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2.2. Direct methods
By C. Giacovazzo

2.2.1. List of symbols and abbreviations
atomic scattering factor of jth atom
atomic number of jth atom
number of atoms in the unit cell
order of the point group

fj
Zj
N
m

½r p ; ½r q ; ½r N ; . . . ¼

p
P
j¼1

Zjr ;

q
P
j¼1

Zjr ;

N
P

2.2.3. Origin speciﬁcation
(a) Once the origin has been chosen, the symmetry operators
Cs  ðRs ; Ts Þ and, through them, the algebraic form of the s.f.
remain ﬁxed.
A shift of the origin through a vector with coordinates X0
transforms ’h into

Zjr ; . . .

’0h ¼ ’h  2h  X0

j¼1

½r N is always abbreviated to r when N is the number of atoms in
the cell
p
q
N
P P P
P
P
P
fj2 ; fj2 ; fj2 ; . . .
p;
q;
N; . . . ¼
j¼1

s.f.
n.s.f.
cs.
ncs.
s.i.
s.s.
C ¼ ðR; TÞ
’h

j¼1

j¼1

and the symmetry operators Cs into C0s ¼ ðR0s ; T0s Þ, where
R0s ¼ Rs ; T0s ¼ Ts þ ðRs  IÞX0

s ¼ 1; 2; . . . ; m:

ð2:2:3:2Þ

(b) Allowed or permissible origins (Hauptman & Karle, 1953,
1959) for a given algebraic form of the s.f. are all those points in
direct space which, when taken as origin, maintain the same
symmetry operators Cs. The allowed origins will therefore
correspond to those points having the same symmetry environment in the sense that they are related to the symmetry elements
in the same way. For instance, if Ts ¼ 0 for s ¼ 1; . . . ; 8, then the
allowed origins in Pmmm are the eight inversion centres.
To each functional form of the s.f. a set of permissible origins
will correspond.
(c) A translation between permissible origins will be called a
permissible or allowed translation. Trivial allowed translations
correspond to the lattice periods or to their multiples. A change
of origin by an allowed translation does not change the algebraic
form of the s.f. Thus, according to (2.2.3.2), all origins allowed by
a ﬁxed functional form of the s.f. will be connected by translational vectors Xp such that

structure factor
normalized structure factor
centrosymmetric
noncentrosymmetric
structure invariant
structure seminvariant
symmetry operator; R is the rotational part,
T the translational part
phase of the structure factor Fh ¼ jFh j expði’h Þ

2.2.2. Introduction
Direct methods are today the most widely used tool for solving
small crystal structures. They work well both for equal-atom
molecules and when a few heavy atoms exist in the structure. In
recent years the theoretical background of direct methods has
been improved to take into account a large variety of prior
information (the form of the molecule, its orientation, a partial
structure, the presence of pseudosymmetry or of a superstructure,
the availability of isomorphous data or of data affected by
anomalous-dispersion effects, . . . ). Owing to this progress and to
the increasing availability of powerful computers, the phase
problem for small molecules has been solved in practice: a
number of effective, highly automated packages are today
available to the scientiﬁc community.
The combination of direct methods with so-called direct-space
methods have recently allowed the ab initio crystal structure
solution of proteins. The present limit of complexity is about 2500
non-hydrogen atoms in the asymmetric unit, but diffraction data
at atomic resolution (~1 Å) are required. Trials are under way to
bring this limit to 1.5 Å and have shown some success.
The theoretical background and tables useful for origin
speciﬁcation are given in Section 2.2.3; in Section 2.2.4 the
procedures for normalizing structure factors are summarized.
Phase-determining formulae (inequalities, probabilistic formulae
for triplet, quartet and quintet invariants, and for one- and twophase s.s.’s, determinantal formulae) are given in Section 2.2.5. In
Section 2.2.6 the connection between direct methods and related
techniques in real space is discussed. Practical procedures for
solving small-molecule crystal structures are described in
Sections 2.2.7 and 2.2.8, and references to the most extensively
used packages are given in Section 2.2.9. The integration of direct
methods, isomorphous replacement and anomalous-dispersion
techniques is brieﬂy discussed in Section 2.2.10.
The reader interested in a more detailed description of the
topic is referred to a recent textbook (Giacovazzo, 1998).
Copyright © 2010 International Union of Crystallography

ð2:2:3:1Þ

s ¼ 1; 2; . . . ; m;

ðRs  IÞXp ¼ V;

ð2:2:3:3Þ

where V is a vector with zero or integer components.
In centred space groups, an origin translation corresponding to
a centring vector Bv does not change the functional form of the
s.f. Therefore all vectors Bv represent permissible translations. Xp
will then be an allowed translation (Giacovazzo, 1974) not only
when, as imposed by (2.2.3.3), the difference T0s  Ts is equal to
one or more lattice units, but also when, for any s, the condition
s ¼ 1; 2; . . . ; m;

ðRs  IÞXp ¼ V þ Bv ;

 ¼ 0; 1 ð2:2:3:4Þ

is satisﬁed.
We will call any set of cs. or ncs. space groups having the same
allowed origin translations a Hauptman–Karle group (H–K
group). The 94 ncs. primitive space groups, the 62 primitive cs.
groups, the 44 ncs. centred space groups and the 30 cs. centred
space groups can be collected into 13, 4, 14 and 5 H–K groups,
respectively (Hauptman & Karle, 1953, 1956; Karle & Hauptman,
1961; Lessinger & Wondratschek, 1975). In Tables 2.2.3.1–2.2.3.4
the H–K groups are given together with the allowed origin
translations.
(d) Let us consider a product of structure factors
FhA11  FhA22  . . .  FhAnn ¼

n
Q
j¼1

A

Fhj j

¼ exp i

n
P
j¼1

Aj being integer numbers.
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!
Aj ’hj

n
Q
j¼1

jFhj jAj ;

ð2:2:3:5Þ
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Pn

The factor j¼1 Aj ’hj is the phase of the product (2.2.3.5). A
structure invariant (s.i.) is a product (2.2.3.5) such that
n
P

Aj hj ¼ 0:

is satisﬁed. The second condition means that at least one Aq exists
that is not congruent to zero modulo each of the components of
xs . If (2.2.3.10) is not satisﬁed for any n-set of integers Aj, the
phases ’hj are linearly semindependent. If (2.2.3.10) is valid for
n ¼ 1 and A ¼ 1, then h1 is said to be linearly semidependent and
’h1 is an s.s. It may be concluded that a seminvariant phase is
linearly semidependent, and, vice versa, that a phase linearly
semidependent is an s.s. In Tables 2.2.3.1–2.2.3.4 the allowed
variations (which are those due to the allowed origin translations) for the semindependent phases are given for every H–K
group. If ’h1 is linearly semindependent its value can be ﬁxed
arbitrarily because at least one origin compatible with the given
value exists. Once ’h1 is assigned, the necessary condition to be
able to ﬁx a second phase ’h2 is that it should be linearly semindependent of ’h1 .
Similarly, the necessary condition to be able arbitrarily to
assign a third phase ’h3 is that it should be linearly semindependent from ’h1 and ’h2 .
In general, the number of linearly semindependent phases is
equal to the dimension of the seminvariant vector xs (see Tables
2.2.3.1–2.2.3.4). The reader will easily verify in (h, k, l) P (2, 2, 2)
that the three phases ’oee, ’eoe , ’eoo deﬁne the origin (o indicates
odd, e even).
(h) From the theory summarized so far it is clear that a number
of semindependent phases ’hj , equal to the dimension of the
seminvariant vector xs , may be arbitrarily assigned in order to ﬁx
the origin. However, it is not always true that only one allowed
origin compatible with the given phases exists. An additional
condition is required such that only one permissible origin should
lie at the intersection of the lattice planes corresponding to the
origin-ﬁxing reﬂections (or on the lattice plane h if one reﬂection
is sufﬁcient to deﬁne the origin). It may be shown that the
condition is veriﬁed if the determinant formed with the vectors
seminvariantly associated with the origin reﬂections, reduced
modulo xs, has the value 1. In other words, such a determinant
should be primitive modulo xs.
For example, in P1 the three reﬂections

ð2:2:3:6Þ

j¼1

Since jFhj j are usually known from experiment, it is often said
that s.i.’s are combinations of phases
n
P
j¼1

Aj ’hj ;

ð2:2:3:7Þ

for which (2.2.3.6) holds.
F0 , Fh Fh , Fh Fk Fhþk , Fh Fk Fl Fhþkþl , Fh Fk Fl Fp Fhþkþlþp are
examples of s.i.’s for n ¼ 1; 2; 3; 4; 5.
The value of any s.i. does not change with an arbitrary shift of
the space-group origin and thus it will depend on the crystal
structure only.
(e) A structure seminvariant (s.s.) is a product of structure
factors [or a combination of phases (2.2.3.7)] whose value is
unchanged when the origin is moved by an allowed translation.
Let Xp ’s be the permissible origin translations of the space
group. Then the product (2.2.3.5) [or the sum (2.2.3.7)] is an s.s., if,
in accordance with (2.2.3.1),
n
P

Aj ðhj  Xp Þ ¼ r;

p ¼ 1; 2; . . .

ð2:2:3:8Þ

j¼1

where r is a positive integer, null or a negative integer.
Conditions (2.2.3.8) can be written in the following more useful
form (Hauptman & Karle, 1953):
n
P
j¼1

Aj hsj  0

ðmod xs Þ;

ð2:2:3:9Þ

where hsj is the vector seminvariantly associated with the vector
hj and xs is the seminvariant modulus. In Tables 2.2.3.1–2.2.3.4,
the reﬂection hs seminvariantly associated with h ¼ ðh; k; lÞ, the
seminvariant modulus xs and seminvariant phases are given for
every H–K group.
The symbol of any group (cf. Giacovazzo, 1974) has the
structure hs Lxs, where L stands for the lattice symbol. This
symbol is underlined if the space group is cs.
By deﬁnition, if the class of permissible origin has been chosen,
that is to say, if the algebraic form of the symmetry operators has
been ﬁxed, then the value of an s.s. does not depend on the origin
but on the crystal structure only.
(f ) Suppose that we have chosen the symmetry operators Cs
and thus ﬁxed the functional form of the s.f.’s and the set of
allowed origins. In order to describe the structure in direct space
a unique reference origin must be ﬁxed. Thus the phasedetermining process must also require a unique permissible
origin congruent to the values assigned to the phases. More
speciﬁcally, at the beginning of the structure-determining process
by direct methods we shall assign as many phases as necessary to
deﬁne a unique origin among those allowed (and, as we shall see,
possibly to ﬁx the enantiomorph). From the theory developed so
far it is obvious that arbitrary phases can be assigned to one or
more s.f.’s if there is at least one allowed origin which, ﬁxed as the
origin of the unit cell, will give those phase values to the chosen
reﬂections. The concept of linear dependence will help us to ﬁx
the origin.
(g) n phases ’hj are linearly semidependent (Hauptman &
Karle, 1956) when the n vectors hsj seminvariantly associated with
the hj are linearly dependent modulo xs, xs being the seminvariant modulus of the space group. In other words, when
n
P
j¼1

Aj hsj  0

ðmod xs Þ;

Aq 6 0

ðmod xs Þ

h1 ¼ ð345Þ; h2 ¼ ð139Þ; h3 ¼ ð784Þ
deﬁne the origin uniquely because



3 4 5

 reduced mod ð2;2;2Þ  1

1 3 9
1


! 
 7 8 4  
1

0
1
0


1 
1  ¼ 1:
0

Furthermore, in P4mm ½hs ¼ ðh þ k; lÞ; xs ¼ ð2; 0Þ
h1 ¼ ð5; 2; 0Þ;

h2 ¼ ð6; 2; 1Þ

deﬁne the origin uniquely since



 7 0  reduced mod ð2;0Þ  1



 8 1  !  0


0 
¼ 1:
1

(i) If an s.s. or an s.i. has a general value ’ for a given structure,
it will have a value ’ for the enantiomorph structure. If ’ ¼ 0, 
the s.s. has the same value for both enantiomorphs. Once the
origin has been assigned, in ncs. space groups the sign of a given
s.s. ’ 6¼ 0,  can be assigned to ﬁx the enantiomorph. In practice it
is often advisable to use an s.s. or an s.i. whose value is as near as
possible to =2.
2.2.4. Normalized structure factors
2.2.4.1. Deﬁnition of normalized structure factor
The normalized structure factors E (see also Chapter 2.1) are
calculated according to (Hauptman & Karle, 1953)

ð2:2:3:10Þ

jEh j2 ¼ jFh j2 =hjFh j2 i;
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ð2:2:4:1Þ
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Table 2.2.3.1. Allowed origin translations, seminvariant moduli and phases for centrosymmetric primitive space groups
H–K group
ðh; k; lÞPð2; 2; 2Þ
P1

Space group

ðh þ k; lÞPð2; 2Þ
4
P
m

Pmna

ðh þ k þ lÞPð2Þ

P3

R3

P3 1m

R3 m

P

2
m

Pcca

P

42
m

4
P cc
n

P

21
m

Pbam

P

4
n

P

42
mc
m

P3 1c

R3 c

P

2
c

Pccn

P

42
n

P

42
cm
m

P3 m1

Pm3

P

21
c

Pbcm

P

4
mm
m

P

42
bc
n

P3 c1

Pn3

Pmmm

Pnnm

P

4
cc
m

P

42
nm
n

P

6
m

Pa3

Pnnn

Pmmn

4
P bm
n

P

42
bc
m

P

63
m

Pm3 m

Pccm

Pbcn

4
P nc
n

P

42
nm
m

P

6
mm
m

Pn3 n

Pban

Pbca

P

4
bm
m

P

42
mc
n

P

6
cc
m

Pm3 n

Pmma

Pnma

P

4
nc
m

P

42
cm
n

P

63
cm
m

Pn3 m

(0, 0, 0);

ð0; 12 ; 12Þ

(0, 0, 0)

63
mc
m
(0, 0, 0)

ð12 ; 0; 0Þ;

ð12 ; 0; 12Þ

ð0; 0; 12Þ

ð0; 0; 12Þ

ð12 ; 12 ; 12Þ

ð0; 12 ; 0Þ;

ð12 ; 12 ; 0Þ

ð12 ; 12 ; 0Þ

ð0; 0; 12Þ;

ð12 ; 12 ; 12Þ

ð12 ; 12 ; 12Þ

Pnna
Allowed origin translations

ðlÞPð2Þ
4
P mm
n

P

(0, 0, 0)

Vector hs seminvariantly
associated with h ¼ ðh; k; lÞ

ðh; k; lÞ

ðh þ k; lÞ

(l)

ðh þ k þ lÞ

Seminvariant modulus xs

(2, 2, 2)

(2, 2)

(2)

(2)

Seminvariant phases

’eee

’eee ; ’ooe

’eee ; ’eoe
’oee ; ’ooe

’eee ; ’ooe
’oeo ; ’eoo

Number of semindependent
phases to be speciﬁed

3

2

1

1

where jFh j2 is the squared observed structure-factor magnitude
on the absolute scale and hjFh j2 i is the expected value of jFh j2.
hjFh j2 i depends on the available a priori information. Often,
but not always, this may be considered as a combination of
several typical situations. We mention:
(a) No structural information. The atomic positions are
considered random variables. Then
hjFh j2 i ¼ "h

N
P

fj2 ¼ "h

P

(c) P atomic groups with a known conﬁguration, correctly
oriented, but with unknown position (Main, 1976). Then a certain
group of interatomic vectors rj1 j2 is ﬁxed and
!
Mi
P
P
P
P
hjFh j2 i ¼ "h
fj1 fj2 exp 2ih  rj1 j2 :
Nþ
i¼1 j1 6¼j2 ¼1

The above formula has been derived on the assumption that
primitive positional random variables are uniformly distributed
over the unit cell. Such an assumption may be considered
unfavourable (Giacovazzo, 1988) in space groups for which the
allowed shifts of origin, consistent with the chosen algebraic form
for the symmetry operators Cs, are arbitrary displacements along
any polar axes. Thanks to the indeterminacy in the choice of
origin, the ﬁrst of the shifts si (to be applied to the ith fragment in
order to translate atoms in the correct positions) may be
restricted to a region which is smaller than the unit cell (e.g. in P2
we are free to specify the origin along the diad axis by restricting
s1 to the family of vectors fs1 g of type ½x0z). The practical
consequence is that hjFh j2 i is signiﬁcantly modiﬁed in polar space
groups if h satisﬁes

N

j¼1

so that
Eh ¼

ð"h

Fh
P

NÞ

1=2

:

ð2:2:4:2Þ

"h takes account of the effect of space-group symmetry (see
Chapter 2.1).
(b) P atomic groups having a known conﬁguration but with
unknown orientation and position (Main, 1976). Then a certain
number of interatomic distances rj1 j2 are known and
!
Mi
P
X
X
X
sin 2qrj1 j2
2
;
þ
fj 1 fj 2
hjFh j i ¼ "h
N
2qrj1 j2
i¼1 j 6¼j ¼1
1

h  s1 ¼ 0;

2

where s1 belongs to the family of restricted vectors fs1 g.
(d) Atomic groups correctly positioned. Then (Main, 1976;
Giacovazzo, 1983a)

where Mi is the number of atoms in the ith molecular fragment
and q ¼ jhj.
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P
hjFh j i ¼ jFp; h j2 þ "h q ;
Often substructures are not ideal: e.g. atoms related by
pseudotranslational symmetry are ideally located but of different
type (replacive deviations from ideality); or they are equal but
where Fp;h is the structure factor of the partial known structure
not ideally located (displacive deviations); or a combination of
and q are the atoms with unknown positions.
the two situations occurs. In these cases a correlation exists
(e) A pseudotranslational symmetry is present. Let
between the substructure and the superstructure. It has been
u1 ; u2 ; u3 ; . . . be the pseudotranslation vectors of order
shown (Mackay, 1953; Cascarano et al., 1988a) that the scattering
n1 ; n2 ; n3 ; . . ., respectively. Furthermore, let p be the number of
power of the substructural part may be estimated via a statistical
atoms (symmetry equivalents included) whose positions are
analysis of diffraction data for ideal pseudotranslational
related by pseudotranslational symmetry and q the number of
symmetry or for displacive deviations from it, while it is not
atoms (symmetry equivalents included) whose positions are not
estimable in the case of replacive deviations.
related by any pseudotranslation. Then (Cascarano et al.,
1985a,b)
P
P
2.2.4.2. Deﬁnition of quasi-normalized structure factor
hjFh j2 i ¼ "h ðh p þ q Þ;
When probability theory is not used, the quasi-normalized
structure
factors E h and the unitary structure factors Uh are often
where
used. E h and Uh are deﬁned according to
ðn n n . . .Þh
h ¼ 1 2 3
jE h j2 ¼ "h jEh j2
m
!
. P
N
and h is the number of times for which algebraic congruences
Uh ¼ Fh
fj :
j¼1
h  Rs ui  0 ðmod 1Þ for i ¼ 1; 2; 3; . . .
2

PN
Since j¼1 fj is the largest possible value for Fh ; Uh represents
the fraction of Fh with respect to its largest possible value.
Therefore

are simultaneously satisﬁed when s varies from 1 to m. If h ¼ 0
then Fh is said to be a superstructure reﬂection, otherwise it is a
substructure reﬂection.

Table 2.2.3.2. Allowed origin translations, seminvariant moduli and phases for noncentrosymmetric primitive space groups
H–K group
Space group

ðh; k; lÞPð0; 0; 0Þ

ðh; k; lÞPð2; 0; 2Þ

ðh; k; lÞPð0; 2; 0Þ

ðh; k; lÞPð2; 2; 2Þ

ðh; k; lÞPð2; 2; 0Þ

ðh þ k; lÞPð2; 0Þ

P1

P2

Pm

P222

Pmm2

P4

ðh þ k; lÞPð2;
P4

P21

Pc

P2221

Pmc21

P41

P422

P21 21 2

Pcc2

P42

P421 2

P21 21 21

Pma2

P43

P41 22

Pca21

P4mm

P41 21 2

Pnc2

P4bm

P42 22

Pmn21
Pba2

P42 cm
P42 nm

P42 21 2
P43 22

Pna21

P4cc

Pnn2

P4nc

P43 21 2
P4 2m

P42 mc
P42 bc

P4 2c
P4 21 m
P4 21 c
P4 m2
P4 c2
P4 b2
P4 n2

Allowed origin translations

(x, y, z)

(0, y, 0)

(x, 0, z)

(0, 0, 0)

(0, 0, z)

(0, 0, z)

(0, 0, 0)

ð0; y; 12Þ

ðx; 12 ; zÞ

ð12 ; 0; 0Þ

ð0; 12 ; zÞ

ð12 ; 12 ; zÞ

ð0; 0; 12Þ

ð12 ; y; 0Þ

ð0; 12 ; 0Þ

ð12 ; 0; zÞ

ð12 ; 12 ; 0Þ

ð12 ; y; 12Þ

ð0; 0; 12Þ
ð0; 12 ; 12Þ
ð12 ; 0; 12Þ
ð12 ; 12 ; 0Þ
ð12 ; 12 ; 12Þ

ð12 ; 12 ; zÞ

ð12 ; 12 ; 12Þ

Vector hs seminvariantly associated
with h ¼ ðh; k; lÞ

(h, k, l)

(h, k, l)

(h, k, l)

(h, k, l)

(h, k, l)

ðh þ k; lÞ

ðh þ k; lÞ

Seminvariant modulus xs

(0, 0, 0)

(2, 0, 2)

(0, 2, 0)

(2, 2, 2)

(2, 2, 0)

(2, 0)

(2, 2)

Seminvariant phases

’000

’e0e

’0e0

’eee

’ee0

’ee0
’oo0

’eee
’ooe

Allowed variations for the
semindependent phases

k1k

k1k, k2k if
k¼0

k1k, k2k if
h¼l¼0

k2k

k1k, k2k if
l¼0

k1k, k2k if
l¼0

k2k

Number of semindependent
phases to be speciﬁed

3

3

3

3

3

2

2
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e 2.2.3.2.

þ k; lÞPð2; 0Þ

mm
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assumed that all the atoms are at rest. hjF o j2 i depends upon the
structural information that is available (see Section 2.2.4.1 for
some examples).
Equation (2.2.4.3) may be rewritten as

0  jUh j  1:
If atoms are equal, then Uh ¼ E h =N 1=2 .
2.2.4.3. The calculation of normalized structure factors



hIi
ln
¼  ln K  2Bs2 ;
hjF o j2 i

N.s.f.’s cannot be calculated by applying (2.2.4.1) to observed
s.f.’s because: (a) the observed magnitudes Ih (already corrected
for Lp factor, absorption, . . . ) are on a relative scale; (b) hjFh j2 i
cannot be calculated without having estimated the vibrational
motion of the atoms.
This is usually obtained by the well known Wilson plot
(Wilson, 1942), according to which observed data are divided into
ranges of s2 ¼ sin2 =2 and averages of intensity hIh i are taken in
each shell. Reﬂection multiplicities and other effects of spacegroup symmetry on intensities must be taken into account when
such averages are calculated. The shells are symmetrically overlapped in order to reduce statistical ﬂuctuations and are
restricted so that the number of reﬂections in each shell is
reasonably large. For each shell
KhIi ¼ hjFj2 i ¼ hjF o j2 i expð2Bs2 Þ

which plotted at various s2 should be a straight line of which the
slope (2B) and intercept (ln K) on the logarithmic axis can be
obtained by applying a linear least-squares procedure.
Very often molecular geometries produce perceptible departures from linearity in the logarithmic Wilson plot. However, the
more extensive the available a priori information on the structure
is, the closer, on the average, are the Wilson-plot curves to their
least-squares straight lines.
Accurate estimates of B and K require good strategies (Rogers
& Wilson, 1953) for:
(1) treatment of weak measured data. If weak data are set to
zero, there will be bias in the statistics. Methods are, however,
available (French & Wilson, 1978) that provide an a posteriori
estimate of weak (even negative) intensities by means of
Bayesian statistics.

ð2:2:4:3Þ

should be obtained, where K is the scale factor needed to place
X-ray intensities on the absolute scale, B is the overall thermal
parameter and hjF o j2 i is the expected value of jFj2 in which it is
Table 2.2.3.2 (cont.)

ðh þ k; lÞPð2; 2Þ

ðh  k; lÞPð3; 0Þ

ð2h þ 4k þ 3lÞPð6Þ

ðlÞPð0Þ

ðlÞPð2Þ

ðh þ k þ lÞPð0Þ

ðh þ k þ lÞPð2Þ

P4

P3

P312

P31m

P321

R3

R32

P422
P421 2

P31
P32

P31 12
P32 12

P31c
P6

P31 21
P32 21

R3m
R3c

P23
P21 3

P41 22

P3m1

P622

P432

P3c1

P6
P6 m2

P61

P41 21 2

P65

P61 22

P42 32

P6 c2

m

P42 22

P64

P65 22

P43 32

cm

P42 21 2

P63

P62 22

nm

P43 22

P62

P64 22

P41 32
P4 3m

c

P43 21 2
P4 2m
P4 2c

P6mm

P63 22
P6 2m

P4 21 m
P4 21 c

P63 mc

c
mc

bc

P6cc
P63 cm

P4 b2
P4 n2
(0, 0, 0)

(0, 0, z)

(0, 0, 0)

; zÞ

ð0; 0; 12Þ
ð12 ; 12 ; 0Þ

ð13 ; 23 ; zÞ
ð23 ; 13 ; zÞ

ð0; 0; 12Þ
ð13 ; 23 ; 0Þ

0)

k, k2k if
¼0

P6 2c

P4 m2
P4 c2

0, z)

þ k; lÞ

P4 3n

ð12 ; 12 ; 12Þ

(0, 0, z)

(0, 0, 0)

(x, x, x)

ð0; 0; 12Þ

(0, 0, 0)
ð12 ; 12 ; 12Þ

ð13 ; 23 ; 12Þ
ð23 ; 13 ; 0Þ
ð23 ; 13 ; 12Þ

ðh þ k; lÞ

ðh  k; lÞ

ð2h þ 4k þ 3lÞ

(l)

(l)

ðh þ k þ lÞ

ðh þ k þ lÞ

(2, 2)

(3, 0)

(6)

(0)

(2)

(0)

(2)

’eee
’ooe

’hk0 if h  k ¼ 0
(mod 3)

’hkl if 2h þ 4k þ 3l ¼ 0
(mod 6)

’hk0

’hke

’h; k; h þk

’eee ; ’ooe
’oeo ; ’ooe

k2k

k1k, k3k if l ¼ 0

k2k if h  k (mod 3)
k3k if l  0 (mod 2)

k1k

k2k

k1k

k2k

2

2

1

1

1

1

1
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Table 2.2.3.3. Allowed origin translations, seminvariant moduli and phases for centrosymmetric non-primitive space groups
H–K group
ðh; lÞCð2; 2Þ
2
C
m
2
C
c

Space groups

Allowed origin translations

ðk; lÞIð2; 2Þ

ðh þ k þ lÞFð2Þ

ðlÞIð2Þ
4
I
m
4
I 1
a

Immm

Fmmm

Ibam

Fddd

Cmcm

Ibca

Fm3

I

4
mm
m

Im3 m

Cmca

Imma

Fd3

I

4
cm
m

Ia3 d

Cmmm

Fm3 m

I

41
md
a

Cccm

Fm3 c

I

41
cd
a

Cmma

Fd3 m

Ccca

Fd3 c

I
Im3
Ia3

(0, 0, 0)

(0, 0, 0)

(0, 0, 0)

(0, 0, 0)

ð0; 0; 12Þ

ð0; 0; 12Þ

ð12 ; 12 ; 12Þ

ð0; 0; 12Þ

ð12 ; 0; 0Þ

ð0; 12 ; 0Þ

ð12 ; 0; 12Þ

ð12 ; 0; 0Þ

Vector hs seminvariantly associated with
h ¼ ðh; k; lÞ

ðh; lÞ

ðk; lÞ

ðh þ k þ lÞ

(l)

ðh; k; lÞ

Seminvariant modulus xs

(2, 2)

(2, 2)

(2)

(2)

(1, 1, 1)

Seminvariant phases

’eee

’eee

’eee

’eoe ; ’eee
’ooe ; ’oee

All

Number of semindependent phases to be speciﬁed

2

2

1

1

0

(2) treatment of missing weak data (Rogers et al., 1955;
Vicković & Viterbo, 1979). All unobserved reﬂections may
assume

(0, 0, 0)

where the subscript ‘o min’ refers to the minimum observed
intensity.
Once K and B have been estimated, Eh values can be obtained
from experimental data by

 ¼ jFo min j2 =3 for cs. space groups

jEh j2 ¼

 ¼ jFo min j2 =2 for ncs. space groups,

KIh
;
o 2
hjFh j i expð2Bs2 Þ

Table 2.2.3.4. Allowed origin translations, seminvariant moduli and phases for noncentrosymmetric non-primitive space groups
H–K group
Space group

ðk; lÞCð0; 2Þ

ðh; lÞCð0; 0Þ

ðh; lÞCð2; 0Þ

ðh; lÞCð2; 2Þ

ðh; lÞAð2; 0Þ

ðh; lÞIð2; 0Þ

ðh; lÞIð2; 2Þ

C2

Cm

Cmm2

C222

Amm2

Imm2

I222

Cc

Cmc21
Ccc2

C2221

Abm2
Ama2

Iba2
Ima2

I21 21 21

(0, 0, 0)

Aba2

Allowed origin translations

(0, y, 0)

(x, 0, z)

ð0; y; 12Þ

(0, 0, z)

(0, 0, 0)

(0, 0, z)

(0, 0, z)

ð12 ; 0; zÞ

ð0; 0; 12Þ

ð12 ; 0; zÞ

ð12 ; 0; zÞ

ð0; 0; 12Þ

ð12 ; 0; 0Þ

ð0; 12 ; 0Þ

ð12 ; 0; 12Þ

ð12 ; 0; 0Þ

Vector hs seminvariantly associated with
h ¼ ðh; k; lÞ

(k, l)

(h, l)

(h, l)

(h, l)

(h, l)

(h, l)

(h, l)

Seminvariant modulus xs

(0, 2)

(0, 0)

(2, 0)

(2, 2)

(2, 0)

(2, 0)

(2, 2)

Seminvariant phases

’e0e

’0e0

’ee0

’eee

’ee0

’ee0

’eee

Allowed variations for the semindependent
phases

k1k, k2k if
k¼0

k1k

k1k, k2k if
l¼0

k2k

k1k, k2k if
l¼0

k1k, k2k if
l¼0

k2k

Number of semindependent phases to
be speciﬁed

2

2

2

2

2

2

2
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hjFho j2 i

jFho j2

where
is the expected value of
for the reﬂection h on
the basis of the available a priori information.
2.2.4.4. Probability distributions of normalized structure factors
Under some fairly general assumptions (see Chapter 2.1)
probability distribution functions for the variable jEj for cs. and
ncs. structures are (see Fig. 2.2.4.1)
rﬃﬃﬃ


2
E2
exp 
djEj
ð2:2:4:4Þ
1 PðjEjÞ djEj ¼

2
and
1 PðjEjÞ djEj

¼ 2jEj expðjEj2 Þ djEj;

ð2:2:4:5Þ

respectively. Corresponding cumulative functions are (see Fig.
2.2.4.2)
rﬃﬃﬃ ZjEj
 
 2
2
t
jEj
dt ¼ erf pﬃﬃﬃ ;
exp 
1 NðjEjÞ ¼

2
2

Fig. 2.2.4.1. Probability density functions for cs. and ncs. crystals.

Signiﬁcant developments are the derivation of inequalities and
the introduction of probabilistic techniques via the use of joint
probability distribution methods (Hauptman & Karle, 1953).

0

ZjEj
¼

1 NðjEjÞ

2t expðt2 Þ dt ¼ 1  expðjEj2 Þ:

0

2.2.5.1. Inequalities among structure factors
Some moments of the distributions (2.2.4.4) and (2.2.4.5) are
listed in Table 2.2.4.1. In the absence of other indications for a
given crystal structure, a cs. or an ncs. space group will be
preferred according to whether the statistical tests yield values
closer to column 2 or to column 3 of Table 2.2.4.1.
For further details about the distribution of intensities see
Chapter 2.1.

An extensive system of inequalities exists for the coefﬁcients of
a Fourier series which represents a positive function. This can
restrict the allowed values for the phases of the s.f.’s in terms of
measured structure-factor magnitudes. Harker & Kasper (1948)
derived two types of inequalities:
Type 1. A modulus is bound by a combination of structure
factors:
jUh j2 

2.2.5. Phase-determining formulae
From the earliest periods of X-ray structure analysis several
authors (Ott, 1927; Banerjee, 1933; Avrami, 1938) have tried to
determine atomic positions directly from diffraction intensities.

e 2.2.3.4.

m
1X
a ðhÞUhðIRs Þ ;
m s¼1 s

ð2:2:5:1Þ

where m is the order of the point group and as ðhÞ ¼
expð2ih  Ts Þ.

Table 2.2.3.4 (cont.)

lÞIð2; 0Þ

ðh; lÞIð2; 2Þ

ðh þ k þ lÞFð2Þ

ðh þ k þ lÞFð4Þ

ðlÞIð0Þ

ðlÞIð2Þ

ð2k  lÞIð4Þ

ðlÞFð0Þ

m2

I222

F432

F222

I4

I422

Fmm2

I23

a2
a2

I21 21 21

F41 32

F23
F 4 3m
F 4 3c

I41
I4mm

I41 22
I 4 2m
I 4 2d

I 4
I 4 m2
I 4 c2

Fdd2

I21 3
I432

I4cm

I41 32
I 4 3m
I 4 3d

I41 md
I41 cd
0, z)

(0, 0, 0)

(0, 0, 0)

(0, 0, 0)

0; zÞ

ð0; 0; 12Þ

ð12 ; 12 ; 12Þ

ð14 ; 14 ; 14Þ

(0, 0, z)

I

(0, 0, 0)

(0, 0, 0)

ð0; 0; 12Þ

ð0; 0; 12Þ

ð0; 12 ; 0Þ

ð12 ; 12 ; 12Þ

ð12 ; 0; 34Þ

ð12 ; 0; 0Þ

ð34 ; 34 ; 34Þ

ð12 ; 0; 14Þ

(0, 0, z)

(0, 0, 0)

(h, l)

ðh þ k þ lÞ

ðh þ k þ lÞ

(l)

(l)

ð2k  lÞ

(l)

ðh; k; lÞ

0)

(2, 2)

(2)

(4)

(0)

(2)

(4)

(0)

(1, 1, 1)

0

’eee

’eee

’hkl with
hþkþl 0
(mod 4)

’hk0

’hke

’hkl with
ð2k  lÞ  0
(mod 4)

’hk0

All

k2k

k2k

k2k if h þ k þ l  0
(mod 2)
k4k if h þ k þ l  1
(mod 2)

k1k

k2k

k2k if h þ k þ l  0
(mod 2)
k4k if 2k  l  1
(mod 2)

k1k

All

2

1

1

1

1

1

1

0

l)

1k, k2k if
¼0
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Table 2.2.4.1. Moments of the distributions (2.2.4.4) and (2.2.4.5)
RðEs Þ is the percentage of n.s.f.’s with amplitude greater than the threshold Es .
Criterion

Fig. 2.2.4.2. Cumulative distribution functions for cs. and ncs. crystals.

0.798

0.886

hjEj2 i
hjEj3 i

1.000
1.596

1.000
1.329

hjEj4 i

3.000

2.000

hjEj5 i

6.383

3.323

hjEj6 i

15.000

6.000

hjE2  1ji

0.968

0.736

hðE2  1Þ2 i

2.000

1.000

hðE2  1Þ3 i

8.000

2.000

hjE2  1j3 i
R(1)

8.691
0.320

2.415
0.368

R(2)

0.050

0.018

R(3)

0.003

0.0001

Uh2  0:5 þ 0:5U2h :

P21 :

jUh; k; l j2  1
2
Uh;
k; l

For m ¼ 3, equation (2.2.5.3) becomes


 U0 Uh Uk 


U0 Uhk   0;
D3 ¼  Uh
U U
U0 
k
kh

 0:5 þ 0:5U2h; 2k; 2l

jUh; k; l j2  0:5 þ 0:5ð1Þk U2h; 0; 2l :

The meaning of each inequality is easily understandable: in P1 ,
for example, U2h; 2k; 2l must be positive if jUh; k; l j is large enough.
Type 2. The modulus of the sum or of the difference of two
structure factors is bound by a combination of structure factors:
(
m
m
X
1 X
2
jUh  Uh0 j 
as ðhÞUhðIRs Þ þ
as ðh0 ÞUh0 ðIRs Þ
m s¼1
s¼1
"
#)
m
X
as ðh0 ÞUhh0 Rs
2R e
ð2:2:5:2Þ

from which
1  jUh j2  jUk j2  jUhk j2 þ 2jUh Uk Uhk j cos h; k  0;
ð2:2:5:4Þ
where
h; k ¼ ’h  ’k  ’hk :
If the moduli jUh j, jUk j, jUhk j are large enough, (2.2.5.4) is not
satisﬁed for all values of h; k. In cs. structures the eventual check
that one of the two values of h; k does not satisfy (2.2.5.4) brings
about the unambiguous identiﬁcation of the sign of the product
Uh Uk Uhk .
It was observed (Gillis, 1948) that ‘there was a number of cases
in which both signs satisﬁed the inequality, one of them by a
comfortable margin and the other by only a relatively small
margin. In almost all such cases it was the former sign which was
the correct one. That suggests that the method may have some
power in reserve in the sense that there are still fundamentally
stronger inequalities to be discovered’. Today we identify this
power in reserve in the use of probability theory.

s¼1

where R e stands for ‘real part of’. Equation (2.2.5.2) applied to
P1 gives
jUh  Uh0 j2  2  2jUhh0 j cos ’hh0 :
A variant of (2.2.5.2) valid for cs. space groups is
ðUh  Uh0 Þ2  ð1  Uhþh0 Þð1  Uhh0 Þ:
After Harker & Kasper’s contributions, several other inequalities
were discovered (Gillis, 1948; Goedkoop, 1950; Okaya & Nitta,
1952; de Wolff & Bouman, 1954; Bouman, 1956; Oda et al., 1961).
The most general are the Karle–Hauptman inequalities (Karle &
Hauptman, 1950):


 U0
Uh1
Uh2 . . . Uhn 


 Uh1
U0
Uh1 h2 . . . Uh1 hn 



U0
. . . Uh2 hn   0:
ð2:2:5:3Þ
Dm ¼  Uh2 Uh2 h1
 .
.. 
..
..
..
 ..
. 
.
.
.

U
U
U
...
U 
hn

hn h1

hn h2

Noncentrosymmetric
distribution

hjEji

Applied to low-order space groups, (2.2.5.1) gives
P1 :
P1 :

Centrosymmetric
distribution

2.2.5.2. Probabilistic phase relationships for structure invariants
For any space group (see Section 2.2.3) there are linear
combinations of phases with cosines that are, in principle, ﬁxed by
the jEj magnitudes alone (s.i.’s) or by the jEj values and the
trigonometric form of the structure factor (s.s.’s). This result
greatly stimulated the calculation of conditional distribution
functions

0

PðjfRgÞ;

ð2:2:5:5Þ

P
where Rh ¼ jEh j,  ¼ Ai ’hi is an s.i. or an s.s. and fRg is a
suitable set of diffraction magnitudes. The method was ﬁrst
proposed by Hauptman & Karle (1953) and was developed
further by several authors (Bertaut, 1955a,b, 1960; Klug, 1958;
Naya et al., 1964, 1965; Giacovazzo, 1980a). From a probabilistic
point of view the crystallographic problem is clear: the joint
distribution PðEh1 ; . . . ; Ehn Þ, from which the conditional distributions (2.2.5.5) can be derived, involves a number of normalized
structure factors each of which is a linear sum of random vari-

The determinant can be of any order but the leading column (or
row) must consist of U’s with different indices, although, within
the column, symmetry-related U’s may occur. For n ¼ 2 and
h2 ¼ 2h1 ¼ 2h, equation (2.2.5.3) reduces to


 U0 Uh U2h 


D3 ¼  Uh U0 Uh   0;
U
Uh
U0 
2h
which, for cs. structures, gives the Harker & Kasper inequality
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Fig. 2.2.5.1. Curves of (2.2.5.6) for some values of G ¼ 23 23=2 jEh Ek Ehk j.

ables (the atomic contributions to the structure factors). So, for
the probabilistic interpretation of the phase problem, the atomic
positions and the reciprocal vectors may be considered as
random variables. A further problem is that of identifying, for a
given , a suitable set of magnitudes jEj on which  primarily
depends. The formulation of the nested neighbourhood principle
ﬁrst (Hauptman, 1975) ﬁxed the idea of deﬁning a sequence of
sets of reﬂections each contained in the succeeding one and
having the property that any s.i. or s.s. may be estimated via the
magnitudes constituting the various neighbourhoods. A subsequent more general theory, the representation method (Giacovazzo, 1977a, 1980b), arranges for any  the set of intensities in a
sequence of subsets in order of their expected effectiveness (in
the statistical sense) for the estimation of .
In the following sections the main formulae estimating loworder invariants and seminvariants or relating phases to other
phases and diffraction magnitudes are given.

Fig. 2.2.5.2. Variance (in square radians) as a function of .

Vh ¼

j¼1

where Pþ is the probability that Eh is positive and k ranges over
the set of known values Ek Ehk. The larger the absolute value of
the argument of tanh, the more reliable is the phase indication.
An auxiliary formula exploiting all the jEj’s in reciprocal space
in order to estimate a single  is the B3; 0 formula (Hauptman &
Karle, 1958; Karle & Hauptman, 1958) given by

ð2:2:5:6Þ

PN
where n ¼ j¼1 Zjn, Zj is the atomic number of the jth atom and
In is the modiﬁed Bessel function of order n. In Fig. 2.2.5.1 the
distribution PðÞ is shown for different values of G.
The conditional probability distribution for ’h , given a set of
ð’kj þ ’hkj Þ and Gj ¼ 23 23=2 Rh Rkj Rhkj , is given (Karle &
Hauptman, 1956; Karle & Karle, 1966) by
Pð’h Þ ¼ ½2I0 ðÞ1 exp½ cosð’h 

h Þ;

jEh1 Eh2 Eh1 h2 j cosð’h1 þ ’h2  ’h1 þh2 Þ
’ ChðjEk jp  jEjp ÞðjEh1 þk jp  jEjp ÞðjEh1 þh2 þk jp  jEjp Þik


ð2:2:5:7Þ

"
 ¼

r
P
j¼1

"
þ

#2
Gh; kj cosð’kj þ ’hkj Þ

r
P
j¼1

P
tan

h

¼P

#2
Gh; kj sinð’kj þ ’hkj Þ ;

26 81=2
þ
ðjEh1 j2 þ jEh2 j2 þ jEh1 þh2 j2 Þ . . . ;
4
43=2

ð2:2:5:12Þ

where C is a constant which differs for cs. and ncs. crystals, jEjp is
the average value of jEjp and p is normally chosen to be some
small number. Several modiﬁcations of (2.2.5.12) have been
proposed (Hauptman, 1964, 1970; Karle, 1970a; Giacovazzo,
1977b).
A recent formula (Cascarano, Giacovazzo, Camalli et al., 1984)
exploits information contained within the second representation
of , that is to say, within the collection of special quintets (see
Section 2.2.5.6):

where
2

ð2:2:5:10Þ

which is plotted in Fig. 2.2.5.2.
Equation (2.2.5.9) is the so-called tangent formula. According
to (2.2.5.10), the larger is  the more reliable is the relation
’h ¼ h .
For an equal-atom structure 3 23=2 ¼ N 1=2.
The basic conditional formula for sign determination of Eh in
cs. crystals is Cochran & Woolfson’s (1955) formula
!
r
P
3=2
ð2:2:5:11Þ
Pþ ¼ 12 þ 12 tanh 3 2 jEh j Ekj Ehkj ;

2.2.5.3. Triplet relationships
The basic formula for the estimation of the triplet phase
 ¼ ’h  ’k  ’hk given the parameter G ¼ 23 23=2
 Rh Rk Rhk is Cochran’s (1955) formula
PðÞ ¼ ½2I0 ðGÞ1 expðG cos Þ;

1
X
2
I2n ðÞ
þ ½I0 ðÞ1
n2
3
n¼1
1
X
I2nþ1 ðÞ
 4½I0 ðÞ1
;
ð2n
þ 1Þ2
n¼0

ð2:2:5:8Þ

’h1 þ ’h2  ’h1 þh2 þ ’k  ’k ;
j Gh; kj

sinð’kj þ ’hkj Þ

j Gh; kj cosð’kj þ ’hkj Þ

:

where k is a free vector. The formula retains the same algebraic
form as (2.2.5.6), but

ð2:2:5:9Þ

G¼

is the most probable value for ’h . The variance of ’h may be
obtained from (2.2.5.7) and is given by
h
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2Rh1 Rh2 Rh3
pﬃﬃﬃﬃ
ð1 þ QÞ;
N

ð2:2:5:13Þ
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where h. . .iR means rotational average. The average of the
exponential term extends over all orientations of the triangle
formed by the atoms j, k and l, and is given (Hauptman, 1965) by

where ½h3 ¼ ðh1 þ h2 Þ,
Q¼

X
k

P0 m

i¼1 Ak; i =N


P0 m
1 þ "h1 "h2 "h3 þ i¼1 Bk; i

;

Bðz; tÞ ¼ hexp½2iðh  r þ h0  r0 Þi
 1=2 X
1

t2n
¼
2 Jð4nþ1Þ=2 ðzÞ;
2z
n¼0 ðn!Þ

2N

Ak; i ¼ "k ½"h1 þkRi ð"h2 kRi þ "h3 kRi Þ
þ "h2 þkRi ð"h1 kRi þ "h3 kRi Þ
þ "h3 þkRi ð"h1 kRi þ "h2 kRi Þ;

where

Bk; i ¼ "h1 ½"k ð"h1 þkRi þ "h1 kRi Þ

z ¼ 2½q2 r2 þ 2qrq0 r0 cos ’q cos ’r þ q02 r02 1=2

þ "h2 þkRi "h3 kRi þ "h2 kRi "h3 þkRi 
þ "h2 ½"k ð"h2 þkRi þ "h2 kRi Þ

and

þ "h1 þkRi "h3 kRi þ "h1 kRi "h3 þkRi 

t ¼ ½22 qrq0 r0 sin ’q sin ’r =z;

þ "h3 ½"k ð"h3 þkRi þ "h3 kRi Þ

q, q0 , r and r0 are the magnitudes of h, h0 , r and r0 , respectively; ’q
and ’r are the angles ðh; h0 Þ and ðr; r0 Þ, respectively.
(c) Randomly positioned but correctly oriented atomic groups
Then

þ "h1 þkRi "h2 kRi þ "h1 kRi "h2 þkRi ;
P0 m
" ¼ jEj2  1; ð"h1 "h2 "h3 þ i¼1 Bk; i Þ is assumed to be zero if it is
experimentally negative. The prime to the summation warns the
reader that precautions have to be taken in order to avoid
duplications in the contributions.
G may be positive or negative. In particular, if G < 0 the triplet
is estimated negative.
The accuracy with which the value of  is estimated strongly
depends on "k . Thus, in practice, only a subset of reciprocal space
(the reﬂections k with large values of ") may be used for estimating .
(2.2.5.13) proved to be quite useful in practice. Positive triplet
cosines are ranked in order of reliability by (2.2.5.13) markedly
better than by Cochran’s parameters. Negative estimated triplet
cosines may be excluded from the phasing process and may be
used as a ﬁgure of merit for ﬁnding the correct solution in a
multisolution procedure.

gi ðh1 ; h2 ; h3 Þ ¼

exp½2QR1 R2 R3 cosð  qÞ
;
2I0 ð2QR1 R2 R3 Þ

 exp½2iðh1  Rs rkj þ h2  Rs rlk Þ;
where the summations over j, k, l are taken over all the atoms in
the ith group.
A modiﬁed expression for gi has to be used in polar space
groups for special triplets (Giacovazzo, 1988).
Translation functions [see Chapter 2.3; for an overview, see
also Beurskens et al. (1987)] are also used to determine the
position of a correctly oriented molecular fragment.
Such functions can work in direct space [expressed as
Patterson convolutions (Buerger, 1959; Nordman, 1985) or
electron-density convolutions (Rossmann et al., 1964; Argos &
Rossmann, 1980)] or in reciprocal space [expressed as correlation
functions (Crowther & Blow, 1967; Karle, 1972; Langs, 1985) or
residual functions (Rae, 1977)]. Both the probabilistic methods
and the translation functions are quite efﬁcient tools: the decision
as to which one to use is often a personal choice.
(d) Atomic groups correctly positioned
Let p be the number of atoms with known position, q the
number of atoms with unknown position, Fp and Fq the corresponding structure factors.
Tangent recycling methods (Karle, 1970b) may be used for
recovering the complete crystal structure. The phase ’p; h is
accepted in the starting set as a useful approximation of ’h if
jFp; h j > jFh j, where is the fraction of the total scattering power
contained in the fragment and where jFh j is associated with
jEh j > 1:5.
Tangent recycling methods are applied (Beurskens et al.,
1979) with greater effectiveness to difference s.f.’s F ¼
ðjFj  jFp jÞ expði’p Þ. The weighted tangent formula uses Fh
values in order to convert them to more probable Fq; h values.
From a probabilistic point of view (Giacovazzo, 1983a; Camalli
et al., 1985) the distribution of ’h, given E0p; h and some products
ðE0k  E0p; k ÞðE0hk  E0p; hk Þ, is the von Mises function

ð2:2:5:14Þ

where
Pp

Q expðiqÞ ¼

i¼1 gi ðh1 ; h2 ; h3 Þ
2 1=2
hjFh1 j i hjFh2 j2 i1=2 hjFh3 j2 i1=2

fj fk fl

s¼1 j; k; l

2.2.5.4. Triplet relationships using structural information
A strength of direct methods is that no knowledge of structure
is required for their application. However, when some a priori
information is available, it should certainly be a weakness of the
methods not to make use of this knowledge. The conditional
distribution of  given Rh Rk Rhk and the ﬁrst three of the ﬁve
kinds of a priori information described in Section 2.2.4.1 is (Main,
1976; Heinermann, 1977a)
PðÞ ’

m P
P

:

h1 ; h2 ; h3 stand for h, k, h þ k, and R1 ; R2 ; R3 for Rh ; Rk ; Rhk .
The quantities hjFhi j2 i have been calculated in Section 2.2.4.1
according to different categories: gi ðh1 ; h2 ; h3 Þ is a suitable
average of the product of three scattering factors for the ith
atomic group, p is the number of atomic groups in the cell
including those related by symmetry elements. We have the
following categories.
(a) No structural information
(2.2.5.14) then reduces to (2.2.5.6).
(b) Randomly positioned and randomly oriented atomic groups
Then
P
gi ðh1 ; h2 ; h3 Þ ¼
fj fk fl hexp½2iðh1  rkj þ h2  rlj ÞiR ;

Pð’h j . . .Þ ¼ ½2I0 ðÞ1 exp½ cosð’h  h Þ;

ð2:2:5:15Þ

where h, the most probable value of ’h, is given by
tan h ’ 02 =01 ;
2

02

ð2:2:5:16Þ
02

 ¼ 1 þ 2

j; k; l

and
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Fig. 2.2.5.3. Distributions (2.2.5.18) (solid curve) and (2.2.5.20) (dashed curve) for the indicated jEj values in three typical cases.

P

01 ¼ 2R0h R E0p; h þ q1=2

0
k ðEk

 E0p; k Þ

0
k ðEk

 E0p; k Þ

io
 ðE0hk  E0p; hk Þ

02 ¼ 2R0h I E0p; h þ q1=2


ðE0hk



P

io

E0p; hk Þ

case in which deviations both of replacive and of displacive type
from ideal pseudo-translational symmetry occur.
2.2.5.5. Quartet phase relationships
In early papers (Hauptman & Karle, 1953; Simerska, 1956) the
phase

:

 ¼ ’h þ ’k þ ’l  ’hþkþl
R and I stand for ‘real
P and imaginary part of’, respectively.

was always expected to be zero. Schenk (1973a,b) [see also
Hauptman (1974)] suggested that  primarily depends on the
seven magnitudes: Rh ; Rk ; Rl ; Rhþkþl , called basis magnitudes,
and Rhþk ; Rhþl ; Rkþl , called cross magnitudes.
The conditional probability of  in P1 given seven magnitudes
ðR1 ¼ Rh ; . . . ; R4 ¼ Rhþkþl ; R5 ¼ Rhþk ; R6 ¼ Rhþl ; R7 ¼ Rkþl Þ
according to Hauptman (1975) is

1=2

Furthermore, E0 ¼ F= q is a pseudo-normalized s.f. If no pair
ð’k ; ’hk Þ is known, then
01 ¼ 2R0h R0p; h cos ’p; h
02 ¼ 2R0h R0p; h sin ’p; h

and (2.2.5.15) reduces to Sim’s (1959) equation
Pð’h Þ ’ ½2I0 ðGÞ1 exp½G cosð’h  ’p; h Þ;

P7 ðÞ ¼

ð2:2:5:17Þ

where G ¼ 2R0h R0p; h. In this case ’p; h is the most probable value
of ’h.
(e) Pseudotranslational symmetry is present
Substructure and superstructure reﬂections are then described
by different forms of the structure-factor equation (Böhme, 1982;
Gramlich, 1984; Fan et al., 1983), so that probabilistic formulae
estimating triplet cosines derived on the assumption that atoms
are uniformly dispersed in the unit cell cannot hold. In particular,
the reliability of each triplet also depends on, besides
Rh ; Rk ; Rhk , the actual h, k, h  k indices and on the nature of
the pseudotranslation. It has been shown (Cascarano et al., 1985b;
Cascarano, Giacovazzo & Luić, 1987) that (2.2.5.7), (2.2.5.8),
(2.2.5.9) still hold provided Gh; kj is replaced by
G0h; kj

1
expð2B cos ÞI0 ð23 23=2 R5 Y5 Þ
L
 I0 ð23 23=2 R6 Y6 ÞI0 ð23 23=2 R7 Y7 Þ;

where L is a suitable normalizing constant which can be derived
numerically,
B ¼ 23 ð332  2 4 ÞR1 R2 R3 R4
Y5 ¼ ½R21 R22 þ R23 R24 þ 2R1 R2 R3 R4 cos 1=2
Y6 ¼ ½R23 R21 þ R22 R24 þ 2R1 R2 R3 R4 cos 1=2
Y7 ¼ ½R22 R23 þ R21 R24 þ 2R1 R2 R3 R4 cos 1=2 :
For equal atoms 23 ð332  2 4 Þ ¼ 2=N. Denoting
pﬃﬃﬃﬃ
Z5 ¼ 2Y5 = N ;

2Rh Rkj Rhkj
;
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Nh; k

C ¼ R1 R2 R3 R4 =N;
pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
Z6 ¼ 2Y6 = N ; Z7 ¼ 2Y7 = N

gives
where factors E and ni are deﬁned according to Section 2.2.4.1,
Nh;k ¼
and

ðh ½2 p þ ½2 q Þðk ½2 p þ ½2 q Þðhk ½2 p þ ½2 q Þ
fð =mÞ½3 p ðn21 n22 n23 . . .Þ þ ½3 q g2

P7 ðÞ ¼
;

1
expð4C cos Þ
L
 I0 ðR5 Z5 ÞI0 ðR6 Z6 ÞI0 ðR7 Z7 Þ:

ð2:2:5:18Þ

Fig. 2.2.5.3 shows the distribution (2.2.5.18) for three typical
cases. It is clear from the ﬁgure that the cosine estimated near 
or in the middle range will be in poorer agreement with the true
values than the cosine near 0 because of the relatively larger
values of the variance. In principle, however, the formula is able
to estimate negative or enantiomorph-sensitive quartet cosines
from the seven magnitudes.
In the cs. case (2.2.5.18) is replaced (Hauptman & Green, 1976)
by

is the number of times for which

hRs  u1  0 ðmod 1Þ
hRs  u2  0 ðmod 1Þ
hRs  u3  0 ðmod 1Þ . . .
kRs  u1  0 ðmod 1Þ
kRs  u2  0 ðmod 1Þ
kRs  u3  0 ðmod 1Þ . . .
ðh  kÞRs  u1  0 ðmod 1Þ
ðh  kÞRs  u2  0 ðmod 1Þ
ðh  kÞRs  u3  0 ðmod 1Þ . . .

are simultaneously satisﬁed when s varies from 1 to m. The above
formulae have been generalized (Cascarano et al., 1988b) to the
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Table 2.2.5.1. List of quartets symmetry equivalent to  ¼ 1 in the class mmm
Quartets

Basis vectors

1

(1, 2, 3)
ð1 ; 2; 3Þ

2

ð1; 2; 3 Þ
ð1 ; 2; 3 Þ

3
4
5

ð1 ; 2; 3Þ

6

ð1; 2; 3Þ
ð1 ; 2; 3Þ

7

10

ð1 ; 2; 3 Þ
ð1; 2; 3 Þ
ð1 ; 2; 3 Þ

11

ð1 ; 2; 3Þ

8
9

P ’

Cross vectors
ð1 ; 5; 3 Þ
ð1; 5; 3 Þ
ð1 ; 5; 3Þ
(1, 5, 3)
ð1 ; 5; 3 Þ
ð1 ; 5 ; 3 Þ
ð1; 5 ; 3 Þ
ð1 ; 5; 3Þ
ð1 ; 5 ; 3Þ
ð1; 5 ; 3Þ
ð1 ; 5 ; 3 Þ

1
expð 2CÞ coshðR5 Z5 Þ
L
 coshðR6 Z6 Þ coshðR7 Z7 Þ;

ð1 ; 5 ; 8Þ
ð1 ; 5 ; 8Þ

ð1; 2 ; 8 Þ
ð1; 2 ; 8 Þ

(0, 7, 0)

ð1 ; 5 ; 8Þ
ð1 ; 5 ; 8Þ

ð1; 2 ; 8 Þ
ð1; 2 ; 8 Þ

(0, 7, 0)

ð1; 5 ; 8Þ
ð1 ; 5; 8Þ

ð1; 2 ; 8 Þ
ð1; 2 ; 8 Þ

(0, 7, 0)
ð2 ; 7; 0Þ
ð0; 3 ; 0Þ

ð1 ; 5; 8Þ
ð1; 5 ; 8Þ

ð1; 2 ; 8 Þ
ð1; 2 ; 8 Þ

ð0; 3 ; 0Þ
ð2 ; 7; 0Þ

ð0; 3 ; 5Þ

ð1 ; 5; 8Þ
ð1 ; 5; 8Þ

ð1; 2 ; 8 Þ
ð1; 2 ; 8 Þ

ð0; 3 ; 0Þ
ð0; 3 ; 0Þ

(0, 7, 5)
ð2 ; 7; 5Þ

(1, 5, 8)

ð1; 2 ; 8 Þ

ð2 ; 3 ; 0Þ

(0, 7, 11)

ð0; 3 ; 11Þ
ð2 ; 3 ; 11Þ

(0, 7, 0)

ð0; 3 ; 5Þ
ð2 ; 3 ; 5Þ
ð0; 3 ; 11Þ
(0, 7, 11)
ð2 ; 7; 11Þ

ð2 ; 0; 5Þ
(0, 0, 5)
ð2 ; 0; 11)
(0, 0, 11)
(0, 0, 5)
ð2 ; 0; 5Þ
(0, 0, 5)
(0, 0, 11)
ð2 ; 0; 11Þ
(0, 0, 11)
(0, 0, 5)

or
PðjR1 ; . . . ; R4 Þ ’

ð2:2:5:19Þ

1
expð2C cos Þ;
L000

where P is the probability that the sign of E1 E2 E3 E4 is positive
or negative, and
1
Z5 ¼ 1=2 ðR1 R2  R3 R4 Þ;
N
1
Z6 ¼ 1=2 ðR1 R3  R2 R4 Þ;
N
1
Z7 ¼ 1=2 ðR1 R4  R2 R3 Þ:
N

respectively.
(b) in the same situations, we have for cs. cases
1
P ’ 0 expð CÞ coshðR5 Z5 Þ coshðR6 Z6 Þ;
L

The normalized probability may be derived by Pþ =ðPþ þ P Þ.
More simple probabilistic formulae were derived independently
by Giacovazzo (1975, 1976):

or

P7 ðÞ ¼ ½2I0 ðGÞ1 expðG cos Þ;

ð2:2:5:20Þ

2Cð1 þ "5 þ "6 þ "7 Þ
1 þ Q=ð2NÞ

ð2:2:5:21Þ

or
P ’

P ¼

Q ¼ ð"1 "2 þ "3 "4 Þ"5 þ ð"1 "3 þ "2 "4 Þ"6 þ ð"1 "4 þ "2 "3 Þ"7
ð2:2:5:22Þ

G¼

and "i ¼ ðjEi j2  1Þ. Q is never allowed to be negative.
According to (2.2.5.20) cos  is expected to be positive or
negative according to whether ð"5 þ "6 þ "7 þ 1Þ is positive or
negative: the larger is C, the more reliable is the phase indication.
For N  150, (2.2.5.18) and (2.2.5.20) are practically equivalent in
all cases. If N is small, (2.2.5.20) is in good agreement with
(2.2.5.18) for quartets strongly deﬁned as positive or negative, but
in poor agreement for enantiomorph-sensitive quartets (see Fig.
2.2.5.3).
In cs. cases the sign probability for E1 E2 E3 E4 is
Pþ ¼ 12 þ 12 tanhðG=2Þ;

2Cð1 þ "5 Þ
;
1 þ Q=ð2NÞ

Q ¼ ð"1 "2 þ "3 "4 Þ"5 :

In space groups with symmetry higher than P1 more symmetryequivalent quartets can exist of the type
¼ ’hR þ ’kR þ ’lR þ ’ðhþkþlÞR ;
where R ; R ; R ; R are rotation matrices of the space group.
The set f g is called the ﬁrst representation of . In this case 
primarily depends on more than seven magnitudes. For example,
let us consider in Pmmm the quartet
 ¼ ’123 þ ’1 53 þ ’1 5 8 þ ’12 8 :

ð2:2:5:23Þ

Quartets symmetry equivalent to  and respective cross terms
are given in Table 2.2.5.1.
Experimental tests on the application of the representation
concept to quartets have been made (Busetta et al., 1980). It was
shown that quartets with more than three cross magnitudes are
more accurately estimated than other quartets. Also, quartets
with a cross reﬂection which is systematically absent were shown
to be of signiﬁcant importance in direct methods. In this context it
is noted that systematically absent reﬂections are not usually
included in the set of diffraction data. This custom, not exceptionable when only triplet relations are used, can give rise to a
loss of information when quartets are used. In fact the usual
programs of direct methods discard quartets as soon as one of the
cross reﬂections is not measured, so that systematic absences are

where G is deﬁned by (2.2.5.21).
All three cross magnitudes are not always in the set of
measured reﬂections. From marginal distributions the following
formulae arise (Giacovazzo, 1977c; Heinermann, 1977b):
(a) in the ncs. case, if R7, or R6 and R7 , or R5 and R6 and R7 , are
not in the measurements, then (2.2.5.18) is replaced by
1
PðjR1 ; . . . ; R6 Þ ’ 0 expð2C cos ÞI0 ðR5 Z5 ÞI0 ðR6 Z6 Þ;
L
or
PðjR1 ; . . . ; R5 Þ ’

1
expðCÞ ’ 0:5 þ 0:5 tanhðCÞ;
L000

respectively.
Equations (2.2.5.20) and (2.2.5.23) are easily modiﬁable when
some cross magnitudes are not in the measurements. If Ri is not
measured then (2.2.5.20) or (2.2.5.23) are still valid provided that
in G it is assumed that "i ¼ 0. For example, if R7 and R6 are not in
the data then (2.2.5.21) and (2.2.5.22) become

where
G¼

1
coshðR5 Z5 Þ;
L00

1
I ðR Z Þ;
L00 0 5 5
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15
P
dealt with in the same manner as those reﬂections which are
"i ;
A
¼
outside the sphere of measurements.
i¼6
B ¼ "6 "13 þ "6 "15 þ "6 "14 þ "7 "11 þ "7 "15 þ "7 "12
þ "8 "10 þ "8 "14 þ "8 "12 þ "10 "15 þ "10 "9 þ "11 "14
þ "11 "9 þ "13 "9 þ "13 "12 ;

2.2.5.6. Quintet phase relationships
A quintet phase

D ¼ "1 "2 "6 þ "1 "3 "7 þ "1 "4 "8 þ "1 "5 "9 þ "1 "10 "15

 ¼ ’h þ ’k þ ’l þ ’m þ ’hþkþlþm

þ "1 "11 "14 þ "1 "13 "12 þ "2 "3 "10 þ "2 "4 "11
þ "2 "5 "12 þ "2 "7 "15 þ "2 "8 "14 þ "2 "13 "9 þ "3 "4 "13

may be considered as the sum of three suitable triplets or the sum
of a triplet and a quartet, i.e.

þ "3 "5 "14 þ "3 "6 "15 þ "3 "8 "12 þ "3 "11 "9 þ "4 "5 "15
þ "4 "6 "14 þ "4 "7 "12 þ "4 "10 "9 þ "5 "6 "13 þ "5 "7 "11

 ¼ ð’h þ ’k  ’hþk Þ þ ð’l þ ’m  ’lþm Þ

þ "5 "8 "10 :

þ ð’hþk þ ’lþm þ ’hþkþlþm Þ
or

For cs. cases (2.2.5.24) reduces to
Pþ ’ 0:5 þ 0:5 tanhðG=2Þ:

 ¼ ð’h þ ’k  ’hþk Þ þ ð’l þ ’m þ ’hþkþlþm þ ’hþk Þ:

Positive or negative quintets may be identiﬁed according to
whether G is larger or smaller than zero.
If Ri is not measured then (2.2.5.24) and (2.2.5.25) are still valid
provided that in (2.2.5.25) "i ¼ 0.
If the symmetry is higher than in P1 then more symmetryequivalent quintets can exist of the type

It depends primarily on 15 magnitudes: the ﬁve basis magnitudes
Rh ;

Rk ;

Rl ;

Rm ;

Rhþkþlþm ;

and the ten cross magnitudes
Rhþk ;
Rkþm ;

Rhþl ;

Rhþm ;

Rkþlþm ;

Rkþl ;

Rhþlþm ;

Rlþm ;

Rhþkþm ;

Rhþkþl :

¼ ’hR þ ’kR þ ’lR þ ’mR þ ’ðhþkþlþmÞR" ;
where R ; . . . ; R" are rotation matrices of the space groups. The
set f g is called the ﬁrst representation of . In this case 
primarily depends on more than 15 magnitudes which all have to
be taken into account for a careful estimation of  (Giacovazzo,
1980a).
A wide use of quintet invariants in direct-methods procedures
is prevented for two reasons: (a) the large correlation of positive
quintet cosines with positive triplets; (b) the large computing
time necessary for p
their
ﬃﬃﬃﬃ estimation [quintets are phase relationships of order 1=ðN N Þ, so a large number of quintets have to be
estimated in order to pick up a sufﬁcient percentage of reliable
ones].

In the following we will denote
R1 ¼ Rh ;

R2 ¼ Rk ; . . . ;

R15 ¼ Rhþkþl :

Conditional distributions of  in P1 and P1 given the 15
magnitudes have been derived by several authors and allow in
favourable circumstances in ncs. space groups the quintets having
 near 0 or near  or near =2 to be identiﬁed. Among others,
we remember:
(a) the semi-empirical expression for P15 ðÞ suggested by Van
der Putten & Schenk (1977):
"
!
#
15
15
X
Y
1
2
Pðj . . .Þ ’ exp 6 
Rj 2C cos 
I0 ð2Rj Yj Þ;
L
j¼6
j¼6

2.2.5.7. Determinantal formulae
In a crystal structure with N identical atoms the joint probability distribution of n normalized s.f.’s Eh1 þk ; Eh2 þk ; . . . ; Ehn þk
under the following conditions:
(a) the structure is kept ﬁxed whereas k is the primitive
random variable;
(b) Ehi hj ; i; j ¼ 1; . . . ; n, have values which are known a
priori;
is given (Tsoucaris, 1970) [see also Castellano et al. (1973) and
Heinermann et al. (1979)] by

where
C ¼ N 3=2 R1 R2 R3 R4 R5
and Yj is an expression related to the jth of the ten quartets
connected with the quintet ;
(b) the formula by Fortier & Hauptman (1977), valid in P1 ,
which is able to predict the sign of a quintet by means of an
expression which involves a summation over 1024 sets of signs;
(c) the expression by Giacovazzo (1977d), according to which
P15 ðÞ ’ ½2I0 ðGÞ

1

expðG cos Þ;

ð2:2:5:26Þ

PðE1 ; E2 ; . . . ; En Þ ¼ ð2Þn=2 D1=2
expð12Qn Þ
n

ð2:2:5:27Þ

for cs. structures and
PðE1 ; E2 ; . . . ; En Þ ¼ ð2Þn D1=2
expðQn Þ
n

ð2:2:5:24Þ

ð2:2:5:28Þ

for ncs. structures. In (2.2.5.27) and (2.2.5.28) we have denoted

where

Dn ¼ ;

Qn ¼

n
P

pq Ep Eq

p; q¼1

G¼

2C
1þAþB
1=2
1 þ D=ð2NÞ
1 þ 6ðNÞ

Ej ¼ Ehj þk ;

ð2:2:5:25Þ

Upq ¼ Uhp hq ;

j; p; q ¼ 1; . . . ; n:

pq is an element of k1, and k is the covariance matrix with
elements

and where
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hEhp þk Ehq þk i ¼ Uhp hq
determinants with a magic-integer approach. The computing


time, however, was larger than that required by standard
 1
U12 . . . U1q . . . U1n 


computing techniques. The use of K–H matrices has been made

U
1 . . . U2q . . . U2n 
 21
faster and more effective by de Gelder et al. (1990) (see also de



 .
.
.
.
.
.
Gelder,
1992). They developed a phasing procedure (CRUNCH)
.. 
..
..
..
..
 ..


which
uses
random phases as starting points for the maximization
k¼
:
of the K–H determinants.
 Up1 Up2 . . . Upq . . . Upn 


 .
.. 
..
..
..
..
 .
2.2.5.8. Algebraic relationships for structure seminvariants
. 
.
.
.
 .
.



U
According to the representations method (Giacovazzo, 1977a,
Un2 . . . Unq . . . 1
n1
1980a,b):
(i) any s.s.  may be estimated via one or more s.i.’s f g, whose
 is a K–H determinant: therefore Dn  0. Let us call
values differ from  by a constant arising because of symmetry;


 1
...
U1n
Eh1 þk 
U12
(ii) two types of s.s.’s exist, ﬁrst-rank and second-rank s.s.’s, with


 U21
1
...
U2n
Eh2 þk 
different algebraic properties:


1
.. ;
..
..
..
(iii) conditions characterizing s.s.’s of ﬁrst rank for any space
nþ1 ¼  ...
. 
.
.
.
N
group
may be expressed in terms of seminvariant moduli and
 U
Un2
...
1
Ehn þk 
n1

seminvariantly
associated vectors. For example, for all the space
E
Eh2 k . . . Ehn k
N 
h1 k
groups with point group 422 [Hauptman–Karle group ðh þ k; lÞ
P(2, 2)] the one-phase s.s.’s of ﬁrst rank are characterized by
the K–H determinant obtained by adding to k the last column
ðh; k; lÞ  0 mod ð2; 2; 0Þ or ð2; 0; 2Þ or ð0; 2; 2Þ
and line formed by E1 ; E2 ; . . . ; En, and E1 ; E2 ; . . . ; En , respectively. Then (2.2.5.27) and (2.2.5.28) may be written
ðh  k; lÞ  0 mod ð0; 2Þ or ð2; 0Þ:
PðE1 ; E2 ; . . . ; En Þ
n=2

¼ ð2Þ

Dn1=2

  Dn
exp N nþ1
2Dn

The more general expressions for the s.s.’s of ﬁrst rank are
(a)  ¼ ’u ¼ ’hðIR Þ for one-phase s.s.’s;
(b)  ¼ ’u1 þ ’u2 ¼ ’h1 h2 R þ ’h2 h1 R for two-phase s.s.’s;
(c)  ¼ ’u1 þ ’u2 þ ’u3 ¼ ’h1 h2 R þ ’h2 h3 R þ ’h3 h1 R for
three-phase s.s.’s;

ð2:2:5:29Þ

and
PðE1 ; E2 ; . . . ; En Þ

ðdÞ  ¼ ’u1 þ ’u2 þ ’u3 þ ’u4

¼ ð2Þn D1=2
exp N
n

nþ1  Dn
;
Dn

¼ ’h1 h2 R þ ’h2 h3 R þ ’h3 h4 R þ ’h4 h1 R

ð2:2:5:30Þ

for four-phase s.s.’s; etc.
In other words:
(a) ’u is an s.s. of ﬁrst rank if at least one h and at least one
rotation matrix R exist such that u ¼ hðI  R Þ. ’u may be
estimated via the special triplet invariants

respectively. Because Dn is a constant, the maximum values of the
conditional joint probabilities (2.2.5.29) and (2.2.5.30) are
obtained when nþ1 is a maximum. Thus the maximum determinant rule may be stated (Tsoucaris, 1970; Lajzérowicz &
Lajzérowicz, 1966): among all sets of phases which are compatible with the inequality

f g ¼ ’u  ’h þ ’hR :

nþ1 ðE1 ; E2 ; . . . ; En Þ  0

ð2:2:5:33Þ

The set f g is called the ﬁrst representation of ’u.
(b)  ¼ ’u1 þ ’u2 is an s.s. of ﬁrst rank if at least two vectors h1
and h2 and two rotation matrices R and R exist such that

u1 ¼ h1  h2 R
ð2:2:5:34Þ
u2 ¼ h2  h1 R :

the most probable one is that which leads to a maximum value of
nþ1 .
If only one phase, i.e. ’q , is unknown whereas all other phases
and moduli are known then (de Rango et al., 1974; Podjarny et al.,
1976) for cs. crystals
8
9
<
=
n
P
ð2:2:5:31Þ
P ðEq Þ ’ 0:5 þ 0:5 tanh jEq j pq Ep ;
:
;
p¼1

 may then be estimated via the special quartet invariants
f g ¼ ’u1 R þ ’u2  ’h2 þ ’h2 R

R

ð2:2:5:35aÞ

p6¼q

and
and for ncs. crystals
Pð’q Þ ¼ ½2I0 ðGq Þ

f g ¼ f’u1 þ ’u2 R  ’h1 þ ’h1 R R g:
1

expfGq cosð’q  q Þg;

ð2:2:5:32Þ
For example,  ¼ ’123 þ ’7 2 5 in P21 may be estimated via

where
Gq expðiq Þ ¼ 2jEq j

n
P

ð2:2:5:35bÞ

f g ¼ ’123 þ ’7 2 5  ’3 K1 þ ’3K1
pq Ep :

and

p6¼q¼1

f g ¼ ’123 þ ’72 5  ’4K4 þ ’4 K4 ;
Equations (2.2.5.31) and (2.2.5.32) generalize (2.2.5.11) and
(2.2.5.7), respectively, and reduce to them for n ¼ 3. Fourth-order
determinantal formulae estimating triplet invariants in cs. and
ncs. crystals, and making use of the entire data set, have recently
been secured (Karle, 1979, 1980a).
Advantages, limitations and applications of determinantal
formulae can be found in the literature (Heinermann et al., 1979;
de Rango et al., 1975, 1985). Taylor et al. (1978) combined K–H

where K is a free index.
The set of special quartets (2.2.5.35a) and (2.2.5.35b) constitutes the ﬁrst representations of .
Structure seminvariants of the second rank can be characterized as follows: suppose that, for a given seminvariant , it is not
possible to ﬁnd a vectorial index h and a rotation matrix R such
that   ’h þ ’hR is a structure invariant. Then  is a structure
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The second representation of ’H is the set of special quintets

seminvariant of the second rank and a set of structure invariants
can certainly be formed, of type

f g ¼ f’H  ’h þ ’hRn þ ’kRj  ’kRj g

f g ¼  þ ’hRp  ’hRq þ ’lRi  ’lRj ;

provided that h and Rn vary over the vectors and matrices for
which (2.2.5.36) is compatible, k over the asymmetric region of
the reciprocal space, and Rj over the rotation matrices in the
space group. Formulae estimating ’H via the second representation in all the space groups [all the base and cross magnitudes of the quintets (2.2.5.40) now constitute the a priori
information] have been secured (Giacovazzo, 1978; Cascarano &
Giacovazzo, 1983; Cascarano, Giacovazzo, Calabrese et al., 1984).
Such formulae contain, besides the contribution of order N 1=2
provided by the ﬁrst representation, a supplementary (not
negligible) contribution of order N 3=2 arising from quintets.
Denoting

by means of suitable indices h and l and rotation matrices
Rp ; Rq ; Ri and Rj . As an example, for symmetry class 222, ’240 or
’024 or ’204 are s.s.’s of the ﬁrst rank while ’246 is an s.s. of the
second rank.
The procedure may easily be generalized to s.s.’s of any order
of the ﬁrst and of the second rank. So far only the role of onephase and two-phase s.s.’s of the ﬁrst rank in direct procedures is
well documented (see references quoted in Sections 2.2.5.9 and
2.2.5.10).
2.2.5.9. Formulae estimating one-phase structure seminvariants of
the ﬁrst rank

E1 ¼ EH ; E2 ¼ Eh ; E3 ¼ Ek ;
E4; j ¼ EhþkRj ; E5; j ¼ EHþkRj ;

Let EH be our one-phase s.s. of the ﬁrst rank, where
H ¼ hðI  Rn Þ:

ð2:2:5:36Þ

formulae
(2.2.5.37), (2.2.5.38), (2.2.5.39) still hold provided that
P
h; n Gh; n is replaced by
X 0 jE j Ah; k; n
X
H
Gh; n þ
;
3=2 1 þ B
2N
h; k; n
h; n
h; k; n

In general, more than one rotation matrix Rn and more than one
vector h are compatible with (2.2.5.36). The set of special triplets
f g ¼ f’H  ’h þ ’hRn g
is the ﬁrst representation of EH. In cs. space groups the probability that EH > 0, given jEH j and the set fjEh jg, may be estimated (Hauptman & Karle, 1953; Naya et al., 1964; Cochran &
Woolfson, 1955) by
P
Pþ ðEH Þ ’ 0:5 þ 0:5 tanh Gh; n ð1Þ2hTn ;
ð2:2:5:37Þ

where
2

0

Ri ¼Rj
Rj þRi Rn ¼0

m
m
X
X
X
6
"5; j þ "1
"4; i "4; j þ "2 "3
"4; j
Bh; k; n ¼ 4"1 "3

þ "2

m is the number of symmetry operators and
H4 ðEÞ ¼ E4  6E2 þ 3 is the Hermite polynomial of order four.
Bh; k; n is assumed to be zero if it is computed negative. The
prime to the summation warns the reader that precautions have
to be taken in order to avoid duplication in the contributions.

If ’H is a general phase then ’H is distributed according to

tan H ¼ 

1
expf cosð’H  H Þg;
L

2.2.5.10. Formulae estimating two-phase structure seminvariants of
the ﬁrst rank



Two-phase s.s.’s of the ﬁrst rank were ﬁrst evaluated in some cs.
space groups by the method of coincidence by Grant et al. (1957);
the idea was extended to ncs. space groups by Debaerdemaeker
& Woolfson (1972), and in a more general way by Giacovazzo
(1977e, f).
The technique was based on the combination of the two
triplets

Gh; n sin 2h  Tn

h; n

P



ð2:2:5:39Þ

Gh; n cos 2h  Tn

h; n

with a reliability measured by
(
2
P
¼
Gh; n sin 2h  Tn

’h1 þ ’h2 ’ ’h1 þh2
’h1 þ ’h2 R ’ ’h1 þh2 R ;

h; n

þ


P

2 )1=2
Gh; n cos 2h  Tn

j¼1

3
,
X
7
1
"4; i "5; j þ 4"1 H4 ðE2 Þ5 ð2NÞ:

Rj ¼Ri
Rj þRi Rn ¼0

ð2:2:5:38Þ

P

Rj ¼Ri Rn
Ri ¼Rj Rn

j¼1

h; n



Rj þRi Rn ¼0

2

In (2.2.5.37), the summation over n goes within the set of matrices
Rn for which (2.2.5.35a,b) is compatible, and h varies within the
set of vectors which satisfy (2.2.5.36) for each Rn . Equation
P
(2.2.5.36) is actually a generalized way of writing the so-called 1
relationships (Hauptman & Karle, 1953).
If ’H is a phase restricted by symmetry to H and H þ  in an
ncs. space group then (Giacovazzo, 1978)
(
)
X
Pð’H ¼ H Þ ’ 0:5 þ 0:5 tanh
Gh; n cosðH  2h  Tn Þ :

where

Rj ¼Ri Rn
Ri ¼Rj Rn

3
,
m
X
X
"3
7

" 1
" " 5 N;
2 j¼1 4; j 2 Rj ¼Ri 4; i 5; j

pﬃﬃﬃﬃ
Gh; n ¼ jEH j"h =ð2 N Þ; and " ¼ jEj2  1:

Pð’H Þ ’

1

X
B X
C
6
"4; i "5; j þ
"4; i "4; j A
Ah; k; n ¼ 4ð2jE2 j2  1Þ"3 @

h; n

where

ð2:2:5:40Þ

which, subtracted from one another, give

:

’h1 þh2 R  ’h1 þh2 ’ ’h2 R  ’h2 ’ 2h  T:

h; n
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"
#n
N
N
If all four jEj’s are sufﬁciently large, an estimate of the two-phase
P
P
n
n
ðrÞ ¼
’
seminvariant ’h1 þh2 R  ’h1 þh2 is available.
j ðr  rj Þ
j ðr  rj Þ
j¼1
j¼1
Probability distributions valid in P21 according to the neighbourhood principle have been given by Hauptman & Green
and its Fourier transform gives
(1978). Finally, the theory of representations was combined by
R n
Giacovazzo (1979a) with the joint probability distribution
ðrÞ expð2ih  rÞ dV
n Fh ¼
method in order to estimate two-phase s.s.’s in all the space
V
groups.
N
P
¼ n f j expð2ih  rj Þ:
ð2:2:6:2Þ
According to representation theory, the problem is that of
j¼1
evaluating  ¼ ’u1 þ ’u2 via the special quartets (2.2.5.35a) and
(2.2.5.35b). Thus, contributions of order N 1 will appear in the
n
ðrÞ:
n fj is the scattering factor for the jth peak of
probabilistic formulae, which will be functions of the basis and of
R n
the cross magnitudes of the quartets (2.2.5.35) . Since more pairs
j ðrÞ expð2ih  rÞ dr:
n fj ðhÞ ¼
of matrices R and R can be compatible with (2.2.5.34), and for
V
each pair ðR ; R Þ more pairs of vectors h1 and h2 may satisfy
We now introduce the condition that all atoms are equal, so
(2.2.5.34), several quartets can in general be exploited for estithat fj  f and n fj  n f for any j. From (2.2.6.1) and (2.2.6.2) we
mating . The simplest case occurs in P1 where the two quartets
may write
(2.2.5.35) suggest the calculation of the six-variate distribution
function ðu1 ¼ h1 þ h2 ; u2 ¼ h1  h2 Þ
f
F h ¼ n F h ¼ n n F h ;
ð2:2:6:3Þ
nf
PðE ; E ; E
;E
;E ;E Þ
h1

h2

h1 þh2

h1 h2

2h1

2h2

where n is a function which corrects for the difference of shape
of the atoms with electron distributions ðrÞ and n ðrÞ. Since

which leads to the probability formula


jEh1 þh2 Eh1 h2 j
A
þ

P ’ 0:5 þ 0:5 tanh
;
1þB
2N

n

where Pþ is the probability that the product Eh1 þh2 Eh1 h2 is
positive, and

ðrÞ ¼ ðrÞ . . . ðrÞ
þ1
1 X
¼ n
F . . . Fhn exp½2iðh1 þ . . . þ hn Þ  r;
V h1 ; ...; hn h1
1

the Fourier transform of both sides gives
Z
þ1
1 X
F . . . Fhn exp½2iðh  h1  . . .  hn Þ  r dV
n Fh ¼
V n h1 ; ...; hn h1

A ¼ "h1 þ "h2 þ 2"h1 "h2 þ "h1 "2h1 þ "h2 "2h2
B ¼ ð"h1 "h2 "u1 þ "h1 "h2 "u2

¼
It may be seen that in favourable cases Pþ < 0:5.
For the sake of brevity, the probabilistic formulae for the
general case are not given and the reader is referred to the
original papers.

1

from which the following relation arises:

2.2.6. Direct methods in real and reciprocal space: Sayre’s
equation
The statistical treatment suggested by Wilson for scaling
observed intensities corresponds, in direct space, to the origin
peak of the Patterson function, so it is not surprising that a
general correspondence exists between probabilistic formulation
in reciprocal space and algebraic properties in direct space.
For a structure containing atoms which are fully resolved from
one another, the operation of raising ðrÞ to the nth power retains
the condition of resolved atoms but changes the shape of each
atom. Let
N
P

j ðr

j ðr

N
P

 rj Þ;

Fh1 Fh2 . . . Fhh1 h2 ...hn1 :

ð2:2:6:4Þ

where As and Bs are adjustable parameters of ðsin Þ=. Equation
(2.2.6.6) can easily be generalized to the case of structures
containing resolved atoms of more than two types (von Eller,
1973).
Besides the algebraic properties of the electron density,
Patterson methods also can be developed so that they provide
phase indications. For example, it is possible to ﬁnd the reciprocal
counterpart of the function
R
Pn ðu1 ; u2 ; . . . ; un Þ ¼
ðrÞ ðr þ u1 Þ . . . ðr þ un Þ dV: ð2:2:6:7Þ

 rj Þ expð2ih  rÞ dV

fj expð2ih  rj Þ:

V n1 h1 ; ...; hn1

If the structure contains resolved isotropic atoms of two types, P
and Q, it is impossible to ﬁnd a factor 2 such that the relation
Fh ¼ 2 2 Fh holds, since this would imply values of 2 such that
ð2 f ÞP ¼ 2 ð f ÞP and ð2 f ÞQ ¼ 2 ð f ÞQ simultaneously. However,
the following relationship can be stated (Woolfson, 1958):
A X
B X
Fk Fhk þ 2s
F FF
;
ð2:2:6:6Þ
Fh ¼ s
V k
V k; l k l hkl

j¼1 V

¼

þ1
X

For n ¼ 2, equation (2.2.6.4) reduces to Sayre’s (1952) equation
[but see also Hughes (1953)]
1X
F h ¼ 2
FF :
ð2:2:6:5Þ
V k k hk

where j ðrÞ is an atomic function and rj is the coordinate of the
‘centre’ of the atom. Then the Fourier transform of the electron
density can be written as
N R
P

1

1

j¼1

Fh ¼

þ1
X

1
F F . . . Fhh1 h2 ...hn1 ;
V n1 h1 ; ...; hn1 h1 h2

F h ¼ n

ðrÞ ¼

V

1

þ "u1 "u2 "2h1 þ "u1 "u2 "2h2 Þ=ð2NÞ:

ð2:2:6:1Þ

j¼1

V

If the atoms do not overlap
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For n ¼ 1 the function (2.2.6.7) coincides with the usual
Patterson function PðuÞ; for n ¼ 2, (2.2.6.7) reduces to the double
Patterson function P2 ðu1 ; u2 Þ introduced by Sayre (1953).
Expansion of P2 ðu1 ; u2 Þ as a Fourier series yields
1 X
P2 ðu1 ; u2 Þ ¼ 2
E E E exp½2iðh1  u1 þ h2  u2 Þ:
V h ; h h1 h2 h3
1

Stage 4: Deﬁnition of the origin and enantiomorph. This stage is
carried out according to the theory developed in Section 2.2.3.
Phases chosen for deﬁning the origin and enantiomorph, onephase seminvariants estimated at stage 2, and symbolic phases
described at stage 5 are the only phases known at the beginning
of the phasing procedure. This set of phases is conventionally
referred to as the starting set, from which iterative application of
the tangent formula will derive new phase estimates.
Stage 5: Assignment of one or more (symbolic or numerical)
phases. In complex structures the number of phases assigned for
ﬁxing the origin and the enantiomorph may be inadequate as a
basis for further phase determination. Furthermore, only a few
one-phase s.s.’s can be determined with sufﬁcient reliability to
make them qualify as members of the starting set. Symbolic
phases may then be associated with some (generally from 1 to 6)
high-modulus reﬂections (symbolic addition procedures). Iterative application of triplet relations leads to the determination of
other phases which, in part, will remain expressed by symbols
(Karle & Karle, 1966).
In other procedures (multisolution procedures) each symbol is
assigned four phase values in turn: =4; 3=4; 5=4; 7=4. If p
symbols are used, in at least one of the possible 4p solutions each
symbolic phase has unit probability of being within 45 of its true
value, with a mean error of 22:5 .
To ﬁnd a good starting set a convergence method (Germain et
al., 1970) is used according to which: (a)
P
hh i ¼ Gj I1 ðGj Þ=I0 ðGj Þ

2

ð2:2:6:8Þ
Vice versa, the value of a triplet invariant may be considered as
the Fourier transform of the double Patterson.
Among the main results relating direct- and reciprocal-space
properties it may be remembered:
(a) from the properties of P2 ðu1 ; u2 Þ the following relationship
may be obtained (Vaughan, 1958)
Eh1 Eh2 Eh1 þh2  N 3=2
’ A1 hðjEk j2  1ÞðjEh1 þk j2  1ÞðjEh2 þk j2  1Þik  B1 ;
which is clearly related to (2.2.5.12);
(b) the zero points in the Patterson function provide information about the value of a triplet invariant (Anzenhofer &
Hoppe, 1962; Allegra, 1979);
(c) the Hoppe sections (Hoppe, 1963) of the double Patterson
provide useful information for determining the triplet signs
(Krabbendam & Kroon, 1971; Simonov & Weissberg, 1970);
(d) one phase s.s.’s of the ﬁrst rank can be estimated via the
Fourier transform of single Harker sections of the Patterson
(Ardito et al., 1985), i.e.
Z
1
expð2ih  Tn Þ
PðuÞ expð2ih  uÞ du; ð2:2:6:9Þ
FH
L

j

is calculated for all reﬂections ( j runs over the set of triplets
containing h); (b) the reﬂection is found with smallest hi not
already in the starting set; it is retained to deﬁne the origin if the
origin cannot be deﬁned without it; (c) the reﬂection is eliminated
if it is not used for origin deﬁnition. Its hi is recorded and hi
values for other reﬂections are updated; (d) the cycle is repeated
from (b) until all reﬂections are eliminated; (e) the reﬂections
with the smallest hi at the time of elimination go into the
starting set; ( f ) the cycle from (a) is repeated until all reﬂections
have been chosen.
Stage 6: Application of tangent formula. Phases are determined
in reverse order of elimination in the convergence procedure. In
order to ensure that poorly determined phases ’kj and ’hkj have
little effect in the determination of other phases a weighted
tangent formula is normally used (Germain et al., 1971):
P
j wk whkj jEkj Ehkj j sinð’kj þ ’hkj Þ
;
ð2:2:7:1Þ
tan ’h ¼ P j
j wkj whkj jEkj Ehkj j cosð’kj þ ’hkj Þ

HSðI; Cn Þ

where (see Section 2.2.5.9) H ¼ hðI  Rn Þ is the s.s., u varies over
the complete Harker section corresponding to the operator Cn [in
symbols HSðI; Cn Þ] and L is a constant which takes into account
the dimensionality of the Harker section.
If no spurious peak is on the Harker section, then (2.2.6.9) is an
exact relationship. Owing to the ﬁniteness of experimental data
and to the presence of spurious peaks, (2.2.6.9) cannot be
considered in practice an exact relation: it works better when
heavy atoms are in the chemical formula.
More recently (Cascarano, Giacovazzo, Luić et al., 1987), a
special least-squares procedure has been proposed for discriminating spurious peaks among those lying on Harker sections and
for improving positional and thermal parameters of heavy atoms.
(e) translation and rotation functions (see Chapter 2.3), when
deﬁned in direct space, always have their counterpart in reciprocal space.

where
wh ¼ min ð0:2; 1Þ:

2.2.7. Scheme of procedure for phase determination: the smallmolecule case
A traditional procedure for phase assignment may be schematically presented as follows:
Stage 1: Normalization of s.f.’s. See Section 2.2.4.
Stage 2: (Possible) estimation of one-phase s.s.’s. The
computing program recognizes the one-phase s.s.’s and applies
the proper formulae (see Section 2.2.5.9).
Each phase is associated with a reliability value, to allow the
user to regard as known only those phases with reliability higher
than a given threshold.
Stage 3: Search of the triplets. The reﬂections are listed for
decreasing jEj values and, related to each jEj
Pvalue, all possible
triplets are reported
pﬃﬃﬃﬃ(this is the so-called 2 list). The value
G ¼ 2jEh Ek Ehk j= N is associated with every triplet for an
evaluation of its efﬁciency. Usually reﬂections with jEj < Es (Es
may range from 1.2 to 1.6) are omitted from this stage onward.

Once a large number of contributions are available in (2.2.7.1) for
a given ’h , then the value of h quickly becomes greater than 5,
and so assigns an unrealistic unitary weight to ’h. In this respect a
different weighting scheme may be proposed (Hull & Irwin,
1978) according to which
w¼

Rx
expðx2 Þ expðt2 Þ dt;

ð2:2:7:2Þ

0

where x ¼ =hi and ¼ 1:8585 is a constant chosen so that
w ¼ 1 when x ¼ 1. Except for , the right-hand side of (2.2.7.2) is
the Dawson integral which assumes its maximum value at x ¼ 1
(see Fig. 2.2.7.1): when  > hi or  < hi then w < 1 and so the
agreement between  and hi is promoted.
Alternative weighting schemes for the tangent formula are
frequently used [for example, see Debaerdemaeker et al. (1985)].
In one (Giacovazzo, 1979b), the values kj and hkj (which are
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P
ðdÞ
NQEST ¼ Gj cos j ;
j

where G is deﬁned by (2.2.5.21) and
 ¼ ’h  ’k  ’l  ’hkl
are quartet invariants characterized by large basis magnitudes
and small cross magnitudes (De Titta et al., 1975; Giacovazzo,
1976). Since G is expected to be negative as well as cos , the
value of NQEST is expected to be positive and a maximum for
the correct solution.
Figures of merit are then combined as
ABSFOM  ABSFOMmin
CFOM ¼ w1
ABSFOMmax  ABSFOMmin
PSI0max  PSI0
þ w2
PSI0max  PSI0min
Rmax  R
þ w3
Rmax  Rmin
NQEST  NQESTmin
þ w4
;
NQESTmax  NQESTmin

Fig. 2.2.7.1. The form of w as given by (2.2.7.2).

usually available in direct procedures) are considered as additional a priori information so that (2.2.7.1) may be replaced by
P
j j sinð’kj þ ’hkj Þ
P
tan ’h ’
;
ð2:2:7:3Þ
j j cosð’kj þ ’hkj Þ
where

j

is the solution of the equation
D1 ð j Þ ¼ D1 ðGj ÞD1 ðkj ÞD1 ðhkj Þ:

where wi are empirical weights proportional to the conﬁdence of
the user in the various FOMs.
Different FOMs are often used by some authors in combination with those described above: for example, enantiomorph
triplets and quartets are supplementary FOMs (Van der Putten &
Schenk, 1977; Cascarano, Giacovazzo & Viterbo, 1987).
Different schemes of calculating and combining FOMs are also
used: one scheme (Cascarano, Giacovazzo & Viterbo, 1987) uses

ð2:2:7:4Þ

In (2.2.7.4),
pﬃﬃﬃﬃ
Gj ¼ 2jEh Ekj Ehkj j N
or the corresponding second representation parameter, and
D1 ðxÞ ¼ I1 ðxÞ=I0 ðxÞ is the ratio of two modiﬁed Bessel functions.
In order to promote (in accordance with the aims of Hull and
Irwin) the agreement between  and hi, the distribution of 
may be used (Cascarano, Giacovazzo, Burla et al., 1984; Burla et
al., 1987); in particular, the ﬁrst two moments of the distribution:
accordingly,

1=3
ð  hiÞ2
w ¼ exp
22

P
ða1Þ

ABSFOM ¼

P
h

h =

P

hh i;

h

which is expected to be unity for the correct solution.

ðbÞ


P P

h
k Ek Ehk
PSI0 ¼ P P
:

2 1=2
h
k jEk Ehk j

The summation over k includes (Cochran & Douglas, 1957) the
strong jEj’s for which phases have been determined, and indices h
correspond to very small jEh j. Minimal values of PSI0 ( 1.20)
are expected to be associated with the correct solution.
P
ðcÞ

R ¼

wj Gj cosðj  j Þ þ wj Gj cos j
P
;
s:i:þs:s: wj Gj D1 ðGj Þ

where the ﬁrst summation in the numerator extends over
symmetry-restricted one-phase and two-phase s.s.’s (see Sections
2.2.5.9 and 2.2.5.10), and the second summation in the numerator
extends over negative triplets estimated via the second representation formula [equation (2.2.5.13)] and over negative quartets. The value of CPHASE is expected to be close to unity for
the correct solution.
(a2) h for strong triplets and Ek Ehk contributions for PSI0
triplets may be considered random variables: the agreements
between their actual and their expected distributions are
considered as criteria for identifying the correct solution.
(a3) correlation among some FOMs is taken into account.
According to this scheme, each FOM (as well as the CFOM) is
expected to be unity for the correct solution. Thus one or more
ﬁgures are available which constitute a sort of criterion (on an
absolute scale) concerning the correctness of the various solutions: FOMs (and CFOM) ’ 1 probably denote correct solutions,
CFOMs
1 should indicate incorrect solutions.
Stage 8: Interpretation of E maps. This is carried out in up to
four stages (Koch, 1974; Main & Hull, 1978; Declercq et al., 1973):
(a) peak search;
(b) separation of peaks into potentially bonded clusters;
(c) application of stereochemical criteria to identify possible
molecular fragments;
(d) comparison of the fragments with the expected molecular
structure.

may be used, where 2 is the estimated variance of .
Stage 7: Figures of merit. The correct solution is found among
several by means of ﬁgures of merit (FOMs) which are expected
to be extreme for the correct solution. Largely used are (Germain
et al., 1970)
ðaÞ

CPHASE ¼

h jh

P

 hh ij
:
h
h hi
2.2.8. Other multisolution methods applied to small molecules
In very complex structures a large initial set of known phases
seems to be a basic requirement for a structure to be determined.

That is, the Karle & Karle (1966) residual between the actual and
the estimated ’s. After scaling of h on hh i the correct solution
should be characterized by the smallest R values.
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m1 x þ m2 y þ m3 z þ b  0 ðmod 1Þ;

Table 2.2.8.1. Magic-integer sequences for small numbers of phases (n)
together with the number of sets produced and the root-mean-square error in
the phases

n

No.
of
sets

Sequence

1

1

2

2

3

3

3

4

4

5

7

8

9

5

8

11

13

14

15

6
7

13
21

18
29

21
34

23
37

24
39

25
40

41

8

34

47

55

60

63

65

66

5

67

where b is a phase constant which arises from symmetry translation. It may be expected that the ‘best’ value of the unknown
x, y, z corresponds to a maximum of the function
P
ðx; y; zÞ ¼ jE1 E2 E3 j cos 2ðm1 x þ m2 y þ m3 z þ bÞ;

R.m.s.
error
()

4

26

12

29

20

37

32

42

50

45

80
128

47
48

206

49

with 0  x; y; z < 1. It should be noticed that
is a Fourier
summation which can easily be evaluated. In fact, is essentially
a ﬁgure of merit for a large number of phases evaluated in terms
of a small number of magic-integer
Pvariables and gives a measure
of the internal consistency of
map
2 relationships. The
generally presents several peaks and therefore can provide
several solutions for the variables.
(2) The random-start method
These are procedures which try to solve crystal structures by
starting from random initial phases (Baggio et al., 1978; Yao,
1981). They may be so described:
(a) A number of reﬂections (say NUM 100 or larger) at the
bottom of the CONVERGE map are selected. These, and the
relationships which link them, form the system for which trial
phases will be found.
(b) A pseudo-random number generator is used to generate M
sets of NUM random phases. Each of the M sets is reﬁned and
extended by the tangent formula or similar methods.
(3) Accurate calculation of s.i.’s and s.s.’s with 1, 2, 3, 4, . . . , n
phases
Having a large set of good phase relationships allows one to
overcome difﬁculties in the early stages and in the reﬁnement
process of the phasing procedure. Accurate estimates of s.i.’s and
s.s.’s may be achieved by the application of techniques such as
the representation method or the neighbourhood principle
(Hauptman, 1975; Giacovazzo, 1977a, 1980b). So far, secondrepresentation formulae are available for triplets and one-phase
seminvariants; in particular, reliably estimated negative triplets
can be recognized, which is of great help in the phasing process
(Cascarano, Giacovazzo, Camalli et al., 1984). Estimation of
higher-order s.s.’s with upper representations or upper neighbourhoods is rather difﬁcult, both because the procedures are
time consuming and because the efﬁciency of the present joint
probability distribution techniques deteriorates with complexity.
However, further progress can be expected in the ﬁeld.
(4) Modiﬁed tangent formulae and least-squares determination
and reﬁnement of phases
The problem of deriving the individual phase angles from
triplet relationships is greatly overdetermined: indeed the
number of triplets, in fact, greatly exceeds the number of phases
so that any ’h may be determined by a least-squares approach
(Hauptman et al., 1969). The function to be minimized may be
P
w ½cosð’h  ’k  ’hk Þ  Ck 2
P
M¼ k k
;
wk

This aim can be achieved, for example, by introducing a large
number of permutable phases into the initial set. However, the
introduction of every new symbol implies a fourfold increase in
computing time, which, even in fast computers, quickly leads to
computing-time limitations. On the other hand, a relatively large
starting set is not in itself enough to ensure a successful structure
determination. This is the case, for example, when the triplet
invariants used in the initial steps differ signiﬁcantly from zero.
New strategies have therefore been devised to solve more
complex structures.
(1) Magic-integer methods
In the classical procedure described in Section 2.2.7, the
unknown phases in the starting set are assigned all combinations
of the values =4; 3=4. For n unknown phases in the starting
set, 4n sets of phases arise by quadrant permutation; this is a
number that increases very rapidly with n. According to White &
Woolfson (1975), phases can be represented for a sequence of n
integers by the equations
’i ¼ mi x ðmod 2Þ;

i ¼ 1; . . . ; n:

ð2:2:8:1Þ

The set of equations can be regarded as the parametric equation
of a straight line in n-dimensional phase space. The nature and
size of errors connected with magic-integer representations have
been investigated by Main (1977) who also gave a recipe for
deriving magic-integer sequences which minimize the r.m.s.
errors in the represented phases (see Table 2.2.8.1). To assign a
phase value, the variable x in equation (2.2.8.1) is given a series of
values at equal intervals in the range 0 < x < 2. The enantiomorph is deﬁned by exploring only the appropriate half of the
n-dimensional space.
A different way of using the magic-integer method (Declercq
et al., 1975) is the primary–secondary P–S method which may be
described schematically in the following way:
(a) Origin- and enantiomorph-ﬁxing phases are chosen and
some one-phase s.s.’s are estimated.
(b) Nine phases [this is only an example: very long magicinteger sequences may be used to represent primary phases (Hull
et al., 1981; Debaerdemaeker & Woolfson, 1983)] are represented
with the approximated relationships:
8
8
8
< ’i1 ¼ 3x
< ’j1 ¼ 3y
< ’p1 ¼ 3z
’i2 ¼ 4x
’j2 ¼ 4y
’p ¼ 4z
: ’ ¼ 5x
: ’ ¼ 5y
: ’ 2 ¼ 5z:
i3
j3
p3

where Ck is the estimate of the cosine obtained by probabilistic or
other methods.
Effective least-squares procedures based on linear equations
(Debaerdemaeker & Woolfson, 1983; Woolfson, 1977) can also
be used. A triplet relationship is usually represented by
ð’p  ’q  ’r þ bÞ  0 ðmod 2Þ;

Phases in (a) and (b) consistitute the primary set.
P(c) The phases in the secondary set are those deﬁned through
2 relationships involving pairs of phases from the primary set:
they, too, can be expressed in magic-integer form.
(d) All the triplets that link together the phases in the
combined primary and secondary set are now found, other than
triplets used to obtain secondary reﬂections from the primary
ones. The general algebraic form of these triplets will be

ð2:2:8:2Þ

where b is a factor arising from translational symmetry. If
(2.2.8.2) is expressed in cycles and suitably weighted, then it may
be written as
wð’p  ’q  ’r þ bÞ ¼ wn;
where n is some integer. If the integers were known then the
equation would appear (in matrix notation) as

233

2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION
AU ¼ C;
ð2:2:8:3Þ
The maximum value Hmax ¼ log V is reached for a uniform prior
pðrÞ ¼ 1=V.
giving the least-squares solution
The strength of the restrictions introduced by p(r) is not
measured by HðpÞ but by HðpÞ  Hmax , given by
1 T
T
U ¼ ðA AÞ A C:
ð2:2:8:4Þ
R
HðpÞ  Hmax ¼  pðrÞ log½ pðrÞ=mðrÞ dr;
V
When approximate phases are available, the nearest integers may
be found and equations (2.2.8.3) and (2.2.8.4) constitute the basis
where mðrÞ ¼ 1=V. Accordingly, if a prior prejudice m(r) exists,
for further reﬁnement.
which maximizes H, the revised relative entropy is
Modiﬁed tangent procedures are also used, such as (Sint &
Schenk, 1975; Busetta, 1976)
R
SðpÞ ¼  pðrÞ log½ pðrÞ=mðrÞ dr:
P
V
j Gh; kj sinð’kj þ ’hkj  j Þ
tan ’h ’ P
;
Gh; kj cosð’kj þ ’hkj  j Þ
The maximization problem was solved by Jaynes (1957). If Gj ðpÞ
are linear constraint functionals deﬁned by given constraint
where j is an estimate for the triplet phase sum ð’h 
functions Cj ðrÞ and constraint values cj, i.e.
’kj  ’hkj Þ.
R
(5) Techniques based on the positivity of Karle–Hauptman
Gj ðpÞ ¼ pðrÞCj ðrÞ dr ¼ cj ;
determinants
V
(The main formulae have been brieﬂy described in Section
2.2.5.7.) The maximum determinant rule has been applied to
the most unbiased probability density p(r) under prior prejudice
solve small structures (de Rango, 1969; Vermin & de Graaff,
m(r) is obtained by maximizing the entropy of p(r) relative to
1978) via determinants of small order. It has, however, been
m(r). A standard variational technique suggests that the
found that their use (Taylor et al., 1978) is not of sufﬁcient power
constrained maximization is equivalent to the unconstrained
to justify the larger amount of computing time required by the
maximization of the functional
technique as compared to that required by the tangent formula.
P
SðpÞ þ j Gj ðpÞ;
(6) Tangent techniques using simultaneously triplets,
j
quartets, . . .
The availability of a large number of phase relationships, in
where the j ’s are Lagrange multipliers whose values can be
particular during the ﬁrst stages of a direct procedure, makes the
determined from the constraints.
phasing process easier. However, quartets are sums of two
Such a technique has been applied to the problem of ﬁnding
triplets with a common reﬂection. If the phase of this reﬂection
good electron-density maps in different ways by various authors
(and/or of the other cross terms) is known then the quartet
(Wilkins et al., 1983; Bricogne, 1984; Navaza, 1985; Navaza et al.,
probability formulae described in Section 2.2.5.5 cannot hold.
1983).
Similar considerations may be made for quintet relationships.
Maximum entropy methods are strictly connected with tradiThus triplet, quartet and quintet formulae described in the
tional direct methods: in particular it has been shown that:
preceding paragraphs, if used without modiﬁcations, will certainly
(a) the maximum determinant rule (see Section 2.2.5.7) is
introduce systematic errors in the tangent reﬁnement process.
strictly connected (Britten & Collins, 1982; Piro, 1983; Narayan &
A method which takes into account correlation between
Nityananda, 1982; Bricogne, 1984);
triplets and quartets has been described (Giacovazzo, 1980c) [see
(b) the construction of conditional probability distributions of
also Freer & Gilmore (1980) for a ﬁrst application], according to
structure factors amounts precisely to a reciprocal-space
which
P
P
evaluation of the entropy functional SðpÞ (Bricogne, 1984).
G sinð’k þ ’hk Þ  G0 sinð’k þ ’l þ ’hkl Þ
Maximum entropy methods are under strong development:
k
k; l
P 0
tan ’h ’ P
;
important contributions can be expected in the near future even
G cosð’k þ ’hk Þ  G cosð’k þ ’l þ ’hkl Þ
if a multipurpose robust program has not yet been written.
k
k; l
where G0 takes into account both the magnitudes of the cross
terms of the quartet and the fact that their phases may be known.
(7) Integration of Patterson techniques and direct methods
(Egert & Sheldrick, 1985) [see also Egert (1983, and references
therein)]
A fragment of known geometry is oriented in the unit cell by
real-space Patterson rotation search (see Chapter 2.3) and its
position is found by application of a translation function (see
Section 2.2.5.4 and Chapter 2.3) or by maximizing the weighted
sum of the cosines of a small number of strong translationsensitive triple phase invariants, starting from random positions.
Suitable FOMs rank the most reliable solutions.
(8) Maximum entropy methods
A common starting point for all direct methods is a stochastic
process according to which crystal structures are thought of as
being generated by randomly placing atoms in the asymmetric
unit of the unit cell according to some a priori distribution. A
non-uniform prior distribution of atoms p(r) gives rise to a source
of random atomic positions with entropy (Jaynes, 1957)
R
HðpÞ ¼  pðrÞ log pðrÞ dr:

2.2.9. Some references to direct-methods packages: the smallmolecule case
Some references for direct-methods packages are given below.
Other useful packages using symbolic addition or multisolution
procedures do exist but are not well documented.
CRUNCH: Gelder, R. de, de Graaff, R. A. G. & Schenk, H.
(1993). Automatic determination of crystal structures using Karle–
Hauptman matrices. Acta Cryst. A49, 287–293.
DIRDIF: Beurskens, P. T., Beurskens G., de Gelder, R.,
Garcia-Granda, S., Gould, R. O., Israel, R. & Smits, J. M. M.
(1999). The DIRDIF-99 program system. Crystallography
Laboratory, University of Nijmegen, The Netherlands.
MITHRIL: Gilmore, C. J. (1984). MITHRIL. An integrated
direct-methods computer program. J. Appl. Cryst. 17, 42–46.
MULTAN88: Main, P., Fiske, S. J., Germain, G., Hull, S. E.,
Declercq, J.-P., Lessinger, L. & Woolfson, M. M. (1999). Crystallographic software: teXsan for Windows. http://www.
rigaku.com/downloads/journal/Vol15.1.1998/texsan.pdf.
PATSEE: Egert, E. & Sheldrick, G. M. (1985). Search for a
fragment of known geometry by integrated Patterson and direct
methods. Acta Cryst. A41, 262–268.
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SAPI: Fan, H.-F. (1999). Crystallographic software:
teXsan for Windows. http://www.rigaku.com/downloads/journal/
Vol15.1.1998/texsan.pdf.
SnB: Weeks, C. M. & Miller, R. (1999). The design and
implementation of SnB version 2.0. J. Appl. Cryst. 32, 120–124.
SHELX97 and SHELXS: Sheldrick, G. M. (2000). The
SHELX home page. http://shelx.uni-ac.gwdg.de/SHELX/.
SHELXD: Sheldrick, G. M. (1998). SHELX: applications to
macromolecules. In Direct methods for solving macromolecular
structures, edited by S. Fortier, pp. 401–411. Dordrecht: Kluwer
Academic Publishers.
SIR97: Altomare, A., Burla, M. C., Camalli, M., Cascarano,
G. L., Giacovazzo, C., Guagliardi, A., Moliterni, A. G. G.,
Polidori, G. & Spagna, R. (1999). SIR97: a new tool for crystal
structure determination and reﬁnement. J. Appl. Cryst. 32, 115–
119.
SIR2004: Burla, M. C., Caliandro, R., Camalli, M., Carrozzini,
B., Cascarano, G. L., De Caro, L., Giacovazzo, C., Polidori, G. &
Spagna, R. (2005). SIR2004: an improved tool for crystal structure
determination and reﬁnement. J. Appl. Cryst. 38, 381–388.
XTAL3.6.1: Hall, S. R., du Boulay, D. J. & Olthof-Hazekamp,
R. (1999). Xtal3.6 crystallographic software. http://xtal.
sourceforge.net/.

(2) low-resolution data create additional problems for direct
methods since the number of available phase relationships per
reﬂection is small.
Sheldrick (1990) suggested that direct methods are not
expected to succeed if fewer than half of the reﬂections in the
range 1.1–1.2 Å are observed with jFj > 4ðjFjÞ (a condition
seldom satisﬁed by protein data).
The most complete analysis of the problem has been made by
Giacovazzo, Guagliardi et al. (1994). They observed that the
expected value of  (see Section 2.2.7) suggested by the tangent
formula for proteins is comparable with the variance of the 
parameter. In other words, for proteins the signal determining the
phase is comparable with the noise, and therefore the phase
indication is expected to be unreliable.
Quite relevant results have recently been obtained by integrating direct methods with some additional experimental
information. In particular, we will describe the combination of
direct methods with:
(a) direct-space techniques for the ab initio crystal structure
solution of proteins;
(b) isomorphous-replacement (SIR–MIR) techniques;
(c) anomalous-dispersion (SAD–MAD) techniques;
(d) molecular replacement.
Point (d) will not be treated here, as it is described extensively in
IT F, Part 13.

2.2.10. Direct methods in macromolecular crystallography
2.2.10.1. Introduction

2.2.10.2. Ab initio crystal structure solution of proteins
Ab initio techniques do not require prior information of any
atomic positions. The recent tremendous increase in computing
speed led to direct methods evolving towards the rapid development of multisolution techniques. The new algorithms of the
program Shake-and-Bake (Weeks et al., 1994; Weeks & Miller,
1999; Hauptman et al., 1999) allowed an impressive extension of
the structural complexity amenable to direct phasing. In particular we mention: (a) the minimal principle (De Titta et al., 1994),
according to which the phase problem is considered as a
constrained global optimization problem; (b) the reﬁnement
procedure, which alternately uses direct- and reciprocal-space
techniques; and (c) the parameter-shift optimization technique
(Bhuiya & Stanley, 1963), which aims at reducing the value of the
minimal function (Hauptman, 1991; De Titta et al., 1994). An
effective variant of Shake-and Bake is SHELXD (Sheldrick,
1998) which cyclically alternates tangent reﬁnement in reciprocal
space with peak-list optimisation procedures in real space
(Sheldrick & Gould, 1995). Detailed information on these
programs is available in IT F (2001), Part 16.
A different approach is used by ACORN (Foadi et al., 2000),
which ﬁrst locates a small fragment of the molecule (eventually
by molecular-replacement techniques) to obtain a useful
nonrandom starting set of phases, and then reﬁnes them by
means of solvent-ﬂattening techniques.
The program SIR2004 (Burla et al., 2005) uses the tangent
formula as well as automatic Patterson techniques to obtain a ﬁrst
imperfect structural model; then direct-space techniques are used
to reﬁne the model. The Patterson approach is based on the use
of the superposition minimum function (Buerger, 1959;
Richardson & Jacobson, 1987; Sheldrick, 1992; Pavelcı́k, 1988;
Pavelcı́k et al., 1992; Burla et al., 2004). It may be worth noting
that even this approach is of multisolution type: up to 20 trial
solutions are provided by using as pivots the highest maxima in
the superposition minimum function.
It is today possible to solve structures up to 2500 non-hydrogen
atoms in the asymmetric unit provided data at atomic (about 1 Å)
resolution are available. Proteins with data at quasi-atomic
resolution (say up to 1.5–1.6 Å) can also be solved, but with
greater difﬁculties (Burla et al., 2005). A simple evaluation of the
potential of the ab initio techniques suggests that the structural
complexity range and the resolution limits amenable to the ab

The smallest protein molecules contain about 400 nonhydrogen atoms, so they cannot be solved ab initio by the algorithms speciﬁed in Sections 2.2.7 and 2.2.8. However, traditional
direct methods are applied for:
(a) improvement of the accuracy of the available phases
(reﬁnement process);
(b) extension of phases from lower to higher resolution (phaseextension process).
The application of standard tangent techniques to (a) and (b)
has not been found to be very satisfactory (Coulter & Dewar,
1971; Hendrickson et al., 1973; Weinzierl et al., 1969). Tangent
methods, in fact, require atomicity and non-negativity of the
electron density. Both these properties are not satisﬁed if data do
not extend to atomic resolution (d > 1.2 Å). Because of series
termination and other errors the electron-density map at d >
1.2 Å presents large negative regions which will appear as false
peaks in the squared structure. However, tangent methods use
only a part of the information given by the Sayre equation
(2.2.6.5). In fact, (2.2.6.5) express two equations relating the
radial and angular parts of the two sides, so obtaining a large
degree of overdetermination of the phases. To achieve this Sayre
(1972) [see also Sayre & Toupin (1975)] suggested minimizing
(2.2.10.1) by least squares as a function of the phases:
2


P
P

ah Fh  Fk Fhk  :
h

ð2:2:10:1Þ

k

Even if tests on rubredoxin (extensions of phases from 2.5 to
1.5 Å resolution) and insulin (Cutﬁeld et al., 1975) (from 1.9 to
1.5 Å resolution) were successful, the limitations of the method
are its high cost and, especially, the higher efﬁciency of the leastsquares method. Equivalent considerations hold for the application of determinantal methods to proteins [see Podjarny et al.
(1981); de Rango et al. (1985) and literature cited therein].
A question now arises: why is the tangent formula unable to
solve protein structures? Fan et al. (1991) considered the question
from a ﬁrst-principle approach and concluded that:
(1) the triplet phase probability distribution is very ﬂat for
proteins (N is very large) and close to the uniform distribution;
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initio approach could be larger in the near future. The approach
will proﬁt by general technical advances like the increasing speed
of computers and by the greater efﬁciency of informatic tools
(e.g. faster Fourier-transform techniques). It could also proﬁt
from new speciﬁc crystallographic algorithms (for example,
Oszlányi & Süto, 2004). It is of particular interest that extrapolating moduli and phases of nonmeasured reﬂections beyond
the experimental resolution limit makes the ab initio phasing
process more efﬁcient, and leads to crystal structure solution
even in cases in which the standard programs do not succeed
(Caliandro et al., 2005a,b). Moreover, the use of the extrapolated
values improves the quality of the ﬁnal electron-density maps and
makes it easier to recognize the correct one among several trial
structures.

Three-phase structure invariants were evaluated by considering
that eight invariants exist for a given triple of indices h, k, l
ðh þ k þ l ¼ 0Þ:

2.2.10.3. Integration of direct methods with isomorphous replacement techniques

has to be studied, from which eight conditional probability
densities can be obtained:

Pði jEh j; jEk j; jEl j; jGh j; jGk j; jGl jÞ

fj expð2ih  rj Þ;

¼ 02

l

6 ¼

h

þ ’k þ

l

7 ¼

k

þ ’l

8 ¼

h

þ

l:

h

þ

k

þ

Q1 ¼ 2½3 =23=2 p jEh Ek El j þ 2½3 =23=2 H h k l ;

ð2:2:10:2Þ

where indices p and H warn that parameters have to be calculated over protein atoms and over heavy atoms, respectively, and

j¼1
hÞ

þ

for j ¼ 1; . . . ; 8.
The analytical expressions of Qj are too intricate and are not
given here (the reader is referred to the original paper). We only
say that Qj may be positive or negative, so that reliable triplet
phase estimates near 0 or near  are possible: the larger jQj j, the
more reliable the phase estimate.
A useful interpretation of the formulae in terms of experimental parameters was suggested by Fortier et al. (1984):
according to them, distributions do not depend, as in the case of
the traditional three-phase invariants, on the total number of
atoms per unit cell but rather on the scattering difference
between the native protein and the derivative (that is, on the
scattering of the heavy atoms in the derivative).
Hauptman’s formulae were generalized by Giacovazzo et al.
(1988): the new expressions were able to take into account the
resolution effects on distribution parameters. The formulae are
completely general and include as special cases native protein
and heavy-atom isomorphous derivatives as well as X-ray and
neutron diffraction data. Their complicated algebraic forms are
easily reduced to a simple expression in the case of a native
protein heavy-atom derivative: in particular, the reliability
parameter for 1 is

where the subscripts d and p denote the derivative and the
protein, respectively.
Denote also by fj and gj atomic scattering factors for the atom
labelled j in a pair of isomorphous structures, and let Eh and Gh
denote corresponding normalized structure factors. Then

Gh ¼ jGh j expði

k

’ ½2I0 ðQj Þ1 exp½Qj cos j 

F ¼ jFd j  jFp j

N
1=2 P

5 ¼ ’h þ

PðEh ; Ek ; El ; Gh ; Gk ; Gl Þ

2.2.10.4. SIR–MIR case: one-step procedures
The theoretical basis was established by Hauptman (1982a):
his primary interest was to establish the two-phase and threephase structure invariants by exploiting the experimental information provided by isomorphous data. The protein phases could
be directly assigned via a tangent procedure.
Let us denote the modulus of the isomorphous difference as

Eh ¼ jEh j expði’h Þ ¼ 20

2 ¼ ’h þ ’k þ l
 4 ¼ h þ ’k þ ’l

So, for the estimation of any j , the joint probability distribution

SIR–MIR cases are characterized by a situation in which there
is one native protein and one or more heavy-atom substructures.
In this situation the phasing procedure may be a two-step
process: in the ﬁrst stage the heavy-atom positions are identiﬁed
by Patterson techniques (Rossmann, 1961; Okaya et al., 1955) or
by direct methods (Mukherjee et al., 1989). In the second step the
protein phases are estimated by exploiting the substructure
information. Direct methods are able to contribute to both steps
(see Sections 2.2.10.5 and 2.2.10.6). In Section 2.2.10.4 we show
that direct methods are also able to suggest alternative one-step
procedures by estimating structure invariants from isomorphous
data.

N
1=2 P

1 ¼ ’h þ ’k þ ’l
3 ¼ ’h þ k þ ’l

gj expð2ih  rj Þ;

j¼1

 ¼ ðFd  Fp Þ=ð

P

fj2 Þ1=2
H :

where
mn ¼

N
P

 is a pseudo-normalized difference (with respect to the heavyatom structure) between moduli of structure factors.
Equation (2.2.10.2) may be compared with Karle’s (1983)
algebraic rule: if the sign of h k l is plus then the value of 1 is
estimated to be zero; if its sign is minus then the expected value of
1 is close to . In practice Karle’s rule agrees with (2.2.10.2)
only if the Cochran-type term in (2.2.10.2) may be neglected.
Furthermore, (2.2.10.2) shows that large reliability values do not
depend on the triple product of structure-factor differences, but
on the triple product of pseudo-normalized differences.
A similar mathematical approach has been applied to estimate
quartet invariants via isomorphous data. The result may be
summarized as follows: a quartet is a phase relationship of order
NH1 (Giacovazzo & Siliqi, 1996a,b; see also Kyriakidis et al.,
1996), with reliability factor equal to

fjm gnj :

j¼1

The conditional probability of the two-phase structure invariant
 ¼ ’h  h given jEh j and jGh j is (Hauptman, 1982a)

PðjEj; jGjÞ ’ ½2I0 ðQÞ1 expðQ cos Þ;
where
Q ¼ jEGj½2=ð1  2 Þ;
1=2
 ¼ 11 =ð1=2
20 02 Þ:
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G¼

2h k l hþkþl
Q4 NH

 
 

 1 þ 2hþk  1 þ 2hþl  1 þ 2kþl  1 ;

A sounder procedure has been suggested by Giacovazzo et al.
(2004): they studied, for the SIR case, the joint probability
distribution function
PðEH ; Ep ; Ed Þ

ð2:2:10:3Þ

under the following assumptions:
(a) the atomic positions of the native protein structure and the
positions of the heavy atoms in the derivative structure are the
primitive random variables of the probabilistic approach;
(b)

where Q4 is a suitable normalizing factor.
As previously stressed, equations (2.2.10.2) and (2.2.10.3) are
valid if the lack of isomorphism and the errors in the measurements are assumed to be negligible. At ﬁrst sight this approach
seems more appealing than the traditional two-step procedures,
however it did not prove to be competitive with them. The main
reason is the absence in the Hauptman and Giacovazzo
approaches of a probabilistic treatment of the errors: such a
treatment, on the contrary, is basic for the traditional SIR–MIR
techniques [see Blow & Crick (1959) and Terwilliger & Eisenberg
(1987) for two related approaches].
The problem of the errors in the probabilistic scenario deﬁned
by the joint probability distribution functions approach has
recently been overcome by Giacovazzo et al. (2001). In their
probabilistic calculations the following assumptions were made:

jFd j expði’d Þ ¼ jFp j expði’p Þ þ jFH j expði’H Þ þ jd j expðid Þ
ð2:2:10:6Þ
is the structure factor of the derivative.
Then the conditional distribution PðRH jRp ; Rd Þ may be
derived, from which hRH jRp ; Rd i may be obtained. In terms of
structure factors
"
#
P
P
H
H
2
2
2
 hjd j i þ P

hjFH j i ¼ P
2
2 iso :
H þhjd j i
H þhjd j i
ð2:2:10:7Þ

jFdj j expði’j Þ ¼ jFp j expði’p Þ þ FHj expði’Hj Þ þ jj j expðij Þ;
ð2:2:10:4Þ

The effect of the errors on the evaluation of the moduli |FH|2
may be easily derived: if hjd j2 i ¼ 0, equation (2.2.10.7) conﬁrms
Blow and Rossmann’s approximation hjFH j2 i ’ jFj2 . If
hjd j2 i 6¼ 0 Blow and Rossmann’s estimate should be affected by
a systematic error, increasing with hjd j2 i.

where j refers to the jth derivative. jj j expðij Þ is the error, which
can include model as well as measurement errors.
A more realistic expression for the reliability factor G of triplet
invariants is obtained by including the expression (2.2.10.4) in the
probabilistic approach. Then the reliability parameter of the
triplet invariants is transformed into (Giacovazzo et al., 2001)
G¼

2.2.10.6. SIR–MIR case: protein phasing by direct methods
Let us suppose that the various heavy-atom substructures have
been determined. They may be used as additional prior information for a more accurate estimate of the ’p values. To this
purpose the distributions

2½3 =23=2 p Rp1 Rp2 Rp3
þ 2½3 =23=2 H

 1 2  3
;
2
2
2
½1 þ ð1
ÞH ½1 þ ð2
ÞH ½1 þ ð3
ÞH 

PðEp ; E0d jE0H Þ  PðEp ; E0d1 ; . . . ; E0dn jE0H1 ; . . . ; E0Hn Þ

ð2:2:10:8Þ

ð2:2:10:5Þ
may be used under the assumption (2.2.10.6). E0dj and E0Hj , for j =
1, . . . , n, are the structure factors of the jth derivative and of the
jth heavy-atom substructure, respectively, both normalized with
respect to the protein. Any joint probability density (2.2.10.8)
may be reliably approximated by a multidimensional Gaussian
distribution (Giacovazzo & Siliqi, 2002), from which the
following conditional distribution is obtained:

where ð2 ÞH ¼ jj2 =ðfj2 ÞH.
Equation (2.2.10.5) suggests how the error inﬂuences the
reliability of the triplet estimate: even quite a small value of jj2
may be critical if the scattering power of the heavy-atom
substructure is a very small percentage of the derivative scattering power.
A one-step procedure has been implemented in a computer
program (Giacovazzo et al., 2002): it has been shown that the
method is able to derive automatically, from the experimental
data and without any user intervention, good quality (i.e.
perfectly interpretable) electron-density maps.

Pð’p jRp ; R0d ; E0H Þ ’ ½2I0 ðGÞ1 exp½p cosð’p  p Þ
where p, the expected value of ’p, is given by
Pn
T
j¼1 Gj sin ’Hj
¼
tan p ¼ Pn
B
G
cos
’
j
Hj
j¼1

2.2.10.5. SIR–MIR case: the two-step procedure. Finding the
heavy-atom substructure by direct methods

and Gj ¼ 2jFHj jF=2j .
p ¼ ðT 2 þ B2 Þ1=2 is the reliability factor of the phase estimate.
A robust phasing procedure has been established which, starting
from the observed moduli jFp j; jFdj j; j ¼ 1; . . . ; n, is able to
automatically provide, without any user intervention, a highquality electron-density map of the protein (Giacovazzo et al.,
2002).

The ﬁrst trials for ﬁnding the heavy-atom substructure were
based on the following assumption: the modulus of the isomorphous difference,
F ¼ jFd j  jFp j;
is assumed at a ﬁrst approximation as an estimate of the heavyatom structure factor FH. Perutz (1956) approximated |FH|2 with
the difference ðjFd j2  jFp j2 Þ. Blow (1958) and Rossmann (1960)
suggested a better approximation: jFH j2 ’ jFj2 . A deeper
analysis was performed by Phillips (1966), Dodson & Vijayan
(1971), Blessing & Smith (1999) and Grosse-Kunstleve &
Brunger (1999). The use of direct methods requires the
normalization of jFj and application of the tangent formula
(Wilson, 1978).

2.2.10.7. Integration of anomalous-dispersion techniques with
direct methods
If the frequency of the radiation is close to an absorption edge
of an atom, then that atom will scatter the X-rays anomalously
(see Chapter 2.4) according to f ¼ f 0 þ if 00. This results in the
breakdown of Friedel’s law. It was soon realized that the Bijvoet
difference could also be used in the determination of phases
(Peerdeman & Bijvoet, 1956; Ramachandran & Raman, 1956;
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¼ Eh Ek El ¼ Rh Rk Rl expðih; k Þ;

Okaya & Pepinsky, 1956). Since then, a great deal of work has
been done both from algebraic (see Chapter 2.4) and from
probabilistic points of view. In this section we are only interested
in the second.
SAD (single anomalous dispersion) and MAD (multiple
anomalous dispersion) techniques can be used. Both are characterized by one protein structure and one anomalous-scatterer
substructure. The experimental diffraction data differ only
because of the different anomalous scattering (not because of
different anomalous-scatterer substructures). In the MAD case
the anomalous-scatterer substructure is in some way ‘overdetermined’ by the data and, therefore, it is more convenient to
use a two-step procedure: ﬁrst deﬁne the positions of the
anomalous scatterers, and then estimate the protein phase values.
For completeness, we describe the one-step procedures in Section
2.2.10.8. These are based on the estimation of the structure
invariants and on the application of the tangent formula. The
two-step procedures are described in the Sections 2.2.10.9 and
2.2.10.10.

 ¼ Eh Ek El ¼ Gh Gk Gl expðih ; k Þ;

 ¼ 12ðh; k  h ; k Þ;
and 00 is the contribution of the imaginary part of , which may
be approximated in favourable conditions by
00

 ½1 þ SðR2h þ R2k þ R2l  3Þ;
where S is a suitable scale factor.
 ( and
Equation (2.2.10.10) gives two possible values for 
  ). Only if Rh Rk Rhþk is large enough may this phase ambiguity be resolved by choosing the angle nearest to zero.
The evaluation of triplet phases by means of anomalous
dispersion has been further pursued by Hauptman (1982b) and
independently by Giacovazzo (1983b). Owing to the breakdown
of Friedel’s law there are eight distinct triplet invariants which
can contemporaneously be exploited:

2.2.10.8. The SAD case: the one-step procedures
Probability distributions of diffraction intensities and of
selected functions of diffraction intensities for dispersive structures have been given by various authors [Parthasarathy &
Srinivasan (1964), see also Srinivasan & Parthasarathy (1976) and
relevant literature cited therein]. We describe here some probabilistic formulae for estimating invariants of low order.
(a) Estimation of two-phase structure invariants. The conditional probability distribution of  ¼ ’h þ ’h given Rh and Gh
(normalized moduli of Fh and Fh , respectively) (Hauptman,
1982b; Giacovazzo, 1983b) is
PðjRh ; Gh Þ ’ ½2I0 ðQÞ1 exp½Q cosð  qÞ;

ð2:2:10:9Þ

2Rh Gh 2
pﬃﬃﬃ ½c1 þ c22 1=2 ;
c
c
c
sin q ¼ 2 2 2 1=2 ;
cos q ¼ 2 1 2 1=2 ;
½c1 þ c2 
½c1 þ c2 
N
P
P
c1 ¼ ðfj0 2  fj00 2 Þ= ;
P

6 ¼ ’h þ ’k þ ’l
8 ¼ ’h þ ’k  ’l :

R2 ¼ jEk j

R3 ¼ jEhþk j

G1 ¼ jEh j G2 ¼ jEk j

R3 ¼ jEhk j

’1 ¼ ’h
1 ¼ ’h

’3 ¼ ’hþk
3 ¼ ’hk ;

’2 ¼ ’k
2 ¼ ’k

The deﬁnitions of  and ! are rather extensive and so the
reader is referred to the published papers. We only add that  is
always positive and that !, the expected value of , may lie
anywhere between 0 and 2. Understanding the role of the
various parameters in equation (2.2.10.11) is not easy. Giacovazzo et al. (2003) found an equivalent simpler expression from
which interpretable estimates of the parameters were obtained.
In the same paper the limitations of the approach (versus the twostep procedures) were clariﬁed.

;

c ¼ ½1  ðc21 þ c22 Þ2 ;
N
P P
¼ ð fj0 2 þ fj00 2 Þ:
j¼1

q is the most probable value of : a large value of the parameter
Q suggests that the phase relation  ¼ q is reliable. Large values
of Q are often available in practice: q, however, may be considered an estimate of jj rather than of  because the enantiomorph is not ﬁxed in (2.2.10.9). A formula for the estimation of 
in centrosymmetric structures has been provided by Giacovazzo
(1987).
(b) Estimation of triplet invariants. Kroon et al. (1977) ﬁrst
incorporated anomalous diffraction in order to estimate triplet
invariants. Their work was based on an analysis of the complex
double Patterson function. Subsequent probabilistic considerations (Heinermann et al., 1978) conﬁrmed their results, which can
be so expressed:
j j2  j j2
;
4 00 ½12 ðj j2 þ j j2 Þ  j 00 j2 1=2

4 ¼ ’h þ ’k  ’l

5 ¼ ’h þ ’k þ ’l ;
7 ¼ ’h  ’k þ ’l ;

ð2:2:10:11Þ

j¼1

 ¼
sin 

3 ¼ ’h  ’k þ ’l ;

Hauptman and Giacovazzo found the following conditional
distribution:
1
PðjRj ; Gj ; j ¼ 1; 2; 3Þ ’ 2 I0 ðÞ exp½ cos ð  !Þ:

j¼1

fj0 fj00 =

2 ¼ ’h þ ’k þ ’l

R1 ¼ jEh j

Q¼

N
P

1 ¼ ’ h þ ’ k þ ’ l ;

Given

where

c2 ¼ 2

¼ 2f 00 ½ fh0 fk0 þ fh0 fl0 þ fk fl 

2.2.10.9. SAD–MAD case: the two-step procedures. Finding the
anomalous-scatterer substructure by direct methods
The anomalous-scatterer substructure is traditionally determined by the techniques suggested by Karle and Hendrickson
(Karle, 1980b; Hendrickson, 1985; Pähler et al., 1990; Terwilliger,
1994). The introduction of selenium into proteins as selenomethionine encouraged the second-generation direct methods
programs [Shake and Bake by Miller et al. (1994); Half bake by
Sheldrick (1998); SIR2000-N by Burla et al. (2001); ACORN by
Foadi et al. (2000)] to locate Se atoms. Since the number of Se
atoms may be quite large (up to 200), direct methods rather than
Patterson techniques seem to be preferable. Shake and Bake,
Half Bake and ACORN obtain the coordinates of the anomalous
scatterers from a single-wavelength set of data. When more sets
of diffraction data are available the solutions obtained by the
other sets are used to conﬁrm the correct solution.

ð2:2:10:10Þ

where ðh þ k þ l ¼ 0Þ,
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various ano values was also provided (see also Schneider &
Sheldrick, 2002) for predicting the most informative combinations.

A different approach has been suggested in two recent papers
(Burla et al., 2002; Burla, Carrozzini et al., 2003): the estimates of
the amplitudes of the structure factors of the anomalously scattering substructure are derived, via the rigorous method of the
joint probability distribution functions, from the experimental
diffraction moduli relative to n wavelengths. To do that, ﬁrst the
joint distribution

2.2.10.10. SAD–MAD case: protein phasing by direct methods
Once the anomalous-scatterer substructure has been found,
þ


the corresponding structure factors Eþ
a1 ; . . . ; Ean ; Ea1 ; . . . ; Ean are
known in modulus and phase. Then the conditional joint probability distribution


þ


þ
þ


P Eþ
1 ; . . . ; En ; E1 ; . . . ; En jEa1 ; . . . ; Ean ; Ea1 ; . . . ; Ean

þ
þ



Pn ¼ PðAoa ; Aþ
1 ; A2 ; . . . ; An ; A1 ; A2 ; . . . ; An ;
þ
þ



Boa ; Bþ
1 ; B2 ; . . . ; Bn ; B1 ; B2 ; . . . ; Bn Þ

¼ ð2nþ1Þ ðdet KÞ1=2 expð 12 TT K1 TÞ
þ


is calculated, where Aoa, Boa, Eoa, Aþ
i , Bi , Ai , Bi are the real and
þ

imaginary components of Eoa, Ei , Ei , respectively, K is a
symmetric square matrix of order (4n + 2), K1 = {ij} is its
inverse, and T is a suitable vector with components deﬁned in
þ

terms of the variables Aoa ; Aþ
1 ; A2 ; . . . ; Bn . Eoa is the normalized
structure factor of the anomalous scatterer substructure calculated by neglecting anomalous scattering components. Then the
conditional distribution

may be calculated (Giacovazzo & Siliqi, 2004), from which the
conditional distribution


þ

P ’þ
1 jEai ; Eai ; Ri ; Gi ; i ¼ 1; . . . ; 2
may be derived.
þ
It has been shown that the most probable phase of ’þ
1 , say 1 , is
the phase of the vector

PðRoa jR1 ; . . . ; Rn ; G1 ; . . . ; Gn Þ

n
P

is derived, from which
hRoa jR1 ; . . . ; Gn i ¼

1=2
1
2 ð=11 Þ ½1

þ
 
wþ
j Eaj þ wj Eaj



j¼1
2

þ 4X =ð11 Þ

1=2

ð2:2:10:12Þ

 

þ

½wjp ðEþ
aj  Eap Þ þ wnþj;nþp Eaj  Eap 

n
P

þ

j;p¼1;p>j

is obtained, where
2

Q21

þ

Q22

X ¼
þ
Q1 ¼ 12 R1 þ 13 R2 þ . . . þ 1;nþ1 Rn þ 1;nþ2 G1 þ . . .

ð2:2:10:14Þ

and the reliability parameter of the phase estimate is nothing
other than the modulus of (2.2.10.14). The ﬁrst term in (2.2.10.14)
is a Sim-like contribution; the other terms, through the weights w,
take into account the errors and the experimental differences
ðRj  Rp Þ, ðGj  Gp Þ and ðRj  Gp Þ.

 . . .  1;4nþ2 Gn :
The standard deviation of the estimate is also calculated:
1=2 h
 i1=2
;
Roa ¼ hR2oa j . . .i  hRoa j:::i2 ¼ 1  1
4 11

References
Allegra, G. (1979). Derivation of three-phase invariants from the
Patterson function. Acta Cryst. A35, 213–220.
Altomare, A., Burla, M. C., Camalli, M., Cascarano, G. L., Giacovazzo,
C., Guagliardi, A., Moliterni, A. G. G., Polidori, G. & Spagna, R.
(1999). SIR97: a new tool for crystal structure determination and
reﬁnement. J. Appl. Cryst. 32, 115–119.
Anzenhofer, K. & Hoppe, W. (1962). Phys. Verh. Mosbach. 13, 119.
Ardito, G., Cascarano, G., Giacovazzo, C. & Luić, M. (1985). 1-Phase
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Acta Cryst. 13, 546–552.
Beurskens, P. T., Beurskens, G., de Gelder, R., Garcia-Granda, S., Gould,
R. O., Israel, R. & Smits, J. M. M. (1999). The DIRDIF-99 program
system. Crystallography Laboratory, University of Nijmegen, The
Netherlands.
Beurskens, P. T., Gould, R. O., Bruins Slot, H. J. & Bosman, W. P. (1987).
Translation functions for the positioning of a well oriented molecular
fragment. Z. Kristallogr. 179, 127–159.

from which
1=2

:




wj;nþp Eþ
aj  Eap 

j;p¼1

þ 1;2nþ1 Gn
Q2 ¼ 1;2nþ3 R1 þ 1;2nþ4 R2 þ . . . þ 1;3nþ2 Rn þ . . .  1;3nþ3 G1

hRoa j . . .i
ð=4Þ þ ðX 2 Þ=11
¼
Roa
1  ð=4Þ

n
P

ð2:2:10:13Þ

The advantage of the above approach is that the estimates can
simultaneously exploit both the anomalous and the dispersive
differences. The computing procedure proposed by Burla,
Carrozzini et al. (2003) is the following:
(i) The sets Sj , j = 1, . . . , n, of the observed magnitudes (say
|F+|, |F|) are stored for all the n wavelengths.
(ii) The Wilson method is applied to put the sets Sj on their
absolute scales.
(iii) Equations (2.2.10.12) and (2.2.10.13) are applied to obtain
the values hRoa j . . .i and hRoa j . . .i=Roa .
(iv) The triplet invariants involving the reﬂections with the
highest hRoa j . . .i=Roa values are evaluated and the tangent
formula is applied via a random starting approach.
(v) The direct-space reﬁnement techniques of SIR2002 (Burla,
Camalli et al., 2003) are used to extend the phase information to a
larger set of reﬂections: only 30% of the reﬂections with the
smallest values of hRoa j . . .i remain unphased. Automatic cycles
of least-squares reﬁnement improve the substructure model
provided by the trial solutions.
(vi) Suitable ﬁgures of merit are used to recognize the correct
substructure models.
The application of the above procedure to several MAD cases
showed that the various wavelength combinations are not equally
informative. A criterion based on the correlation among the

239

2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION
Cascarano, G., Giacovazzo, C. & Luić, M. (1985b). Direct methods and
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Cascarano, G., Giacovazzo, C., Luić, M., Pifferi, A. & Spagna, R. (1987).
1-Phase seminvariants and Harker sections. II. A new procedure. Z.
Kristallogr. 179, 113–125.
Cascarano, G., Giacovazzo, C. & Viterbo, D. (1987). Figures of merit in
direct methods: a new point of view. Acta Cryst. A43, 22–29.
Castellano, E. E., Podjarny, A. D. & Navaza, J. (1973). A multivariate
joint probability distribution of phase determination. Acta Cryst. A29,
609–615.
Cochran, W. (1955). Relations between the phases of structure factors.
Acta Cryst. 8, 473–478.
Cochran, W. & Douglas, A. S. (1957). The use of a high-speed digital
computer for the direct determination of crystal structure. II. Proc. R.
Soc. London Ser. A, 243, 281–288.
Cochran, W. & Woolfson, M. M. (1955). The theory of sign relations
between structure factors. Acta Cryst. 8, 1–12.
Coulter, C. L. & Dewar, R. B. K. (1971). Tangent formula applications in
protein crystallography: an evaluation. Acta Cryst. B27, 1730–1740.
Crowther, R. A. & Blow, D. M. (1967). A method of positioning a known
molecule in an unknown crystal structure. Acta Cryst. 23, 544–548.
Cutﬁeld, J. F., Dodson, E. J., Dodson, G. G., Hodgkin, D. C., Isaacs, N. W.,
Sakabe, K. & Sakabe, N. (1975). The high resolution structure of
insulin: a comparison of results obtained from least-squares phase
reﬁnement and difference Fourier reﬁnement. Acta Cryst. A31, S21.
Debaerdemaeker, T., Tate, C. & Woolfson, M. M. (1985). On the
application of phase relationships to complex structures. XXIV. The
Sayre tangent formula. Acta Cryst. A41, 286–290.
Debaerdemaeker, T. & Woolfson, M. M. (1972). On the application of
phase relationships to complex structures. IV. The coincidence method
applied to general phases. Acta Cryst. A28, 477–481.
Debaerdemaeker, T. & Woolfson, M. M. (1983). On the application of
phase relationships to complex structures. XXII. Techniques for
random reﬁnement. Acta Cryst. A39, 193–196.
Declercq, J.-P., Germain, G., Main, P. & Woolfson, M. M. (1973). On the
application of phase relationships to complex structures. V. Finding the
solution. Acta Cryst. A29, 231–234.
Declercq, J.-P., Germain, G. & Woolfson, M. M. (1975). On the
application of phase relationships to complex structures. VIII.
Extension of the magic-integer approach. Acta Cryst. A31, 367–372.
De Titta, G. T., Edmonds, J. W., Langs, D. A. & Hauptman, H. (1975). Use
of the negative quartet cosine invariants as a phasing ﬁgure of merit:
NQEST. Acta Cryst. A31, 472–479.
DeTitta, G. T., Weeks, C. M., Thuman, P., Miller, R. & Hauptman, H. A.
(1994). Structure solution by minimal-function phase reﬁnement and
Fourier ﬁltering. I. Theoretical basis. Acta Cryst. A50, 203–210.
Dodson, E. & Vijayan, M. (1971). The determination and reﬁnement of
heavy-atom parameters in protein heavy-atom derivatives. Some model
calculations using acentric reﬂexions. Acta Cryst. B27, 2402–2411.
Egert, E. (1983). Patterson search – an alternative to direct methods. Acta
Cryst. A39, 936–940.
Egert, E. & Sheldrick, G. M. (1985). Search for a fragment of known
geometry by integrated Patterson and direct methods. Acta Cryst. A41,
262–268.
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