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2.3. PATTERSON AND MOLECULAR REPLACEMENT TECHNIQUES
for example, Jacobson et al. (1961), Braun et al. (1969) and
Nordman (1980a)]. Since Patterson’s original work, other
workers have suggested that the Patterson function itself might
be modiﬁed; Fourier inversion of the modiﬁed Patterson then
provides a new and perhaps more tractable set of structure
factors (McLachlan & Harker, 1951; Simonov, 1965; Raman,
1966; Corﬁeld & Rosenstein, 1966). Karle & Hauptman (1964)
suggested that an improved set of structure factors could be
obtained from an origin-removed Patterson modiﬁed such that it
was everywhere non-negative and that Patterson density values
less than a bonding distance from the origin were set to zero.
Nixon (1978) was successful in solving a structure which had
previously resisted solution by using a set of structure factors
which had been obtained from a Patterson in which the largest
peaks had been attenuated.
The N origin peaks [see expression (2.3.1.3)] may be removed
from the Patterson by using coefﬁcients

Table 2.3.1.1. Matrix representation of Patterson peaks
The N  N matrix represents the position uij and weights wij of atomic
interactions in a Patterson arising from N atoms at xi and weight wi in the real cell.
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½uij  xi  xj ¼ uij  ðxj  xi Þ. Patterson vector positions are
usually represented as huvwi, where u, v and w are expressed as
fractions of the Patterson cell axes.
2.3.1.2. Limits to the number of resolved vectors
If we assume a constant number of atoms per unit volume, the
number of atoms N in a unit cell increases in direct proportion
with the volume of the unit cell. Since the number of non-origin
peaks in the Patterson function is NðN  1Þ and the Patterson
cell is the same size as the real cell, the problem of overlapping
peaks in the Patterson function becomes severe as N increases. To
make matters worse, the breadth of a Patterson peak is roughly
equal to the sum of the breadth of the original atoms. The
effective width of a Patterson peak will also increase with
increasing thermal motion, although this effect can be artiﬁcially
reduced by sharpening techniques. Naturally, a loss of attainable
resolution at high scattering angles will affect the resolution of
atomic peaks in the real cell as well as peaks in the Patterson cell.
If U is the van der Waals volume per average atom, then the
fraction of the cell occupied by atoms will be f ¼ NU=V. Similarly, the fraction of the cell occupied by Patterson peaks will be
2UNðN  1Þ=V or 2f ðN  1Þ. With the reasonable assumption
that f ’ 0:1 for a typical organic crystal, then the cell can contain
at most ﬁve atoms ðN  5Þ for there to be no overlap, other than
by coincidence, of the peaks in the Patterson. As N increases
there will occur a background of peaks on which are superimposed features related to systematic properties of the structure.
The contrast of selected Patterson peaks relative to the general
background level can be enhanced by a variety of techniques. For
instance, the presence of heavy atoms not only enhances the size
of a relatively small number of peaks but ordinarily ensures a
larger separation of the peaks due to the light-atom skeleton on
which the heavy atoms are hung. That is, the factor f (above) is
substantially reduced. Another example is the effect of
systematic atomic arrangements (e.g. -helices or aromatic rings)
resulting in multiple peaks which stand out above the background. In the isomorphous replacement method, isomorphous
difference Pattersons are utilized in which the contrast of the
Patterson interactions between the heavy atoms is enhanced by
removal of the predominant interactions which involve the rest of
the structure.

jFh; mod j2 ¼ jFh j2 

fi2 :

i¼1

A Patterson function using these modiﬁed coefﬁcients will retain
all interatomic vectors. However, the observed structure factors
Fh must ﬁrst be placed on an absolute scale (Wilson, 1942) in
order to match the scattering-factor term. In practice, Patterson
origins can also be removed by using coefﬁcients

    
Fh;mod 2 ¼ Fh 2 hFh 2 i;
 2
where hFh  i is the average reﬂection intensity, usually calculated in several resolution shells. This formula has the advantage
that the observed structure factors do not need to be on absolute
scale.
Analogous to origin removal, the vector interactions due to
atoms in known positions can also be removed from the
Patterson function. Patterson showed that non-origin Patterson
peaks arising from known atoms 1 and 2 may be removed by
using the expression
jFh; mod j2 ¼ jFh j2 

N
P

fi2 ti2  2f1 f2 t1 t2 cos 2h  ðx1  x2 Þ;

i¼1

where x1 and x2 are the positions of atoms 1 and 2 and t1 and t2
are their respective thermal correction factors. Using onedimensional Fourier series, Patterson illustrated how interactions
due to known atoms can obscure other information.
Patterson also introduced a means by which the peaks in a
Patterson function may be artiﬁcially sharpened. He considered
the effect of thermal motion on the broadening of electrondensity peaks and consequently their Patterson peaks. He
suggested that the F 2 coefﬁcients could be corrected for thermal
effects by simulating the atoms as point scatterers and proposed
using a modiﬁed set of coefﬁcients

2.3.1.3. Modiﬁcations: origin removal, sharpening etc.
A. L. Patterson, in his ﬁrst in-depth exposition of his newly
discovered F 2 series (Patterson, 1935), introduced the major
modiﬁcations to the Patterson which are still in use today. He
illustrated, with one-dimensional Fourier series, the techniques of
removing the Patterson origin peak, sharpening the overall
function and also removing peaks due to atoms in special positions. Each one of these modiﬁcations can improve the interpretability of Pattersons, especially those of simple structures.
Whereas the recommended extent of such modiﬁcations is
controversial (Buerger, 1966), most studies which utilize
Patterson functions do incorporate some of these techniques [see,
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jFh; sharp j2 ¼ jFh j2 =f 2 ;
where f , the average scattering factor per electron, is given by
f ¼

N
P
i¼1
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