (1933a,b), Figs. 11 and 12.
According to this classiﬁcation, the Brillouin zone may display

4

From deﬁnition 3.7.1 on p. 147 of BC, it does not follow that a representation
domain contains exactly one k vector from each star. The condition ‘The
intersection of the representation domain with its symmetrically equivalent
domains is empty’ is missing. Lines 14 to 11 from the bottom of p. 149, however,
state that such a property of the representation domain is intended. The
representation domains of CDML, Figs. 3.15–3.29 contain at least one k vector of
each star (Vol. 1, pp. 31, 57 and 65). On pp. 66, 67 a procedure is described for
eliminating those k vectors from the representation domain which occur more
than once. In the deﬁnition of Altmann (1977), p. 204, the representation domain
contains exactly one arm (prong) per star.
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