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2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION
distributed variables with parameters p1 ; p2 ; . . . ; pn, their sum is a
gamma-distributed variable with parameter p equal to the sum of
the parameters. The sum of n intensities drawn from an acentric
distribution thus has the distribution

limit is in fact 1; for the distribution of jFj, jEj, I and I= the
lower end of the range is zero. In such cases, equation (2.1.5.21)
becomes
Rx
FðxÞ ¼ f ðxÞ dx:
ð2:1:5:22Þ

pðJn Þ dJn ¼ n ðJn =Þ dðJn =Þ;

0

the parameters of the variables added are all equal to unity, so
that their sum is p. Similarly, the sum of n intensities drawn from a
centric distribution has the distribution

In crystallographic applications the cumulative distribution is
usually denoted by NðxÞ, rather than by the capital letter corresponding to the probability density function designation. The
cumulative forms of the ideal acentric and centric distributions
(Howells et al., 1950) have found many applications. For the
acentric distribution of jEj [equation (2.1.5.8)] the integration is
readily carried out:
NðjEjÞ ¼ 2

jEj
R

y expðy2 Þ dy ¼ 1  expðjEj2 Þ:

ð2:1:6:3Þ

pðJn Þ dJn ¼ n=2 ½Jn =ð2Þ d½Jn =ð2Þ;

ð2:1:6:4Þ

each parameter has the value of one-half. The corresponding
distributions of the averages of n intensities are then
pðYÞ dY ¼ n ðnY=Þ dðnY=Þ

ð2:1:5:23Þ

ð2:1:6:5Þ

0

for the acentric case, and
The integral for the centric distribution of jEj [equation
(2.1.5.11)] cannot be expressed in terms of elementary functions,
but the integral required has so many important applications in
statistics that it has been given a special name and symbol, the
error function erf(x), deﬁned by
Rx
erfðxÞ ¼ ð2=1=2 Þ expðt2 Þ dt:
ð2:1:5:24Þ

pðYÞ dY ¼ n=2 ½nY=ð2Þ d½nY=ð2Þ

for the centric. In both cases the expected value of Y is  and the
variances are 2 =n and 22 =n, respectively, just as would be
expected.
2.1.6.2. Distribution of ratios
Ratios like

0

For the centric distribution, then
1=2

NðjEjÞ ¼ ð2=Þ

jEj
R

2

y expðy =2Þ dy

0
1=2

¼ erfðjEj=2 Þ:

Sn; m ¼ Jn =Km ;

ð2:1:6:7Þ

where Jn is given by equation (2.1.6.1),
m
P
Km ¼ Hj ;

ð2:1:6:8Þ

ð2:1:5:25Þ
ð2:1:5:26Þ

j¼1

The error function is extensively tabulated [see e.g. Abramowitz
& Stegun (1972), pp. 310–311, and a closely related function on
pp. 966–973].
The foregoing and following structure-factor and intensity
statistics, presented in this chapter, are centred around the
unambiguous determination of crystal symmetry. These statistics,
especially the ideal ones, are routinely applied to X-ray diffraction data for completing the symmetry information where
needed. On the other hand, the symmetry of very ﬁne grained,
imperfectly crystalline material or individual nanostructures can
be experimentally determined by the convergent-beam electron
diffraction technique using an electron microscope with a
nanoscale probe, as described and illustrated in Section 2.5.3 of
this volume.

and the Hj ’s are the intensities of a set of reﬂections (which may
or may not overlap with those included in Jn ), are used in
correlating intensities measured under different conditions. They
arise in correlating reﬂections on different layer lines from the
same or different specimens, in correlating the same reﬂections
from different crystals, in normalizing intensities to the local
average or to , and in certain systematic trial-and-error methods
of structure determination (see Rabinovich & Shakked, 1984,
and references therein). There are three main cases:
(i) Gi and Hi refer to the same reﬂection; for example, they
might be the observed and calculated quantities for the hkl
reﬂection measured under different conditions or for different
crystals of the same substance; or
(ii) Gi and Hi are unrelated; for example, the observed and
calculated values for the hkl reﬂection for a completely wrong
trial structure, of values for entirely different reﬂections, as in
reducing photographic measurements on different layer lines to
the same scale; or
(iii) the Gi ’s are a subset of the Hi ’s, so that Gi ¼ Hi for i < n
and m > n.
Aside from the scale factor, in case (i) Gi and Hi will differ
chieﬂy through relatively small statistical ﬂuctuations and
uncorrected systematic errors, whereas in case (ii) the differences
will be relatively large because of the inherent differences in the
intensities. Here we are concerned only with cases (ii) and (iii);
the practical problems of case (i) are postponed to IT C (2004),
Chapter 7.5.
There is little in the crystallographic literature concerning the
probability distribution of sums like (2.1.6.1) or ratios like
(2.1.6.7); certain results are reviewed by Srinivasan & Parthasarathy (1976, ch. 5), but with a bias toward partially related
structures that makes it difﬁcult to apply them to the immediate
problem.
In case (ii) (Gi and Hi independent), acentric distribution,
Table 2.1.5.1 gives the distribution of the ratio

2.1.6. Distributions of sums, averages and ratios
2.1.6.1. Distributions of sums and averages
In Section 2.1.2.1, it was shown that the average intensity of a
sufﬁcient number of reﬂections is  [equation (2.1.2.4)]. When
the number of reﬂections is not ‘sufﬁcient’, their mean value will
show statistical ﬂuctuations about ; such statistical ﬂuctuations
are in addition to any systematic variation resulting from nonindependence of atomic positions, as discussed in Sections
2.1.2.1–2.1.2.3. We thus need to consider the probability density
functions of sums like
n
P
Jn ¼ Gi ;
ð2:1:6:1Þ
i¼1

and averages like
Y ¼ Jn =n;

ð2:1:6:6Þ

ð2:1:6:2Þ

where Gi is the intensity of the ith reﬂection. The probability
density distributions are easily obtained from a property of
gamma distributions: If x1 ; x2 ; . . . ; xn are independent gammaCopyright © 2010 International Union of Crystallography
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2.1. STATISTICAL PROPERTIES OF THE WEIGHTED RECIPROCAL LATTICE
u ¼ nY=ðmZÞ
ð2:1:6:9Þ
pðI=hIiÞ dðI=hIiÞ ¼ 1 ðI=nhIi; 1; n  1Þ dðI=nhIiÞ
pðuÞ du ¼ 2 ½nY=ðmZÞ; n; m d½nY=ðmZÞ;

ð2:1:6:10Þ

in the acentric case, with an expected value of I=hIi of unity;
there is no bias, as is obvious a priori. The variance of I=hIi is

where 2 is a beta distribution of the second kind, Y is given by
equation (2.1.6.2) and Z by
Z ¼ Km =m;

2 ¼

m
1
¼ 1 þ þ ...
m1
m

n1
;
nþ1

ð2:1:6:19Þ

ð2:1:6:11Þ
which is less than the variance of the intensities normalized to an
‘inﬁnite’ population by a fraction of the order of 2=n. Unlike the
variance of the scaling factor, the variance of the normalized
intensity approaches unity as n becomes large. For intensities
having a centric distribution, the distribution normalized to the
local average is given by

where n is the number of intensities included in the numerator
and m is the number in the denominator. The expected value of
Y=Z is then
hY=Zi ¼

ð2:1:6:18Þ

ð2:1:6:12Þ

pðI=hIiÞ dðI=hIiÞ ¼ 1 ½I=nhIi; 1=2; ðn  1Þ=2 dðI=nhIiÞ;
ð2:1:6:20Þ

with variance
2 ¼

ðn þ m  1Þm2
:
ðm  1Þ2 ðm  2Þn

ð2:1:6:13Þ

with an expected value of I=hIi of unity and with variance
2 ¼

One sees that Y=Z is a biased estimate of the scaling factor
between two sets of intensities and the bias, of the order of m1,
depends only on the number of intensities averaged in the
denominator. This may seem odd at ﬁrst sight, but it becomes
plausible when one remembers that the mean of a quantity is an
unbiased estimator of itself, but the reciprocal of a mean is not an
unbiased estimator of the mean of a reciprocal. The mean exists
only if m > 1 and the variance only for m > 2.
In the centric case, the expression for the distribution of the
ratio of the two means Y and Z becomes
pðuÞ du ¼ 2 ½nY=ðmZÞ; n=2; m=2 d½nY=ðmZÞ

m
2
¼ 1 þ þ ...
m2
m

2.1.6.4. The use of normal approximations
Since Jn and Km [equations (2.1.6.1) and (2.1.6.8)] are sums of
identically distributed variables conforming to the conditions of
the central-limit theorem, it is tempting to approximate their
distributions by normal distributions with the correct mean and
variance. This would be reasonably satisfactory for the distributions of Jn and Km themselves for quite small values of n and m,
but unsatisfactory for the distribution of their ratio for any values
of n and m, even large. The ratio of two variables with normal
distributions is notorious for its rather indeterminate mean and
‘inﬁnite’ variance, resulting from the ‘tail’ of the denominator
distributions extending through zero to negative values. The
leading terms of the ratio distribution are given by Kendall &
Stuart (1977, p. 288).

ð2:1:6:14Þ

ð2:1:6:15Þ

and with its variance equal to
2 ¼

2ðn þ m  2Þm2
:
ðm  2Þ2 ðm  4Þn

ð2:1:6:16Þ

For the same number of reﬂections, the bias in hY=Zi and the
variance for the centric distribution are considerably larger than
for the acentric. For both distributions the variance of the scaling
factor approaches zero when n and m become large. The
variances are large for m small, in fact ‘inﬁnite’ if the number of
terms averaged in the denominator is sufﬁciently small. These
biases are readily removed by multiplying Y=Z by ðm  1Þ=m or
ðm  2Þ=m. Many methods of estimating scaling factors – perhaps
most – also introduce bias (Wilson, 1975; Lomer & Wilson, 1975;
Wilson, 1976, 1978c) that is not so easily removed. Wilson (1986a)
has given reasons for supposing that the bias of the ratio (2.1.6.7)
approximates to
1þ

 2 ðIÞ
;
mhIi2

ð2:1:6:21Þ

less than that for an ‘inﬁnite’ population by a fraction of about
3=n.
Similar considerations apply to intensities normalized to  in
the usual way, since they are equal to those normalized to hIi
multiplied by hIi=.

with the expected value of Y=Z equal to
hY=Zi ¼

2ðn  1Þ
;
nþ2

2.1.7. Non-ideal distributions: the correction-factor approach
2.1.7.1. Introduction
The probability density functions (p.d.f.’s) of the magnitude of
the structure factor, presented in Section 2.1.5, are based on the
central-limit theorem discussed above. In particular, the centric
and acentric p.d.f.’s given by equations (2.1.5.11) and (2.1.5.8),
respectively, are expected to account for the statistical properties
of diffraction patterns obtained from crystals consisting of nearly
equal atoms, which obey the fundamental assumptions of
uniformity and independence of the atomic contributions and are
not affected by noncrystallographic symmetry and dispersion. It
is also assumed there that the number of atoms in the asymmetric
unit is large. Distributions of structure-factor magnitudes which
are based on the central-limit theorem, and thus obey the above
assumptions, have been termed ‘ideal’, and the subjects of the
following sections are those distributions for which some of the
above assumptions/restrictions are not fulﬁlled; the latter distributions will be called ‘non-ideal’.
We recall that the assumption of uniformity consists of the
requirement that the fractional part of the scalar product
hx þ ky þ lz be uniformly distributed over the [0, 1] interval,
which holds well if x; y; z are rationally independent (Hauptman
& Karle, 1953), and permits one to regard the atomic contribu-

ð2:1:6:17Þ

whatever the intensity distribution. Equations (2.1.6.12) and
(2.1.6.15) are consistent with this.
2.1.6.3. Intensities scaled to the local average
When the Gi ’s are a subset of the Hi ’s, the beta distributions of
the second kind are replaced by beta distributions of the ﬁrst
kind, with means and variances readily found from Table 2.1.5.1.
The distribution of such a ratio is chieﬂy of interest when Y
relates to a single reﬂection and Z relates to a group of m
intensities including Y. This corresponds to normalizing intensities to the local average. Its distribution is
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