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3.5. Extensions of the Ewald method for Coulomb interactions in crystals
By T. A. Darden

crystallization, the lowest-free-energy polymorph at given
temperature and pressure may not be the likeliest to form. The
kinetics of growth of microcrystals may largely determine which
low-energy polymorph appears (Dunitz, 2003). However, it is
generally agreed that accurate calculation of the relative free
energy of polymorphs is a prerequisite for predicting crystal
structures.
To assess progress towards solving this latter problem, a series
of blind tests of crystal-structure prediction has been undertaken
(Day, Motherwell, Ammon et al., 2005). The results of these tests
have highlighted the need for continued improvements in
sampling methods and intermolecular energy potentials. Since
extensive sampling of the crystal-structure parameters is necessary [between 104 and 105 starting structures, each followed by
parameter minimizations (Price & Price, 2005)], there is a tradeoff in the computational cost versus accuracy of the intermolecular energy functions used. Calculating the work of transforming between polymorphs is yet more ambitious in terms of
sampling. Consequently empirical force ﬁelds are likely to be
needed for the near term at least.
In the remainder of the introduction we outline some of the
approaches to empirical potentials used in the calculation of the
lattice energy, and then, motivated by these developments,
discuss techniques for efﬁcient summation of the electrostatic
and other slow-decaying interaction terms that occur in these
potential functions.
Methodological developments in the intermolecular force
ﬁelds used in crystal-structure prediction from early times to the
present state of the art have been reviewed (Price & Price, 2005).
Until recently, these force ﬁelds were made up of atom–atom
interactions. The earliest involved only repulsion and dispersion,
usually in the ‘exp-6’ form

3.5.1. Introduction
High-precision single-crystal X-ray structural analysis of small
organic molecules, yielding the space group, the unit-cell parameters and the fractional coordinates of the atoms making up the
molecule(s) in the asymmetric unit, has become a routine matter
as long as crystals of sufﬁcient quality can be obtained. The
thermodynamic stability of the crystal, as described by the
enthalpy of sublimation Hsub , can also be determined experimentally (although not always to high precision). Theoretical
models for calculating intermolecular interaction energies can be
used to connect the crystal structure to the molar enthalpy of
sublimation using the relationship
Hsub ð0 KÞ ¼ Elattice ;
where the lattice or packing energy Elattice is the total (molar)
intermolecular interaction energy between all the molecules in
the crystal, which are treated as rigid entities with zero-point
energies of intra- and intermolecular vibrations neglected.
Connection to experimentally accessible heats of sublimation at
higher temperatures involves thermodynamic corrections.
Methods for calculating thermodynamic quantities of solids are
discussed in Gavezzotti (2002a) and (in more detail) in Frenkel &
Smit (2002).
Thus, given a parameterized intermolecular potential-energy
function, or if computationally affordable a ﬁrst-principles
approach such as density-functional theory (or preferably, when
it becomes feasible for crystals, a good-quality post-Hartree–Fock
potential-energy surface that describes dispersion interactions),
one can sum the intermolecular energies to obtain the lattice
energy as a function of the above parameters deﬁning the crystal
structure. If such an energy function is used together with a
method for systematic search of the crystal-structure parameters,
one could in principle predict the minimum-lattice-energy crystal
structure for a rigid organic molecule. To extend this approach to
ﬂexible molecules one would need to minimize the sum of the
intramolecular energy plus the lattice energy. If the experimental
crystal structure corresponds to the thermodynamic minimumenergy structure (i.e. it is not a metastable state determined by
crystal-growth kinetics), one could in principle predict the
experimental crystal structure of an organic compound through
this minimization protocol. Moreover, one could ideally predict
the additional metastable forms of the crystal.
Prediction of the structure of crystals of an organic molecule
from its molecular structure is a difﬁcult problem that has been
compared to the protein folding problem (Dunitz, 2003; Dunitz &
Scheraga, 2004). Like the protein folding problem, a solution of
the crystal prediction problem has signiﬁcant practical ramiﬁcations. A compound is often polymorphic, that is it has more than
one crystal structure, and it may be difﬁcult to characterize the
conditions under which a particular crystal structure is formed
(Dunitz & Bernstein, 1995). Polymorphs may have very different
physical properties. An obvious example is diamond versus
graphite, but other commercially important examples include
food additives, various solid forms of explosives and the bioavailability of various forms of a drug such as ritonavir (Chemburkar et al., 2000). A method for predicting the possible crystal
structures of the compound, and ideally for predicting the
dominant crystal structure given the experimental conditions,
would thus be very valuable. Note that due to the subtleties of
Copyright © 2010 International Union of Crystallography
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where UMN denotes the intermolecular potential energy between
molecules M and N and rij is the distance between atoms i 2 M
and j 2 N. Sometimes the exponential form in the above equation is replaced by a simpler power law, as in the Lennard–Jones
potential. As was pointed out by Dunitz (2003), in comparison
with more sophisticated force ﬁelds, this repulsion–dispersion
form readily allows analysis of the signiﬁcance of particular
atom–atom interactions, since the interactions are short-ranged
and thus can be localized. That is, the r6 form of the attractive
dispersion energy means that interaction energies are halved for
every 12% increase in distance. In contrast, introduction of longrange Coulombic interactions not only entails subtleties in lattice
summation (the subject of this contribution), but greatly
complicates the assignment of ‘key’ atom–atom interactions.
Gavezzotti and Fillipini systematically explored the use of the
exp-6 potential in ﬁtting organic crystal structures with and
without hydrogen-bond interactions (Gavezzotti & Fillipini,
1994). They were surprisingly successful in accounting for weak
hydrogen bonding in this way, but selective use of point charges
improved the directionality of the potential. Earlier, Williams
derived exp-6 parameters for the atoms C, H, N, O, Cl, F and
polar H for use in organic crystal structures, but found it necessary (Williams & Cox, 1984) to supplement these with selected
point charges, both atomic and at off-atom sites. Price and
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co-workers have used a more sophisticated electrostatic model
based on distributed multipole analysis (DMA) with multipoles
up to hexadecapole order positioned at atom centres (Stone,
1996). A similar approach has been adopted by Mooji et al., with
the addition of dipole polarizabilities to account for intermolecular induction energy (Mooji et al., 1999). The AMOEBA
force ﬁeld has similar capabilities (Ren & Ponder, 2003).
Recently, a systematic study (Day et al., 2004; Day, Motherwell
& Jones, 2005) of the effect of the electrostatic model on crystalstructure prediction for rigid organic molecules was carried out.
The exp-6 parameters from the W99 force ﬁeld (Williams, 2001)
were used in conjunction with point charges derived either from a
bond-increment model or electrostatic potential (ESP) ﬁt, or with
a DMA model as used by Price and co-workers. Importantly, they
found a systematic and signiﬁcant improvement in prediction
success going from the simple bond-increment model to the ESP
charges to point multipoles. Similar results were found by
Broderson et al. (2003). This is a positive indicator for the use of
theory in attacking this difﬁcult prediction problem. On the other
hand, Broderson et al. found that more sophisticated electrostatic
models did not help in predicting the packing of ﬂexible molecules. As discussed by Price & Price (2005), crystal-packing
energies of ﬂexible molecules are more problematic for at least
two reasons. First the intramolecular energy must be fully
compatible with the intermolecular energy in order that energy
deformation from the gas-phase minimum be on the same scale
as the concomitant gain in packing energy. Secondly, the
conformational dependence of the electrostatic model must be
accurately accounted for, or any gains from a more sophisticated
model are immediately negated. Existing force ﬁelds are unable
to meet these challenges, which may explain the lower success
rate for predicting crystal structures of ﬂexible molecules. Price
has developed a methodology for ﬂexible molecules wherein
intramolecular conformations are systematically explored. For
each conformer studied, the gas-phase intramolecular energy and
DMA electrostatic model are calculated using quantum-chemical
methods. The optimal packing of that conformer is then obtained
by treating it as a rigid molecule, and the resulting minimum
lattice energy is added to its intramolecular energy to give its
total energy. The total energy for that conformer is then
compared with that of the other conformers to predict the
optimal conformation and packing of the ﬂexible molecule. This
approach has proved successful in a number of cases, for example
with the successful prediction of a novel second polymorph of
1-hydroxy-7-azabenzotriazole (Nowell et al., 2006).
The above electrostatic models are all derived from gas-phase
quantum-chemical calculations. A different line of development
has been the parameterization of electrostatic models from
condensed-phase experimental or theoretical electron densities,
which should better represent the polarization due to the crystal
environment. This is accomplished using aspherical multipole
reﬁnement of experimental X-ray charge densities (Destro et al.,
2000) or of theoretical charge densities from quantum-chemical
calculations carried out under the space-group symmetry (Dovesi
et al., 2005). Crystal structure analysis is usually carried out
assuming the independent-atom model (IAM), where the individual atomic densities are modelled as those of the spherically
symmetric isolated atoms, with deviations in the experimental
density being ﬁtted to anisotropic temperature factors modelling
the thermal motion of the nuclei. However, the IAM breaks
down for data of sufﬁciently high quality, and the residual or
deformation density is then ﬁtted by a linear combination of
atom-centred density basis elements resembling the well known
Slater atomic basis sets from quantum chemistry (i.e. solid
harmonics times a decaying exponential in the distance r from the
atom). Technical details are provided in Coppens (1997) and
Chapter 1.2 of this volume. The theoretical density can be similarly approached as a sum of pro-molecule density (superposition
of isolated atomic densities in the molecular geometry) plus

deformation density modelled by a sum of atomic Slater-like
density elements. Until recently, the theoretical densities were
thought to be of lower quality than the experimental densities,
but continued improvements in the level of theory that can be
applied have resulted in much closer agreement (Coppens &
Volkov, 2004). Coppens and co-workers as well as others
(Spackman et al., 1988) have applied these modelled densities in
studies of intermolecular electrostatic energies. The Slater-like
functions are typically difﬁcult to work with in this context, so
multipole approximations are used except at close range, where
numerical integration is used instead (Volkov et al., 2004).
A similar density-based approach using gas-phase theoretical
density was developed previously (Gavezzotti, 2002b). Gavezzotti splits the density into numerical ‘pixels’ (small cubes of
volume) within which the density is considered constant, allowing
in principle exact numerical calculation of intermolecular electrostatic interactions. He sums the pixel–pixel interactions
discretely, using a hierarchical approach to increase efﬁciency.
The electrostatic interactions are supplemented by induction and
repulsion terms, also modelled by pixel-based interactions. These
developments, in particular the large size of the positive and
negative components of the electrostatic interactions treated in
terms of actual electron density, have caused a reassessment of
the idea that intermolecular interactions can be accurately
decomposed even in principle into localized atom–atom interactions (Dunitz & Gavezzotti, 2005).
Cisneros et al. have also begun implementing an intermolecular potential based on the explicit modelling of gas-phase
theoretical electron density, using the methodology of auxiliary
basis set ﬁtting (Cisneros et al., 2005). The density is expanded
into atom and off-atom sites using Gaussian density functions
similar to those used as atomic basis sets in quantum chemical
codes. More recently, other components of the potential such as
induction, charge transfer and non-isotropic site–site repulsion
based on density overlap have been implemented (Piquemal et
al., 2006) and efﬁcient calculation of terms in periodic boundary
conditions has also been implemented (Cisneros et al., 2006),
generalizing previous developments for point multipoles (Sagui
et al., 2004).
Summarizing the above developments, it appears that accurate
evaluation of crystal lattice energies necessitates the use of
complex electrostatic interactions beyond the spherical-atom
approximation, and ultimately including an account of penetration effects through explicit modelling of electron density. The
electrostatic lattice energies are differences between large positive and negative contributions that are long-ranged, necessitating an accurate treatment of their lattice summation.
Dispersion interactions, modelled by higher-order inverse powers
of distance, are short-ranged but their calculation can be greatly
accelerated through lattice-summation techniques.
Ewald summation in ideal inﬁnite crystals, for interactions that
depend on inverse powers of site–site distance, is covered in
Chapter 3.4 of this volume, where there is also a numerical
demonstration of the advantages of the Ewald approach over
direct numerical summation. In this contribution we focus on the
lattice-summation problem for large but ﬁnite crystals, highlighting the role of summation order and leading to a derivation
of the surface term and polarization response. We also consider
extensions to Coulombic interactions between Gaussian density
elements, both spherical and Hermite (multipolar), and methods
to further accelerate the lattice summation to (almost) linear
scaling.
These developments are organized into three sections. The ﬁrst
section treats lattice summation of point charges. We begin with
deﬁnitions and an explanation of the origin of the conditional
convergence problem for these sums, anticipating the nature of
the results to follow. Following that we provide for the beneﬁt of
less mathematically oriented readers the standard physics-based
derivation of the Ewald sum for point charges, minus any
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accounting for the order of convergence or resulting surface
term. This is followed by a more careful derivation focused on the
order of summation, including results for higher-order inverse
powers as well as the Coulomb interactions, ﬁnishing with a
discussion of the surface term, the polarization response to an
external dielectric and the pressure calculation. Although pitched
at a higher mathematical level, we have tried to provide many
details in the derivations unavailable elsewhere for the beneﬁt of
the reader. The alert reader will note that the key identity,
equation (3.5.2.19), that separates 1/r n into short-ranged and
long-ranged components, is the same as that used Chapter 3.4 of
this volume, highlighting the essential similarity of our approach.
In the second section we generalize these point-charge results to
lattice sums of interacting spherical Gaussian and Hermite
Gaussian-based densities. The third and ﬁnal section provides a
discussion of two methods that greatly increase the numerical
efﬁciency of these lattice sums in the case of large unit cells by
utilizing the fast Fourier transform. Again we have tried to
provide mathematical details not available elsewhere.

C¼

[

Un :

n

A point charge qi in U at position ri interacts with other unitcell charges qj ; j 6¼ i at positions rj as well as with all of their
periodic images qjn at positions rjn ¼ rj þ n for all lattice vectors
n. It also interacts with its own periodic images qin at rin for all
nonzero lattice vectors n, that is all n ¼ n1 a1 þ n2 a2 þ n3 a3 with
ðn1 ; n2 ; n3 Þ 6¼ ð0; 0; 0Þ. Suppose the unit cell U is made up of N
point charges q1 ; . . . ; qN at positions r1 ; . . . ; rN. Then the electrostatic energy of U, given by the sum of the Coulombic interactions of charges in U with each other and with the rest of C, is
written as

EðrfNg Þ ¼ Eðr1 ; . . . ; rN Þ
N X
N
X0 X
¼ 12
n

i¼1 j¼1

qi qj
;
jri  rj  nj

ð3:5:2:3Þ

3.5.2. Lattice sums of point charges
We begin by discussing an idealized inﬁnite crystal C, made up of
point charges.

where here and below rfNg denotes the set of points fr1 ; . . . ; rN g
and where the outer sum on the right is over the general lattice
vectors n, the prime indicating that terms with i = j and n = 0 are
omitted. The treatment of this inﬁnite sum requires some care.
The
PN energy diverges unless the unit cell is neutral (i.e. unless
i¼1 qi ¼ 0). When U is neutral, the sum, if carried out in a naive
fashion, can still converge quite slowly (see Chapter 3.4). In
addition, the convergence is conditional, that is the resulting
energy can vary depending on the order in which the sum is
carried out! To better understand these phenomena, it is helpful
to re-express the above energy. Let E(U, U) denote the Coulomb
interaction energy of U with itself and EðU; U n Þ; n 6¼ 0 the
Coulomb interaction energy of U with U n , that is

3.5.2.1. Basic quantities
The periodicity of an idealized crystal C is speciﬁed by lattice
basis vectors a1, a2 and a3 , which are linearly independent as
vectors and thus form a basis for the usual vector space of points
in three dimensions. The conjugate reciprocal vectors a are
deﬁned by the relations a  a ¼  (the Kronecker delta)
for ;  ¼ 1; 2; 3. Thus for example a1 is given by a1 =
ða2  a3 Þ=½a1  ða2  a3 Þ . General lattice vectors n are given by
integral combinations of the lattice basis vectors:
n ¼ n1 a1 þ n2 a2 þ n3 a3 ;

ð3:5:2:1Þ
EðU; UÞ ¼

where n1 ; n2 ; n3 are integers. General reciprocal-lattice vectors m
are given by integral combinations of the reciprocal-lattice basis
vectors:

X qi qj
jr  rj j
i<j i

and
m¼

m1 a1

þ

m2 a2

þ

m3 a3 :

ð3:5:2:2Þ
EðU; U n Þ ¼

An arbitrary point r in the crystal (r also denotes the vector
from the origin of coordinates to the point) is given by

N X
N
X
i¼1 j¼1

X X qi qj n
qi qj
¼
:
jri  rj  nj q 2U q 2U jri  rj n j
i

jn

n

r ¼ s1 a 1 þ s 2 a 2 þ s 3 a 3 ;
Then we can abbreviate equation (3.5.2.3) by
where s1 ; s2 ; s3 are the fractional coordinates of the point. From
the above equation and the deﬁning relations for the reciprocal
basis we see that s ¼ r  a for  ¼ 1; 2; 3. The unit cell U is the
set of points r with associated fractional coordinates s1 ; s2 ; s3
satisfying  12  s  12,  ¼ 1; 2; 3. The idealized inﬁnite crystal C
is generated by the union of all periodic translations of the unit
cell U, using the set of general lattice vectors n. A point charge q
at position r in U has periodic ‘image’ charges qn at positions
rn ¼ r þ n for all lattice vector n. The periodic image of U,
denoted U n , is given by the periodic images qn of all point charges
q in U. Thus, the crystal is made up of the union of images Un,
including U ¼ U 0 , or

EðrfNg Þ ¼ EðU; UÞ þ 12

P

EðU; U n Þ:

ð3:5:2:4Þ

n6¼0

Note that for large n (that is, n with large norm jnj) EðU; U n Þ can
be approximated by a Taylor expansion.
r denote the centroid
PLet
N
of points in U, given by r ¼ ð1=NÞ i¼1 ri , and let rn denote
the centroid of U n. Then, expanding in terms of ri  r ¼ ri
and rj n  rn ¼ rj  r ¼ rj (which are small compared to
r  rn ¼ n) we have
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