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2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION

Fig. 2.5.6.3. (a) Formation of a backprojection function; (b) projection
synthesis (2.5.6.9) is a superposition of these functions.
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Fig. 2.5.6.4. Discretization in two dimensions (d = 2). The assumption is that
the mass is located at the centre of the voxel.

the reconstruction problem as an algebraic problem (Section
2.5.6.4).
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2.5.6.3. Discretization and interpolation
In digital image processing, space is represented by a multidimensional discrete lattice. (It is sometimes expedient to use
cylindrical or spherical coordinates, but these also have to be
appropriately discretized.) The 2D projections ’2 ðxÞ are sampled
on a Cartesian grid fka : k 2 Zd ; ðK=2Þ  k  ðK=2Þg, where d
is the dimensionality of the grid (d = 2 for projections, d = 3 for
the reconstructed object), K 2 Zdþ is the size of the grid and a is
the grid spacing (Fig. 2.5.6.4). In single-particle reconstruction,
the units of a are usually ångstroms and we also assume that the
data were appropriately sampled, i.e., a  ð1=2umax Þ. Thus, the
pixel size is less than or equal to the inverse of twice the
maximum spatial frequency present in the data. Since the latter is
not known in advance, a more practical rule is to select the pixel
size at about one third of the expected resolution of the ﬁnal
structure, so that the adverse effects of interpolation are reduced.
The input electron microscopy data (projections of the
macromolecule) are discretized on a 2D Cartesian grid, but each
projection has a particular orientation in polar coordinates.
Except for a few cases (projection directions parallel to the axes
of the coordinate system of the 3D structure), an interpolation is
required to relate measured samples to the voxel (volume pixel)
values on the 3D Cartesian grid of the reconstructed structure
(Fig. 2.5.6.4). The step of backprojection can be visualized as a set
of rays with base ad1 extended from projections and the ray
values being added to the intersected voxels on the grid of the
reconstructed structure (Figs. 2.5.6.3 and 2.5.6.4). One can select
schemes that aim at approximation of the physical reality of the
data collection, for example to weight the contributions by the
areas of the voxels intersected by the ray or by the lengths of the
lines that transverse the voxel (Huesman et al., 1977). In order to
reduce the time of calculations, in electron microscopy one
usually assumes that all the mass is located at the centre of the
voxel and the additional accuracy is achieved by application of
tri- (or bi-)linear interpolation. The exception is the algebraic
reconstruction technique with blobs algorithm (Marabini et al.,
1998), where the voxels are represented by smooth spherically
symmetric volume elements [for example, the Keiser–Bessel
function (2.5.6.44)].
In real space, both the projection and backprojection steps can
be implemented in two different ways: as voxel driven or as ray
driven (Laurette et al., 2000). If we consider a projection, in the
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In three dimensions, the backprojection stretches each 2D
projection ’2i ½x; sð; Þi  along the projection direction sð; Þi .
A 3D synthesis is the integral over the hemisphere (Fig. 2.5.6.2)
bðrÞ ¼
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Thus, in three dimensions the image b obtained using the backprojection operator is blurred by the point-spread function
1=ðx2 þ y2 þ z2 Þ (Vainshtein, 1971). It is possible to derive
inversion formulae analogous to (2.5.6.11) and (2.5.6.13).
The inversion formulae demonstrate that it is possible to invert
the ray transform for continuous functions and for a uniform
distribution of projections. In electron microscopy, the projections are never distributed uniformly in three dimensions.
Indeed, a uniform distribution is not even desirable, as only
certain subsets of projection directions are required for the
successful inversion of a 3D ray transform, as follows from the
central section theorem (2.5.6.8). In practice, we always deal with
sampled data and with discrete, random and nonuniform distributions of projection directions. Therefore, the inversion
formulae can be considered only as a starting point for the
development of the numerical (and practical!) reconstruction
algorithms. According to (2.5.6.10) and (2.5.6.14), a simple
backprojection step results in reconstruction that corresponds to
a convolution of the original function with a point-spread function that depends only on the distribution of projections, but not
on the structure itself. Taking into account the linearity of the
backprojection operation, one has to conclude that for any
practically encountered distribution of projections it should be
possible to derive the corresponding point-spread function and
then, using either deconvolution or Fourier ﬁltration (with a
‘weighting function’), arrive at a good approximation of the
structure. This observation forms the basis of the weighted
backprojection algorithm (Section 2.5.6.5). Similarly, the central
section theorem gives rise to direct Fourier inversion algorithms
(Section 2.5.6.6). Nevertheless, since the data are discrete, the
most straightforward methodology is to discretize and approach
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