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2. RECIPROCAL SPACE IN CRYSTAL-STRUCTURE DETERMINATION
Table 2.5.2.1. Standard crystallographic and alternative crystallographic sign conventions for electron diffraction
Standard

Alternative

Structure factors

exp½iðk  r  !tÞ
R
ðrÞ exp½þ2iðu  rÞ dr
R
ðrÞ ¼
ðuÞ exp½2iðu  rÞ du
P
VðhÞ ¼ ð1= Þ j fj ðhÞ expðþ2ih  rj Þ

exp½þiðk  r  !tÞ
R
ðrÞ exp½2iðu  rÞ dr
R
ðuÞ exp½þ2iðu  rÞ du
P
ð1= Þ j fj ðhÞ expð2ih  rj Þ

Free-space wave
Fourier transforming from real space to reciprocal space
Fourier transforming from reciprocal space to real space
Transmission function (real space)

exp½i’ðx; yÞz

exp½þi’ðx; yÞz

Phenomenological absorption

’ðrÞ  iðrÞ

’ðrÞ þ iðrÞ

Propagation function P(h) (reciprocal space) within the crystal

expð2ih zÞ
nþ1 ðhÞ

Iteration (reciprocal space)

¼½

n ðhÞ

expðþ2ih zÞ
 PðhÞ  QðhÞ

Unitarity test (for no absorption)

TðhÞ ¼ QðhÞ  Q ðhÞ ¼ ðhÞ

Propagation to the image plane-wave aberration function, where
ðUÞ ¼ fU 2 þ 12 Cs 3 U 4 , U 2 ¼ u2 þ v2 and f is positive for
overfocus

exp½iðUÞ

exp½iðUÞ

 ¼ electron interaction constant ¼ 2me=h2 ; m ¼ (relativistic) electron mass;  ¼ electron wavelength; e ¼ (magnitude of) electron charge; h ¼ Planck’s constant; k ¼ 2=; ¼ volume of
the unit cell; u ¼ continuous reciprocal-space vector, components u, v; h ¼ discrete reciprocal-space coordinate; ’ðx; yÞ ¼ crystal potential averaged along beam direction (positive); z ¼ slice
thickness; ðrÞ ¼ absorption potential [positive; typically  0:1’ðrÞ]; f ¼ defocus (deﬁned as negative for underfocus); Cs ¼ spherical aberration coefﬁcient; h ¼ excitation error relative to
the incident-beam direction and deﬁned as negative when the point h lies outside the Ewald sphere; fj ðhÞ ¼ atomic scattering factor for electrons, fe , related to the atomic scattering factor for
X-rays, fX , by the Mott formula fe ¼ ðe=U 2 ÞðZ  fX Þ. QðhÞ ¼ Fourier transform of periodic slice transmission function.

diffraction expression, equation (5.2.13.1), Chapter 5.2, by
assuming the Ewald sphere curvature to approach zero. Then the
scattering by a thin sample can be expressed by multiplying the
incoming wave amplitude by the transmission function

erating voltages due to relativistic effects (Watanabe et al., 1968),
but they give incorrect results for the small-thickness limit.
2.5.2.5. Kinematical diffraction formulae

qðxyÞ ¼ expfi’ðxyÞg;

ð2:5:2:16Þ

(1) Comparison with X-ray diffraction. The relations of realspace and reciprocal-space functions are analogous to those
for X-ray diffraction [see equations (2.5.2.2), (2.5.2.10) and
(2.5.2.15)]. For diffraction by crystals

R
where ’ðxyÞ ¼ ’ðrÞ dz is the projection of the potential distribution of the sample in the z direction, the direction of the
incident beam. The diffraction-pattern amplitudes are then given
by two-dimensional Fourier transform of (2.5.2.16).
This approximation is of particular value in relation to the
electron microscopy of thin crystals. The thickness for its validity
for 100 keV electrons is within the range 10 to 50 Å, depending
on the accuracy and spatial resolution involved, and increases
with accelerating voltage approximately as 1=2. In computational work, it provides the starting point for the multislice
method of dynamical diffraction calculations (IT C, 2004, Section
4.3.6.1).
(c) The two-beam approximation for dynamical diffraction of
electrons assumes that only two beams, the incident beam and
one diffracted beam (or two Bloch waves, each with two
component amplitudes), exist in the crystal. This approximation
has been adapted, notably by Hirsch et al. (1965), for use in the
electron microscopy of inorganic materials.
It forms a convenient basis for the study of defects in crystals
having small unit cells (metals, semiconductors etc.) and provides
good preliminary estimates for the determination of crystal
thicknesses and structure amplitudes for orientations well
removed from principal axes, and for electron energies up to 200–
500 keV, but it has decreasing validity, even for favourable cases,
for higher energies. It has been used in the past as an ‘extinction
correction’ for powder-pattern intensities (Vainshtein, 1956).
(d) The Bethe second approximation, proposed by Bethe
(1928) as a means for correcting the two-beam approximation for
the effects of weakly excited beams, replaces the Fourier coefﬁcients of potential by the ‘Bethe potentials’
Uh ¼ Vh  2k0 

X Vg  Vhg
g

2  k2g

:

’ðrÞ ¼

Z
Vh ¼
¼

Vh expf2ih  rg;

h

’ðrÞ expf2’ih  rg dr
1X

fi ðhÞ expf2ih  ri g;

ð2:5:2:18Þ
ð2:5:2:19Þ

i

where the integral of (2.5.2.18) and the summation of (2.5.2.19)
are taken over one unit cell of volume (see Dawson et al., 1974).
Important differences from the X-ray case arise because
(a) the wavelength is relatively small so that the Ewald-sphere
curvature is small in the reciprocal-space region of appreciable
scattering amplitude;
(b) the dimensions of the single-crystal regions giving appreciable scattering amplitudes are small so that the ‘shape transform’ regions of scattering power around the reciprocal-lattice
points are relatively large;
(c) the spread of wavelengths is small (105 or less, with no
white-radiation background) and the degree of collimation is
better (104 to 106) than for conventional X-ray sources.
As a consequence of these factors, single-crystal diffraction
patterns may show many simultaneous reﬂections, representing
almost-planar sections of reciprocal space, and may show ﬁne
structure or intensity variations reﬂecting the crystal dimensions
and shape.
(2) Kinematical diffraction-pattern intensities are calculated in
a manner analogous to that for X-rays except that
(a) no polarization factor is included because of the smallangle scattering conditions;
(b) integration over regions of scattering power around reciprocal-lattice points cannot be assumed unless appropriate
experimental conditions are ensured.
For a thin, ﬂat, lamellar crystal of thickness H, the observed
intensity is

ð2:5:2:17Þ

Use of these potentials has been shown to account well for the
deviations of powder-pattern intensities from the predictions of
two-beam theory (Horstmann & Meyer, 1965) and to predict
accurately the extinctions of Kikuchi lines at particular accelCopyright © 2010 International Union of Crystallography
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2.5. ELECTRON DIFFRACTION AND ELECTRON MICROSCOPY IN STRUCTURE DETERMINATION
Ih =I0 ¼ jðVh = Þðsin h HÞ=ðh Þj2 ;

(a) from plasmon and single-electron excitations, 0 is of the
order of 0.1 V0 and h , for h 6¼ 0, is negligibly small;
(b) from thermal diffuse scattering; h is of the order of 0.1 Vh
and decreasing more slowly than Vh with scattering angle.
Including absorption effects in (2.5.2.26) for the case h ¼ 0
gives

ð2:5:2:20Þ

where h is the excitation error for the h reﬂection and is the
unit-cell volume.
For a single-crystal diffraction pattern obtained by rotating a
crystal or from a uniformly bent crystal or for a mosaic crystal
with a uniform distribution of orientations, the intensity is
Ih ¼ I0

 2 jVh j2 Vc dh
;
42 2

I0 ¼ 12 expf0 Hg½cosh h H þ cosð2Vh HÞ;
Ih ¼ 12 expf0 Hg½cosh h H  cosð2Vh HÞ:

ð2:5:2:21Þ
The Borrmann effect is not very pronounced for electrons
because h  0, but can be important for the imaging of defects
in thick crystals (Hirsch et al., 1965; Hashimoto et al., 1961).
Attempts to obtain analytical solutions for the dynamical
diffraction equations for more than two beams have met with few
successes. There are some situations of high symmetry, with
incident beams in exact zone-axis orientations, for which the
many-beam solution can closely approach equivalent two- or
three-beam behaviour (Fukuhara, 1966). Explicit solutions for
the three-beam case, which displays some aspects of many-beam
character, have been obtained (Gjønnes & Høier, 1971; Hurley &
Moodie, 1980).

where Vc is the crystal volume and dh is the lattice-plane spacing.
For a polycrystalline sample of randomly oriented small crystals,
the intensity per unit length of the diffraction ring is
Ih ¼ I0

 2 jVh j2 Vc d2h Mh
;
82 2 L

ð2:5:2:22Þ

where Mh is the multiplicity factor for the h reﬂection and L is the
camera length, or the distance from the specimen to the detector
plane. The special cases of ‘oblique texture’ patterns from
powder patterns having preferred orientations are treated in IT C
(2004, Section 4.3.5).
(3) Two-beam dynamical diffraction formulae: complex
potentials including absorption. In the two-beam dynamical
diffraction approximation, the intensities of the directly transmitted and diffracted beams for transmission through a crystal of
thickness H, in the absence of absorption, are



2 1=2
2 1
2
2 Hð1 þ w Þ
I0 ¼ ð1 þ w Þ w þ cos
Ih ¼ ð1 þ w2 Þ1 sin2



2.5.2.6. Imaging with electrons
Electron optics. Electrons may be focused by use of axially
symmetric magnetic ﬁelds produced by electromagnetic lenses.
The focal length of such a lens used as a projector lens (focal
points outside the lens ﬁeld) is given by
fp1 ¼

ð2:5:2:23Þ

;

ð2:5:2:24Þ

h

is the extinction distance,
w¼

h h

h

Z1

Hz2 ðzÞ dz;

ð2:5:2:28Þ

1

where Wr is the relativistically corrected accelerating voltage and
Hz is the z component of the magnetic ﬁeld. An expression in
terms of experimental constants was given by Liebman (1955) as

h

where

e
8mWr

h

2 1=2

Hð1 þ w Þ

ð2:5:2:27Þ

¼ ð2jVh jÞ1 , and

¼  =ð2jVh jdh Þ;

1
A0 ðNIÞ2
¼
;
f Wr ðS þ DÞ

ð2:5:2:25Þ

where  is the deviation from the Bragg angle.
For the case that h ¼ 0, with the incident beam at the Bragg
angle, this reduces to the simple Pendellösung expression
Ih ¼ 1  I0 ¼ sin2 f2jVh jHg:

ð2:5:2:29Þ

where A0 is a constant, NI is the number of ampere turns of the
lens winding, S is the length of the gap between the magnet pole
pieces and D is the bore of the pole pieces.
Lenses of this type have irreducible aberrations, the most
important of which for the paraxial conditions of electron
microscopy is the third-order spherical aberration, coefﬁcient Cs ,
giving a variation of focal length of Cs 2 for a beam at an angle
to the axis. Chromatic aberration, coefﬁcient Cc , gives a spread of
focal lengths

ð2:5:2:26Þ

The effects on the elastic Bragg scattering amplitudes of the
inelastic or diffuse scattering may be introduced by adding an
out-of-phase component to the structure amplitudes, so that for a
centrosymmetric crystal, Vh becomes complex by addition of an
imaginary component. Alternatively, an absorption function ðrÞ,
having Fourier coefﬁcients h, may be postulated so that Vh is
replaced by Vh þ ih. The h are known as phenomenological
absorption coefﬁcients and their validity in many-beam diffraction has been demonstrated by, for example, Rez (1978).
The magnitudes h depend on the nature of the experiment
and the extent to which the various inelastically or diffusely
scattered electrons are included in the measurements being
made. If measurements are made of purely elastic scattering
intensities for Bragg reﬂections or of image intensity variations
due to the interaction of the sharp Bragg reﬂections only, the
main contributions to the absorption coefﬁcients are as follows
(Radi, 1970):



W0
I
þ2
f ¼ Cc
I
W0


ð2:5:2:30Þ

for variations W0 and I of the accelerating voltage and lens
currents, respectively.
The objective lens of an electron microscope is the critical lens
for the determination of image resolution and contrast. The
action of this lens in a conventional transmission electron
microscope (TEM) is described by use of the Abbe theory for
coherent incident illumination transmitted through the object to
produce a wavefunction 0 ðxyÞ (see Fig. 2.5.2.2).
The amplitude distribution in the back focal plane of the
objective lens is written
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