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2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION

Fig. 2.3.5.2. The objects A1 B1 and A2 B2 are related by an improper rotation ,
since it is necessary to consider the sense of rotation to achieve superposition
of the two objects. [Reprinted with permission from Rossmann (1972, p. 9).]

graphic symmetry can also be recognized by the existence of a
closed point group within a deﬁned volume of the lattice.
Improper rotation axes are found when two molecules are arbitrarily oriented relative to each other in the same asymmetric unit
or when they occur in two entirely different crystal lattices. For
instance, in Fig. 2.3.5.2, the object A1 B1 can be rotated by +
about the axis at P to orient it identically with A2 B2 . However,
the two objects will not be coincident after a rotation of A1 B1 by
 or of A2 B2 by +. The envelope around each noncrystallographic object must be known in order to deﬁne an improper
rotation. In contrast, only the volume about the closed point
group need be deﬁned for proper noncrystallographic operations.
Hence, the boundaries of the repeating unit need not correspond
to chemically covalently linked units in the presence of proper
rotations.
Translational components of noncrystallographic rotation
elements are said to be ‘precise’ in a direction parallel to the axis
and ‘imprecise’ perpendicular to the axis (Rossmann et al., 1964).
The position, but not direction, of a rotation axis is arbitrary.
However, a convenient choice is one that leaves the translation
perpendicular to the axis at zero after rotation (Fig. 2.3.5.3).
Noncrystallographic symmetry has been used as a tool in
structural analysis primarily in the study of biological molecules.
This is due to the propensity of proteins to form aggregates with
closed point groups, as, for instance, viruses with 532 symmetry.
At best, only part of such a point group can be incorporated into
the crystal lattice. Since biological materials cannot contain
inversion elements, all studies of noncrystallographic symmetries
have been limited to rotational axes. Reﬂection planes and
inversion centres could also be considered in the application of
molecular replacement to nonbiological materials.
In this chapter, the relationship

Fig. 2.3.5.1. The two-dimensional periodic design shows crystallographic
twofold axes perpendicular to the page and local noncrystallographic
rotation axes in the plane of the paper (design by Audrey Rossmann).
[Reprinted with permission from Rossmann (1972, p. 8).]

2.3.5. Noncrystallographic symmetry
2.3.5.1. Deﬁnitions
The interpretation of Pattersons can be helped by using
various types of chemical or physical information. An obvious
example is the knowledge that one or two heavy atoms per
crystallographic asymmetric unit are present. Another example is
the exploitation of a rigid chemical framework in a portion of a
molecule (Nordman & Nakatsu, 1963; Burnett & Rossmann,
1971). One extremely useful constraint on the interpretation of
Pattersons is noncrystallographic symmetry. Indeed, the structural solution of large biological assemblies such as viruses is only
possible because of the natural occurrence of this phenomenon.
The term ‘molecular replacement’ is used for methods that utilize
noncrystallographic symmetry in the solution of structures [for
earlier reviews see Rossmann (1972); Argos & Rossmann (1980);
and Rossmann (1990, 2001)]. These methods, which are only
partially dependent on Patterson concepts, are discussed in
Sections 2.3.6–2.3.8.
Crystallographic symmetry applies to the whole of the threedimensional crystal lattice. Hence, the symmetry must be
expressed both in the lattice and in the repeating pattern within
the lattice. In contrast, noncrystallographic symmetry is valid
only within a limited volume about the noncrystallographic
symmetry element. For instance, the noncrystallographic twofold
axes in the plane of the paper of Fig. 2.3.5.1 are true only in the
immediate vicinity of each local dyad. In contrast, the crystallographic twofold axes perpendicular to the plane of the paper
(Fig. 2.3.5.1) apply to every point within the lattice. Two types of
noncrystallographic symmetry can be recognized: proper and
improper rotations. A proper symmetry element is independent
of the sense of rotation, as, for example, a ﬁvefold axis in an
icosahedral virus; a rotation either left or right by one-ﬁfth of a
revolution will leave all parts of a given icosahedral shell (but not
the whole crystal) in equivalent positions. Proper noncrystalloCopyright © 2010 International Union of Crystallography

x0 ¼ ½Cx þ d
will be used to describe noncrystallographic symmetry, where x
and x0 are position vectors, expressed as fractional coordinates,
with respect to the crystallographic origin, [C] is a rotation
matrix, and d is a translation vector. Crystallographic symmetry
will be described as
x0 ¼ ½Tx þ t;
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2.3. PATTERSON AND MOLECULAR REPLACEMENT TECHNIQUES
Table 2.3.5.1. Possible types of vector searches
Self-vectors

Dimension
of search, n

Cross-vectors

n¼3

(1) Locate single site
relative to particle centre
(2)

Use information from (1)
to locate particle centre

n3

(3) Simultaneous search for both (1) and (2). In general
this is a six-dimensional search but may be simpliﬁed when
particle is on a crystallographic symmetry axis

3n6

(4) Given (1) for more than
one site, ﬁnd all vectors within
particle

n¼3

(5) Given information from (3), locate additional site
using complete vector set

n¼3

al., 1972; Buehner et al., 1974). The GAPDH enzyme crystallized
in a P21 21 21 cell (a = 149.0, b = 139.1, c = 80.7 Å) containing one
tetramer per asymmetric unit. A rotation-function analysis had
indicated the presence of three mutually perpendicular molecular
twofold axes which suggested that the tetramer had 222
symmetry, and a locked rotation function determined the precise
orientation of the tetramer relative to the crystal axes (see Table
2.3.5.2). Packing considerations led to assignment of a tentative
particle centre near 12 ; 14 ; Z.
An isomorphous difference Patterson was calculated for the
K2HgI4 derivative of GAPDH using data to a resolution of 6.8 Å.
From an analysis of the three Harker sections, a tentative ﬁrst
heavy-atom position was assigned (atom A2 at x, y, z). At this
juncture, the known noncrystallographic symmetry was used to
obtain a full interpretation. From Table 2.3.5.2 we see that
molecular axis 2 will generate a second heavy atom with coordinates roughly 14 þ y;  14 þ x; 2Z  z (if the molecular centre
was assumed to be at 12 ; 14 ; Z). Starting from the tentative coordinates of site A2, the site A1 related by molecular axis 1 was
detected at about the predicted position and the second site A1
generated acceptable cross-vectors with the earlier determined
site A2. Further examination enabled the completion of the set of
four noncrystallographically related heavy-atom sites, such that
all predicted Patterson vectors were acceptable and all four sites
placed the molecular centre in the same position. Following
reﬁnement of these four sites, the corresponding SIR phases were
used to ﬁnd an additional set of four sites in this compound as
well as in a number of other derivatives. The multiple isomorphous replacement phases, in conjunction with real-space electron-density averaging of the noncrystallographically related
units, were then sufﬁcient to solve the GAPDH structure.
When investigators studied larger macromolecular aggregates
such as the icosahedral viruses, which have 532 point symmetry,
systematic methods were developed for utilizing the noncrystallographic symmetry to aid in locating heavy-atom sites in
isomorphous heavy-atom derivatives. Argos & Rossmann (1974,
1976) introduced an exhaustive Patterson search procedure for a
single heavy-atom site within the noncrystallographic asymmetric
unit which has been successfully applied to the interpretation of
both virus [satellite tobacco necrosis virus (STNV) (Lentz et al.,
1976), southern bean mosaic virus (Rayment et al., 1978), alfalfa
mosaic virus (Fukuyama et al., 1983), cowpea mosaic virus

Fig. 2.3.5.3. The position of the twofold rotation axis which relates the two
piglets is completely arbitrary. The diagram on the left shows the situation
when the translation is parallel to the rotation axis. The diagram on the right
has an additional component of translation perpendicular to the rotation
axis, but the component parallel to the axis remains unchanged. [Reprinted
from Rossmann et al. (1964).]

where [T] and t are the crystallographic rotation matrix and
translation vector, respectively. The noncrystallographic asymmetric unit will be deﬁned as having n copies within the crystallographic asymmetric unit, and the unit cell will be deﬁned as
having m crystallographic asymmetric units. Hence, there are
L ¼ nm noncrystallographic asymmetric units within the unit
cell. Clearly, the n noncrystallographic asymmetric units cannot
completely ﬁll the volume of one crystallographic asymmetric
unit. The remaining space must be assumed to be empty or to be
occupied by solvent molecules which disobey the noncrystallographic symmetry.
2.3.5.2. Interpretation of Pattersons in the presence of noncrystallographic symmetry
If noncrystallographic symmetry is present, an atom at a
general position within the relevant volume will imply the
presence of others within the same crystallographic asymmetric
unit. If the noncrystallographic symmetry is known, then the
positions of equivalent atoms may be generated from a single
atomic position. The additional vector interactions which arise
from crystallographically and noncrystallographically equivalent
atoms in a crystal may be predicted and exploited in an interpretation of the Patterson function.
An object in real space which has a closed point group may
incorporate some of its symmetry in the crystallographic
symmetry. If there are l such objects in the cell, then there will be
mn=l equivalent positions within each object. The ‘self-vectors’
formed between these positions within the object will be independent of the position of the objects. This distinction is important in that the self-vectors arising from atoms interacting with
other atoms within a single particle may be correctly predicted
without the knowledge of the particle centre position. In fact, this
distinction may be exploited in a two-stage procedure in which an
atom may be ﬁrst located relative to the particle centre by use of
the self-vectors and subsequently the particle may be positioned
relative to crystallographic symmetry elements by use of the
‘cross-vectors’ (Table 2.3.5.1).
The interpretation of a heavy-atom difference Patterson for
the holo-enzyme of lobster glyceraldehyde-3-phosphate dehydrogenase (GAPDH) provides an illustration of how the known
noncrystallographic symmetry can aid the solution (Rossmann et

Table 2.3.5.2. Orientation of the glyceraldehyde-3-phosphate dehydrogenase
molecular twofold axis in the orthorhombic cell
Rotation
axes
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Polar coordinates ( )
’

Cartesian coordinates
(direction cosines)
u

v

w

1

45.0

7.0

0.7018

0.7071

2

180.0–55.0

38.6

0.6402

0.5736

0.0862
0.5111

3

180.0–66.0

70.6

0.3035

0.4067

0.8616

2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION
Table 2.3.6.1. Different types of uses for the rotation function
Type of
rotation
function

Pattersons to be compared
P1

P2

Purpose

Self

Unknown structure

Unknown structure, same cell

Finds orientation of noncrystallographic axes

Cross

Unknown structure

Unknown structure in different cell

Finds relative orientation of unknown molecules

Cross

Unknown structure

Known structure in large cell to avoid overlap of
self-Patterson vectors

Determines orientation of unknown structure as
preliminary to positioning and subsequent phasing with
known molecule

(Stauffacher et al., 1987)] and enzyme [catalase (Murthy et al.,
1981)] heavy-atom difference Pattersons. This procedure has also
been implemented in the program Patsol (Tong & Rossmann,
1993). A heavy atom is placed in turn at all plausible positions
within the volume of the noncrystallographic asymmetric unit
and the corresponding vector set is constructed from the resulting
constellation of heavy atoms. Argos & Rossmann (1976) found a
spherical polar coordinate search grid to be convenient for
spherical viruses. After all vectors for the current search position
are predicted, the vectors are allocated to the nearest grid point
and the list is sorted to eliminate recurring ones. The criterion
used by Argos & Rossmann for selecting a solution is that the
sum

S¼

N
P

Conversely, the knowledge that the heavy-atom positions,
especially the Se atoms in a selenomethionyl protein, should obey
the noncrystallographic symmetry can be used to deduce the
nature, orientation and position of the noncrystallographic
symmetry in the crystal unit cell, with either manual or automated procedures (Buehner et al., 1974; Lu, 1999; Terwilliger,
2002a). The noncrystallographic symmetry can also serve as a
powerful tool for reﬁning the phase information derived from the
heavy-atom positions (Buehner et al., 1974).
2.3.6. Rotation functions
2.3.6.1. Introduction
The rotation function is designed to detect noncrystallographic
rotational symmetry (see Table 2.3.6.1). The normal rotation
function deﬁnition is given as (Rossmann & Blow, 1962)

Pi  NPav

i¼1

R
R ¼ P1 ðuÞ  P2 ðu0 Þ du;

of the lookup Patterson density values Pi achieves a high value
for a correct heavy-atom position. The sum is corrected for the
carpet of cross-vectors by the second term in the sum.
An additional criterion, which has been found useful for
discriminating correct solutions, is a unit vector density criterion
(Arnold et al., 1987)

U¼

N
P

ð2:3:6:1Þ

U

where P1 and P2 are two Pattersons and U is an envelope centred
at the superimposed origins. This convolution therefore measures
the degree of similarity, or ‘overlap’, between the two Pattersons
when P2 has been rotated relative to P1 by an amount deﬁned by

.
ðPi =ni Þ N;

u0 ¼ ½Cu:

ð2:3:6:2Þ

i¼1

The elements of [C] will depend on three rotation angles
ð1 ; 2 ; 3 Þ. Thus, R is a function of these three angles. Alternatively, the matrix [C] could be used to express mirror
symmetry, permitting searches for noncrystallographic mirror or
glide planes.
The basic concepts were ﬁrst clearly stated by Rossmann &
Blow (1962), although intuitive uses of the rotation function had
been considered earlier. Hoppe (1957b) had also hinted at a
convolution of the type given by (2.3.6.1) to ﬁnd the orientation
of known molecular fragments and these ideas were implemented
by Huber (1965).
Consider a structure of two identical units which are in
different orientations. The Patterson function of such a structure
consists of three parts. There will be the self-Patterson vectors of
one unit, being the set of interatomic vectors which can be
formed within that unit, with appropriate weights. The set of selfPatterson vectors of the other unit will be identical, but they will
be rotated away from the ﬁrst due to the different orientation.
Finally, there will be the cross-Patterson vectors, or set of
interatomic vectors which can be formed from one unit to
another. The self-Patterson vectors of the two units will all lie in a
volume centred at the origin and limited by the overall dimensions of the units. Some or all of the cross-Patterson vectors will
lie outside this volume. Suppose the Patterson function is now
superposed on a rotated version of itself. There will be no
particular agreement except when one set of self-Patterson
vectors of one unit has the same orientation as the self-Patterson
vectors from the other unit. In this position, we would expect a
maximum of agreement or ‘overlap’ between the two. Similarly,

where ni is the number of vectors expected to contribute to the
Patterson density value Pi (Arnold et al., 1987). This criterion can
be especially valuable for detecting correct solutions at special
search positions, such as an icosahedral ﬁvefold axis, where the
number of vector lookup positions may be drastically reduced
owing to the higher symmetry. An alternative, but equivalent,
method for locating heavy-atom positions from isomorphous
difference data is discussed in Section 2.3.3.5.
Even for a single heavy-atom site at a general position in the
simplest icosahedral or ðT ¼ 1Þ virus, there are 60 equivalent
heavy atoms in one virus particle. The number of unique vectors
corresponding to this self-particle vector set will depend on the
crystal symmetry but may be as many as ð60Þð59Þ=2 ¼ 1770 for a
virus particle at a general crystallographic position. Such was the
case for the STNV crystals which were in space group C2
containing four virus particles at general positions. The method
of Argos & Rossmann was applied successfully to a solution of
the K2HgI4 derivative of STNV using a 10 Å resolution difference
Patterson. Application of the noncrystallographic symmetry
vector search procedure to a K2Au(CN)2 derivative of human
rhinovirus 14 (HRV14) crystals (space group P21 3; Z ¼ 4) has
succeeded in establishing both the relative positions of heavy
atoms within one particle and the positions of the virus particles
relative to the crystal symmetry elements (Arnold et al., 1987).
The particle position was established by incorporating interparticle vectors in the search and varying the particle position
along the crystallographic threefold axis until the best ﬁt for the
predicted vector set was achieved.
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