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(2) low-resolution data create additional problems for direct
methods since the number of available phase relationships per
reﬂection is small.
Sheldrick (1990) suggested that direct methods are not
expected to succeed if fewer than half of the reﬂections in the
range 1.1–1.2 Å are observed with jFj > 4ðjFjÞ (a condition
seldom satisﬁed by protein data).
The most complete analysis of the problem has been made by
Giacovazzo, Guagliardi et al. (1994). They observed that the
expected value of  (see Section 2.2.7) suggested by the tangent
formula for proteins is comparable with the variance of the 
parameter. In other words, for proteins the signal determining the
phase is comparable with the noise, and therefore the phase
indication is expected to be unreliable.
Quite relevant results have recently been obtained by integrating direct methods with some additional experimental
information. In particular, we will describe the combination of
direct methods with:
(a) direct-space techniques for the ab initio crystal structure
solution of proteins;
(b) isomorphous-replacement (SIR–MIR) techniques;
(c) anomalous-dispersion (SAD–MAD) techniques;
(d) molecular replacement.
Point (d) will not be treated here, as it is described extensively in
IT F, Part 13.

2.2.10. Direct methods in macromolecular crystallography
2.2.10.1. Introduction

2.2.10.2. Ab initio crystal structure solution of proteins
Ab initio techniques do not require prior information of any
atomic positions. The recent tremendous increase in computing
speed led to direct methods evolving towards the rapid development of multisolution techniques. The new algorithms of the
program Shake-and-Bake (Weeks et al., 1994; Weeks & Miller,
1999; Hauptman et al., 1999) allowed an impressive extension of
the structural complexity amenable to direct phasing. In particular we mention: (a) the minimal principle (De Titta et al., 1994),
according to which the phase problem is considered as a
constrained global optimization problem; (b) the reﬁnement
procedure, which alternately uses direct- and reciprocal-space
techniques; and (c) the parameter-shift optimization technique
(Bhuiya & Stanley, 1963), which aims at reducing the value of the
minimal function (Hauptman, 1991; De Titta et al., 1994). An
effective variant of Shake-and Bake is SHELXD (Sheldrick,
1998) which cyclically alternates tangent reﬁnement in reciprocal
space with peak-list optimisation procedures in real space
(Sheldrick & Gould, 1995). Detailed information on these
programs is available in IT F (2001), Part 16.
A different approach is used by ACORN (Foadi et al., 2000),
which ﬁrst locates a small fragment of the molecule (eventually
by molecular-replacement techniques) to obtain a useful
nonrandom starting set of phases, and then reﬁnes them by
means of solvent-ﬂattening techniques.
The program SIR2004 (Burla et al., 2005) uses the tangent
formula as well as automatic Patterson techniques to obtain a ﬁrst
imperfect structural model; then direct-space techniques are used
to reﬁne the model. The Patterson approach is based on the use
of the superposition minimum function (Buerger, 1959;
Richardson & Jacobson, 1987; Sheldrick, 1992; Pavelcı́k, 1988;
Pavelcı́k et al., 1992; Burla et al., 2004). It may be worth noting
that even this approach is of multisolution type: up to 20 trial
solutions are provided by using as pivots the highest maxima in
the superposition minimum function.
It is today possible to solve structures up to 2500 non-hydrogen
atoms in the asymmetric unit provided data at atomic (about 1 Å)
resolution are available. Proteins with data at quasi-atomic
resolution (say up to 1.5–1.6 Å) can also be solved, but with
greater difﬁculties (Burla et al., 2005). A simple evaluation of the
potential of the ab initio techniques suggests that the structural
complexity range and the resolution limits amenable to the ab

The smallest protein molecules contain about 400 nonhydrogen atoms, so they cannot be solved ab initio by the algorithms speciﬁed in Sections 2.2.7 and 2.2.8. However, traditional
direct methods are applied for:
(a) improvement of the accuracy of the available phases
(reﬁnement process);
(b) extension of phases from lower to higher resolution (phaseextension process).
The application of standard tangent techniques to (a) and (b)
has not been found to be very satisfactory (Coulter & Dewar,
1971; Hendrickson et al., 1973; Weinzierl et al., 1969). Tangent
methods, in fact, require atomicity and non-negativity of the
electron density. Both these properties are not satisﬁed if data do
not extend to atomic resolution (d > 1.2 Å). Because of series
termination and other errors the electron-density map at d >
1.2 Å presents large negative regions which will appear as false
peaks in the squared structure. However, tangent methods use
only a part of the information given by the Sayre equation
(2.2.6.5). In fact, (2.2.6.5) express two equations relating the
radial and angular parts of the two sides, so obtaining a large
degree of overdetermination of the phases. To achieve this Sayre
(1972) [see also Sayre & Toupin (1975)] suggested minimizing
(2.2.10.1) by least squares as a function of the phases:
2


P
P

ah Fh  Fk Fhk  :
h

ð2:2:10:1Þ

k

Even if tests on rubredoxin (extensions of phases from 2.5 to
1.5 Å resolution) and insulin (Cutﬁeld et al., 1975) (from 1.9 to
1.5 Å resolution) were successful, the limitations of the method
are its high cost and, especially, the higher efﬁciency of the leastsquares method. Equivalent considerations hold for the application of determinantal methods to proteins [see Podjarny et al.
(1981); de Rango et al. (1985) and literature cited therein].
A question now arises: why is the tangent formula unable to
solve protein structures? Fan et al. (1991) considered the question
from a ﬁrst-principle approach and concluded that:
(1) the triplet phase probability distribution is very ﬂat for
proteins (N is very large) and close to the uniform distribution;
Copyright © 2010 International Union of Crystallography
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initio approach could be larger in the near future. The approach
will proﬁt by general technical advances like the increasing speed
of computers and by the greater efﬁciency of informatic tools
(e.g. faster Fourier-transform techniques). It could also proﬁt
from new speciﬁc crystallographic algorithms (for example,
Oszlányi & Süto, 2004). It is of particular interest that extrapolating moduli and phases of nonmeasured reﬂections beyond
the experimental resolution limit makes the ab initio phasing
process more efﬁcient, and leads to crystal structure solution
even in cases in which the standard programs do not succeed
(Caliandro et al., 2005a,b). Moreover, the use of the extrapolated
values improves the quality of the ﬁnal electron-density maps and
makes it easier to recognize the correct one among several trial
structures.

Three-phase structure invariants were evaluated by considering
that eight invariants exist for a given triple of indices h, k, l
ðh þ k þ l ¼ 0Þ:

2.2.10.3. Integration of direct methods with isomorphous replacement techniques

has to be studied, from which eight conditional probability
densities can be obtained:

Pði jEh j; jEk j; jEl j; jGh j; jGk j; jGl jÞ

fj expð2ih  rj Þ;

¼ 02

l

6 ¼

h

þ ’k þ

l

7 ¼

k

þ ’l

8 ¼

h

þ

l:

h

þ

k

þ

Q1 ¼ 2½3 =23=2 p jEh Ek El j þ 2½3 =23=2 H h k l ;

ð2:2:10:2Þ

where indices p and H warn that parameters have to be calculated over protein atoms and over heavy atoms, respectively, and

j¼1
hÞ

þ

for j ¼ 1; . . . ; 8.
The analytical expressions of Qj are too intricate and are not
given here (the reader is referred to the original paper). We only
say that Qj may be positive or negative, so that reliable triplet
phase estimates near 0 or near  are possible: the larger jQj j, the
more reliable the phase estimate.
A useful interpretation of the formulae in terms of experimental parameters was suggested by Fortier et al. (1984):
according to them, distributions do not depend, as in the case of
the traditional three-phase invariants, on the total number of
atoms per unit cell but rather on the scattering difference
between the native protein and the derivative (that is, on the
scattering of the heavy atoms in the derivative).
Hauptman’s formulae were generalized by Giacovazzo et al.
(1988): the new expressions were able to take into account the
resolution effects on distribution parameters. The formulae are
completely general and include as special cases native protein
and heavy-atom isomorphous derivatives as well as X-ray and
neutron diffraction data. Their complicated algebraic forms are
easily reduced to a simple expression in the case of a native
protein heavy-atom derivative: in particular, the reliability
parameter for 1 is

where the subscripts d and p denote the derivative and the
protein, respectively.
Denote also by fj and gj atomic scattering factors for the atom
labelled j in a pair of isomorphous structures, and let Eh and Gh
denote corresponding normalized structure factors. Then

Gh ¼ jGh j expði

k

’ ½2I0 ðQj Þ1 exp½Qj cos j 

F ¼ jFd j  jFp j

N
1=2 P

5 ¼ ’h þ

PðEh ; Ek ; El ; Gh ; Gk ; Gl Þ

2.2.10.4. SIR–MIR case: one-step procedures
The theoretical basis was established by Hauptman (1982a):
his primary interest was to establish the two-phase and threephase structure invariants by exploiting the experimental information provided by isomorphous data. The protein phases could
be directly assigned via a tangent procedure.
Let us denote the modulus of the isomorphous difference as

Eh ¼ jEh j expði’h Þ ¼ 20

2 ¼ ’h þ ’k þ l
 4 ¼ h þ ’k þ ’l

So, for the estimation of any j , the joint probability distribution

SIR–MIR cases are characterized by a situation in which there
is one native protein and one or more heavy-atom substructures.
In this situation the phasing procedure may be a two-step
process: in the ﬁrst stage the heavy-atom positions are identiﬁed
by Patterson techniques (Rossmann, 1961; Okaya et al., 1955) or
by direct methods (Mukherjee et al., 1989). In the second step the
protein phases are estimated by exploiting the substructure
information. Direct methods are able to contribute to both steps
(see Sections 2.2.10.5 and 2.2.10.6). In Section 2.2.10.4 we show
that direct methods are also able to suggest alternative one-step
procedures by estimating structure invariants from isomorphous
data.

N
1=2 P

1 ¼ ’h þ ’k þ ’l
3 ¼ ’h þ k þ ’l

gj expð2ih  rj Þ;

j¼1

 ¼ ðFd  Fp Þ=ð

P

fj2 Þ1=2
H :

where
mn ¼

N
P

 is a pseudo-normalized difference (with respect to the heavyatom structure) between moduli of structure factors.
Equation (2.2.10.2) may be compared with Karle’s (1983)
algebraic rule: if the sign of h k l is plus then the value of 1 is
estimated to be zero; if its sign is minus then the expected value of
1 is close to . In practice Karle’s rule agrees with (2.2.10.2)
only if the Cochran-type term in (2.2.10.2) may be neglected.
Furthermore, (2.2.10.2) shows that large reliability values do not
depend on the triple product of structure-factor differences, but
on the triple product of pseudo-normalized differences.
A similar mathematical approach has been applied to estimate
quartet invariants via isomorphous data. The result may be
summarized as follows: a quartet is a phase relationship of order
NH1 (Giacovazzo & Siliqi, 1996a,b; see also Kyriakidis et al.,
1996), with reliability factor equal to

fjm gnj :

j¼1

The conditional probability of the two-phase structure invariant
 ¼ ’h  h given jEh j and jGh j is (Hauptman, 1982a)

PðjEj; jGjÞ ’ ½2I0 ðQÞ1 expðQ cos Þ;
where
Q ¼ jEGj½2=ð1  2 Þ;
1=2
 ¼ 11 =ð1=2
20 02 Þ:
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G¼

2h k l hþkþl
Q4 NH


 
 

 1 þ 2hþk  1 þ 2hþl  1 þ 2kþl  1 ;

A sounder procedure has been suggested by Giacovazzo et al.
(2004): they studied, for the SIR case, the joint probability
distribution function
PðEH ; Ep ; Ed Þ

ð2:2:10:3Þ

under the following assumptions:
(a) the atomic positions of the native protein structure and the
positions of the heavy atoms in the derivative structure are the
primitive random variables of the probabilistic approach;
(b)

where Q4 is a suitable normalizing factor.
As previously stressed, equations (2.2.10.2) and (2.2.10.3) are
valid if the lack of isomorphism and the errors in the measurements are assumed to be negligible. At ﬁrst sight this approach
seems more appealing than the traditional two-step procedures,
however it did not prove to be competitive with them. The main
reason is the absence in the Hauptman and Giacovazzo
approaches of a probabilistic treatment of the errors: such a
treatment, on the contrary, is basic for the traditional SIR–MIR
techniques [see Blow & Crick (1959) and Terwilliger & Eisenberg
(1987) for two related approaches].
The problem of the errors in the probabilistic scenario deﬁned
by the joint probability distribution functions approach has
recently been overcome by Giacovazzo et al. (2001). In their
probabilistic calculations the following assumptions were made:

jFd j expði’d Þ ¼ jFp j expði’p Þ þ jFH j expði’H Þ þ jd j expðid Þ
ð2:2:10:6Þ
is the structure factor of the derivative.
Then the conditional distribution PðRH jRp ; Rd Þ may be
derived, from which hRH jRp ; Rd i may be obtained. In terms of
structure factors
"
#
P
P
H
H
2
2
2
 hjd j i þ P

hjFH j i ¼ P
2
2 iso :
H þhjd j i
H þhjd j i
ð2:2:10:7Þ

jFdj j expði’j Þ ¼ jFp j expði’p Þ þ FHj expði’Hj Þ þ jj j expðij Þ;
ð2:2:10:4Þ

The effect of the errors on the evaluation of the moduli |FH|2
may be easily derived: if hjd j2 i ¼ 0, equation (2.2.10.7) conﬁrms
Blow and Rossmann’s approximation hjFH j2 i ’ jFj2 . If
hjd j2 i 6¼ 0 Blow and Rossmann’s estimate should be affected by
a systematic error, increasing with hjd j2 i.

where j refers to the jth derivative. jj j expðij Þ is the error, which
can include model as well as measurement errors.
A more realistic expression for the reliability factor G of triplet
invariants is obtained by including the expression (2.2.10.4) in the
probabilistic approach. Then the reliability parameter of the
triplet invariants is transformed into (Giacovazzo et al., 2001)
G¼

2.2.10.6. SIR–MIR case: protein phasing by direct methods
Let us suppose that the various heavy-atom substructures have
been determined. They may be used as additional prior information for a more accurate estimate of the ’p values. To this
purpose the distributions

2½3 =23=2 p Rp1 Rp2 Rp3
þ 2½3 =23=2 H

 1 2  3
;
2
2
2
½1 þ ð1
ÞH ½1 þ ð2
ÞH ½1 þ ð3
ÞH 

PðEp ; E0d jE0H Þ  PðEp ; E0d1 ; . . . ; E0dn jE0H1 ; . . . ; E0Hn Þ

ð2:2:10:8Þ

ð2:2:10:5Þ
may be used under the assumption (2.2.10.6). E0dj and E0Hj , for j =
1, . . . , n, are the structure factors of the jth derivative and of the
jth heavy-atom substructure, respectively, both normalized with
respect to the protein. Any joint probability density (2.2.10.8)
may be reliably approximated by a multidimensional Gaussian
distribution (Giacovazzo & Siliqi, 2002), from which the
following conditional distribution is obtained:

where ð2 ÞH ¼ jj2 =ðfj2 ÞH.
Equation (2.2.10.5) suggests how the error inﬂuences the
reliability of the triplet estimate: even quite a small value of jj2
may be critical if the scattering power of the heavy-atom
substructure is a very small percentage of the derivative scattering power.
A one-step procedure has been implemented in a computer
program (Giacovazzo et al., 2002): it has been shown that the
method is able to derive automatically, from the experimental
data and without any user intervention, good quality (i.e.
perfectly interpretable) electron-density maps.

Pð’p jRp ; R0d ; E0H Þ ’ ½2I0 ðGÞ1 exp½p cosð’p  p Þ
where p, the expected value of ’p, is given by
Pn
T
j¼1 Gj sin ’Hj
¼
tan p ¼ Pn
B
G
cos
’
j
Hj
j¼1

2.2.10.5. SIR–MIR case: the two-step procedure. Finding the
heavy-atom substructure by direct methods

and Gj ¼ 2jFHj jF=2j .
p ¼ ðT 2 þ B2 Þ1=2 is the reliability factor of the phase estimate.
A robust phasing procedure has been established which, starting
from the observed moduli jFp j; jFdj j; j ¼ 1; . . . ; n, is able to
automatically provide, without any user intervention, a highquality electron-density map of the protein (Giacovazzo et al.,
2002).

The ﬁrst trials for ﬁnding the heavy-atom substructure were
based on the following assumption: the modulus of the isomorphous difference,
F ¼ jFd j  jFp j;
is assumed at a ﬁrst approximation as an estimate of the heavyatom structure factor FH. Perutz (1956) approximated |FH|2 with
the difference ðjFd j2  jFp j2 Þ. Blow (1958) and Rossmann (1960)
suggested a better approximation: jFH j2 ’ jFj2 . A deeper
analysis was performed by Phillips (1966), Dodson & Vijayan
(1971), Blessing & Smith (1999) and Grosse-Kunstleve &
Brunger (1999). The use of direct methods requires the
normalization of jFj and application of the tangent formula
(Wilson, 1978).

2.2.10.7. Integration of anomalous-dispersion techniques with
direct methods
If the frequency of the radiation is close to an absorption edge
of an atom, then that atom will scatter the X-rays anomalously
(see Chapter 2.4) according to f ¼ f 0 þ if 00. This results in the
breakdown of Friedel’s law. It was soon realized that the Bijvoet
difference could also be used in the determination of phases
(Peerdeman & Bijvoet, 1956; Ramachandran & Raman, 1956;
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 ¼ Eh Ek El ¼ Rh Rk Rl expðih; k Þ;
 ¼ Eh Ek El ¼ Gh Gk Gl expðih ; k Þ;

 ¼ 1ðh; k  h ; k Þ;

Okaya & Pepinsky, 1956). Since then, a great deal of work has
been done both from algebraic (see Chapter 2.4) and from
probabilistic points of view. In this section we are only interested
in the second.
SAD (single anomalous dispersion) and MAD (multiple
anomalous dispersion) techniques can be used. Both are characterized by one protein structure and one anomalous-scatterer
substructure. The experimental diffraction data differ only
because of the different anomalous scattering (not because of
different anomalous-scatterer substructures). In the MAD case
the anomalous-scatterer substructure is in some way ‘overdetermined’ by the data and, therefore, it is more convenient to
use a two-step procedure: ﬁrst deﬁne the positions of the
anomalous scatterers, and then estimate the protein phase values.
For completeness, we describe the one-step procedures in Section
2.2.10.8. These are based on the estimation of the structure
invariants and on the application of the tangent formula. The
two-step procedures are described in the Sections 2.2.10.9 and
2.2.10.10.

2

and  00 is the contribution of the imaginary part of , which may
be approximated in favourable conditions by
 00 ¼ 2f 00 ½ fh0 fk0 þ fh0 fl0 þ fk fl 
 ½1 þ SðR2h þ R2k þ R2l  3Þ;
where S is a suitable scale factor.
 ( and
Equation (2.2.10.10) gives two possible values for 
  ). Only if Rh Rk Rhþk is large enough may this phase ambiguity be resolved by choosing the angle nearest to zero.
The evaluation of triplet phases by means of anomalous
dispersion has been further pursued by Hauptman (1982b) and
independently by Giacovazzo (1983b). Owing to the breakdown
of Friedel’s law there are eight distinct triplet invariants which
can contemporaneously be exploited:

2.2.10.8. The SAD case: the one-step procedures
Probability distributions of diffraction intensities and of
selected functions of diffraction intensities for dispersive structures have been given by various authors [Parthasarathy &
Srinivasan (1964), see also Srinivasan & Parthasarathy (1976) and
relevant literature cited therein]. We describe here some probabilistic formulae for estimating invariants of low order.
(a) Estimation of two-phase structure invariants. The conditional probability distribution of  ¼ ’h þ ’h given Rh and Gh
(normalized moduli of Fh and Fh , respectively) (Hauptman,
1982b; Giacovazzo, 1983b) is
PðjRh ; Gh Þ ’ ½2I0 ðQÞ1 exp½Q cosð  qÞ;

ð2:2:10:9Þ

2Rh Gh 2
pﬃﬃﬃ ½c1 þ c22 1=2 ;
c
c
c
sin q ¼ 2 2 2 1=2 ;
cos q ¼ 2 1 2 1=2 ;
½c1 þ c2 
½c1 þ c2 
N
P
P
c1 ¼ ðfj0 2  fj00 2 Þ= ;
P

R2 ¼ jEk j

R3 ¼ jEhþk j

G1 ¼ jEh j G2 ¼ jEk j

R3 ¼ jEhk j

’1 ¼ ’h
1 ¼ ’h

’3 ¼ ’hþk
3 ¼ ’hk ;

’2 ¼ ’k
2 ¼ ’k

The deﬁnitions of  and ! are rather extensive and so the
reader is referred to the published papers. We only add that  is
always positive and that !, the expected value of , may lie
anywhere between 0 and 2. Understanding the role of the
various parameters in equation (2.2.10.11) is not easy. Giacovazzo et al. (2003) found an equivalent simpler expression from
which interpretable estimates of the parameters were obtained.
In the same paper the limitations of the approach (versus the twostep procedures) were clariﬁed.

;

c ¼ ½1  ðc21 þ c22 Þ2 ;
N
P P
¼ ð fj0 2 þ fj00 2 Þ:
j¼1

q is the most probable value of : a large value of the parameter
Q suggests that the phase relation  ¼ q is reliable. Large values
of Q are often available in practice: q, however, may be considered an estimate of jj rather than of  because the enantiomorph is not ﬁxed in (2.2.10.9). A formula for the estimation of 
in centrosymmetric structures has been provided by Giacovazzo
(1987).
(b) Estimation of triplet invariants. Kroon et al. (1977) ﬁrst
incorporated anomalous diffraction in order to estimate triplet
invariants. Their work was based on an analysis of the complex
double Patterson function. Subsequent probabilistic considerations (Heinermann et al., 1978) conﬁrmed their results, which can
be so expressed:
jj2  jj2
;
4 00 ½12 ðjj2 þ jj2 Þ  j 00 j2 1=2

6 ¼ ’h þ ’k þ ’l
8 ¼ ’h þ ’k  ’l :

ð2:2:10:11Þ

j¼1

 ¼
sin 

4 ¼ ’h þ ’k  ’l

5 ¼ ’h þ ’k þ ’l ;
7 ¼ ’h  ’k þ ’l ;

Hauptman and Giacovazzo found the following conditional
distribution:

1
PðjRj ; Gj ; j ¼ 1; 2; 3Þ ’ 2 I0 ðÞ exp½ cos ð  !Þ:

j¼1

fj0 fj00 =

3 ¼ ’h  ’k þ ’l ;

R1 ¼ jEh j

Q¼

N
P

2 ¼ ’h þ ’k þ ’l

Given

where

c2 ¼ 2

1 ¼ ’ h þ ’ k þ ’ l ;

2.2.10.9. SAD–MAD case: the two-step procedures. Finding the
anomalous-scatterer substructure by direct methods
The anomalous-scatterer substructure is traditionally determined by the techniques suggested by Karle and Hendrickson
(Karle, 1980b; Hendrickson, 1985; Pähler et al., 1990; Terwilliger,
1994). The introduction of selenium into proteins as selenomethionine encouraged the second-generation direct methods
programs [Shake and Bake by Miller et al. (1994); Half bake by
Sheldrick (1998); SIR2000-N by Burla et al. (2001); ACORN by
Foadi et al. (2000)] to locate Se atoms. Since the number of Se
atoms may be quite large (up to 200), direct methods rather than
Patterson techniques seem to be preferable. Shake and Bake,
Half Bake and ACORN obtain the coordinates of the anomalous
scatterers from a single-wavelength set of data. When more sets
of diffraction data are available the solutions obtained by the
other sets are used to conﬁrm the correct solution.

ð2:2:10:10Þ

where ðh þ k þ l ¼ 0Þ,
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various ano values was also provided (see also Schneider &
Sheldrick, 2002) for predicting the most informative combinations.

A different approach has been suggested in two recent papers
(Burla et al., 2002; Burla, Carrozzini et al., 2003): the estimates of
the amplitudes of the structure factors of the anomalously scattering substructure are derived, via the rigorous method of the
joint probability distribution functions, from the experimental
diffraction moduli relative to n wavelengths. To do that, ﬁrst the
joint distribution

2.2.10.10. SAD–MAD case: protein phasing by direct methods
Once the anomalous-scatterer substructure has been found,
þ


the corresponding structure factors Eþ
a1 ; . . . ; Ean ; Ea1 ; . . . ; Ean are
known in modulus and phase. Then the conditional joint probability distribution


þ


þ
þ


P Eþ
1 ; . . . ; En ; E1 ; . . . ; En jEa1 ; . . . ; Ean ; Ea1 ; . . . ; Ean

þ
þ



Pn ¼ PðAoa ; Aþ
1 ; A2 ; . . . ; An ; A1 ; A2 ; . . . ; An ;
þ
þ



Boa ; Bþ
1 ; B2 ; . . . ; Bn ; B1 ; B2 ; . . . ; Bn Þ

¼ ð2nþ1Þ ðdet KÞ1=2 expð 12 TT K1 TÞ
þ


is calculated, where Aoa, Boa, Eoa, Aþ
i , Bi , Ai , Bi are the real and
þ

imaginary components of Eoa, Ei , Ei , respectively, K is a
symmetric square matrix of order (4n + 2), K1 = {ij} is its
inverse, and T is a suitable vector with components deﬁned in
þ

terms of the variables Aoa ; Aþ
1 ; A2 ; . . . ; Bn . Eoa is the normalized
structure factor of the anomalous scatterer substructure calculated by neglecting anomalous scattering components. Then the
conditional distribution

may be calculated (Giacovazzo & Siliqi, 2004), from which the
conditional distribution


þ

P ’þ
1 jEai ; Eai ; Ri ; Gi ; i ¼ 1; . . . ; 2
may be derived.
þ
It has been shown that the most probable phase of ’þ
1 , say 1 , is
the phase of the vector

PðRoa jR1 ; . . . ; Rn ; G1 ; . . . ; Gn Þ

n 

P
þ
 
wþ
j Eaj þ wj Eaj

is derived, from which
hRoa jR1 ; . . . ; Gn i ¼

1=2
1
2 ð=11 Þ ½1

j¼1
2

þ 4X =ð11 Þ

1=2

ð2:2:10:12Þ

 

þ

½wjp ðEþ
aj  Eap Þ þ wnþj;nþp Eaj  Eap 

n
P

þ

j;p¼1;p>j

is obtained, where
2

Q21

þ

Q22

X ¼
þ
Q1 ¼ 12 R1 þ 13 R2 þ . . . þ 1;nþ1 Rn þ 1;nþ2 G1 þ . . .

ð2:2:10:14Þ

and the reliability parameter of the phase estimate is nothing
other than the modulus of (2.2.10.14). The ﬁrst term in (2.2.10.14)
is a Sim-like contribution; the other terms, through the weights w,
take into account the errors and the experimental differences
ðRj  Rp Þ, ðGj  Gp Þ and ðRj  Gp Þ.

 . . .  1;4nþ2 Gn :
The standard deviation of the estimate is also calculated:
i1=2

1=2 h

;
Roa ¼ hR2oa j . . .i  hRoa j:::i2 ¼ 1  1
4 11
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Bertaut, E. F. (1955b). La méthode statistique en cristallographie. II.
Quelques applications. Acta Cryst. 8, 544–548.
Bertaut, E. F. (1960). Ordre logarithmique des densités de répartition. I.
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from which
1=2

:




wj;nþp Eþ
aj  Eap 

j;p¼1

þ 1;2nþ1 Gn
Q2 ¼ 1;2nþ3 R1 þ 1;2nþ4 R2 þ . . . þ 1;3nþ2 Rn þ . . .  1;3nþ3 G1

hRoa j . . .i
ð=4Þ þ ðX 2 Þ=11
¼
Roa
1  ð=4Þ

n
P

ð2:2:10:13Þ

The advantage of the above approach is that the estimates can
simultaneously exploit both the anomalous and the dispersive
differences. The computing procedure proposed by Burla,
Carrozzini et al. (2003) is the following:
(i) The sets Sj , j = 1, . . . , n, of the observed magnitudes (say
|F+|, |F|) are stored for all the n wavelengths.
(ii) The Wilson method is applied to put the sets Sj on their
absolute scales.
(iii) Equations (2.2.10.12) and (2.2.10.13) are applied to obtain
the values hRoa j . . .i and hRoa j . . .i=Roa .
(iv) The triplet invariants involving the reﬂections with the
highest hRoa j . . .i=Roa values are evaluated and the tangent
formula is applied via a random starting approach.
(v) The direct-space reﬁnement techniques of SIR2002 (Burla,
Camalli et al., 2003) are used to extend the phase information to a
larger set of reﬂections: only 30% of the reﬂections with the
smallest values of hRoa j . . .i remain unphased. Automatic cycles
of least-squares reﬁnement improve the substructure model
provided by the trial solutions.
(vi) Suitable ﬁgures of merit are used to recognize the correct
substructure models.
The application of the above procedure to several MAD cases
showed that the various wavelength combinations are not equally
informative. A criterion based on the correlation among the
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