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3. DUAL BASES IN CRYSTALLOGRAPHIC COMPUTING
unit cell is described by a basis  of normalized Hermite Gaussians and a set of expansion points R1 ; . . . ; RN within U that are
repeated periodically in the crystal (for example, some of the
expansion points could be atomic nuclei). Let 1 ; . . . ; L be
positive Gaussian exponents (or inﬁnite, in the case of nuclear
charge or point charges or ideal multipoles) and let the charge
density about the expansion point Ri be given by
%i ðr; Ri ; Þ ¼

L P
P

Eself ð%i Þ is given by
Eself ð%i Þ ¼ lim

R!0

ci;l;tuv tuv ðr; l ; Ri Þ;

1 2

where 1=12 ¼ 1=l1 þ 1=l2 , and the unit-cell dipole components
are given by
Dx ¼
Dy ¼
Dz ¼

N
P
i¼1

ci;l;100 ;

qi Ry þ

N P
L
P

ci;l;010 ;

i¼1 l¼1

qi Rz þ

N P
L
P

ci;l;001 :

i¼1 l¼1

In the limit that all Gaussians are compact with l ! 1,
ES;K ð%fNg Þ reduces to the Coulomb energy of ideal multipoles
positioned at the expansion points.

ci;li ;ti ui vi

N XX
X
ð1Þðtj þuj þvj Þ cj;lj ;tj uj vj

3.5.4. Computational efﬁciency
The Ewald-sum methods discussed above lead to calculations
that are much faster than straightforward summation, as well as
clarifying the nature of the conditional convergence. However,
there are opportunities for further signiﬁcant speed-ups, which
we cover in this section. The computational cost of the Ewald
sum is dominated by the direct and reciprocal sum. We cover
these in turn.
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3.5.4.1. The direct sum
For all the cases discussed above – point charge, normalized
spherical Gaussians and the more complex densities made up of
sums over a basis of normalized Hermite Gaussians – the Ewald
direct sum involves terms like jR12  nj and in the Hermite case
partial derivatives with respect to the x, y and z components of
these terms. Given the efﬁciency opportunities in the reciprocal
sum to be discussed below, it is advantageous to choose an Ewald
parameter (referred to above as  in the point-charge case or 
for the compact–compact Gaussian or Hermite Gaussian interactions) so that direct-sum terms can be neglected past a ﬁxed
cutoff, i.e. when jR12  nj > RC . Given a ﬁxed Ewald parameter
, the cutoff may be ﬁxed independently of the unit-cell size. At
constant or near constant material density (number of atoms per
cubic ångstrom) this leads to ‘linear scaling’, i.e. the computational cost of the Ewald direct sum grows linearly with the unitcell volume or number of atoms in the unit cell U.
For the point-charge or normalized spherical Gaussian case,
the remaining issue is efﬁcient evaluation of the erfc function.
Various table lookup schemes have been advanced, as well as a
polynomial expression (Allen & Tildesley, 1987). Ewald
summation for ideal multipoles up to quadrupole have been
discussed by Smith (1982, 1998) and Aguado & Madden (2003),
using optimized combinations of terms to minimize the cost of
the direct sum. A more general scheme, covering higher-order
multipoles, was proposed by Sagui et al. (2004). In the latter
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where the structure factors Sl ðmÞ are given by
N X
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where, as above, for each i, l the coefﬁcients ci;l;tuv are nonzero for
a ﬁnite number of tuv. As above we can separate the exponents l
into compact and diffuse, i.e. l 2 C or l 2 D,
to whether
Paccording
L
l  2 or  < 2, respectively. Let qi ¼ l¼1 ci;l;000 denote the
net charge at the expansion point Ri .
We are interested in the Coulomb energy of charge densities
%i ðr; Ri ; Þ, i ¼ 1; . . . ; N, interacting with each other and their
periodic images at expansion points Ri þ n, n 2 ðS; KÞ for large
K. As above, the direct Coulomb interaction of %i ðr; Ri ; Þ with
itself is not permitted. This can be modiﬁed for more sophisticated treatments e.g. in the context of the Coulomb integrals in a
periodic density-functional-theory approach, but clearly a
nuclear charge cannot
PN interact with itself. The unit cell is assumed
to be neutral, i.e. i¼1 qi ¼ 0. Then, using equations (3.5.3.9) and
(3.5.3.10) we can write the Coulomb energy of %fNg = f%1 ; . . . ; %N g
within the spherical crystal as
ES;K ð%fNg Þ ¼ 12

ð1Þðt2 þu2 þv2 Þ
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scheme the McMurchie–Davidson recursion (McMurchie &
Davidson, 1978; Helgaker et al., 2000) was used to calculate the
higher-order derivatives of erfcð1=2 rÞ=r for the multipole–
multipole interaction tensor. This same approach was used by
Cisneros et al. (2006) to calculate the interaction tensor for
normalized Hermite Gaussian interactions. Although originally
formulated for Hermite Gaussian interactions, it applies to more
general partial derivative calculations. Let r = (x, y, z) be a point
in <3 with jrj ¼ r, and let g(r) be a smooth function of r. For
example, gðrÞ ¼ erfð1=2 rÞ=r. We are interested in the partial
derivatives with respect to x, y and z of g(r). Let R(0, 0, 0, 0) =
g(r), and for n > 0 let R(0, 0, 0, n) = (1/r)(d/dr)R(0, 0, 0, n  1).
For non-negative integers t, u, v, let Rðt; u; v; nÞ =
ð@=@xÞt ð@=@yÞu ð@=@zÞv Rð0; 0; 0; nÞ. Then we have the following
recursion:

PME, like the original PME algorithm (Darden et al., 1993),
formulates this problem as one of interpolation of the complex
exponentials appearing in the structure factor. This interpolation
process is very accurate at low frequency, i.e. for small jmj, and
becomes progressively less accurate as jmj grows. However, the
weight function expð2 m2 =Þ=m2 multiplying the structure
factor in the reciprocal sum severely damps the high-frequency
(large jmj) terms, thus preserving overall accuracy. In contrast,
the FFP method relies on the fact that expð2 m2 =Þ=m2 SðmÞ is
the Fourier transform of a superposition of normalized spherical
Gaussian charge distributions qj j , centred at rj , as discussed
above. This Fourier transform is approximated by the FFT of the
gridded charge density obtained by direct sampling of the
Gaussians onto the grid (similar to the use of the FFT in
macromolecular X-ray crystallography). Note that the smooth
PME method has been easily extended to the treatment of
London dispersion interactions, since these involve similar
structure factors with a different weight function gp ; p ¼ 6; 8; 10.
The extension is not so straightforward with the FFP approach.
However, as discussed below, the FFP approach has advantages
in the case of continuous charge density when more than one
Gaussian exponent is involved.
For the case of point charges, P3M methods based on leastsquares approximation of the exact Ewald reciprocal sum
gradient (Pollock & Glosli, 1996; Darden et al., 1997) can be
made more efﬁcient than the smooth PME method at the same
accuracy, despite requiring more FFTs (Deserno & Holm, 1998).
However, for the case of ideal multipoles or normalized Hermite
Gaussians, the number of such FFTs becomes prohibitive,
whereas the smooth PME, which relies on analytic differentiation
of B-splines, does not need more FFTs as the order of differentiation (t + u + v) in equation (3.5.3.12) grows.

Rðt þ 1; u; v; nÞ ¼ xRðt; u; v; n þ 1Þ þ tRðt  1; u; v; n þ 1Þ;
Rðt; u þ 1; v; nÞ ¼ yRðt; u; v; n þ 1Þ þ uRðt; u  1; v; n þ 1Þ;
Rðt; u; v þ 1; nÞ ¼ zRðt; u; v; n þ 1Þ þ vRðt; u; v  1; n þ 1Þ:
The proof of the last recursion depends on the fact that
@=@z ¼ ðz=rÞ@=@r and on Leibniz’ generalization
Pk  of the product
rule for differentiation, namely ðfgÞðkÞ ¼ j¼0 kj f ðjÞ gðkjÞ, and is
as follows:
Rðt; u; v þ 1; nÞ ¼ ð@=@xÞt ð@=@yÞu ð@=@zÞv ð@=@zÞRð0; 0; 0; nÞ
¼ ð@=@xÞt ð@=@yÞu ð@=@zÞv zð1=rÞ
 ðd=drÞRð0; 0; 0; nÞ
¼ ð@=@xÞt ð@=@yÞu ð@=@zÞv zRð0; 0; 0; n þ 1Þ
¼ ð@=@xÞt ð@=@yÞu ½zð@=@zÞv Rð0; 0; 0; n þ 1Þ

3.5.4.2.1. The smooth PME approach
We begin by re-expressing the complex exponentials appearing
in the structure factors in equations (3.5.2.14), (3.5.2.26) and
(3.5.3.12). Recall the form of m from equation (3.5.2.2), and let
M1 ; M2 ; M3 be positive integers of the scale of the unit-cell
dimensions. Then for r 2 U we can write

þ vð@=@zÞv1 Rð0; 0; 0; n þ 1Þ
¼ zRðt; u; v; n þ 1Þ þ vRðt; u; v  1; n þ 1Þ:
The other two recursions are proved similarly. To apply this to the
case gðrÞ ¼ erfð1=2 rÞ=r we recall from equation (3.5.3.4) that
ð2=1=2 ÞF0 ðx2 Þ ¼ erfðjxjÞ=jxj and that for the higher-order Boy’s
functions Fn ðxÞ, ðd=dxÞFn ðxÞ ¼ Fnþ1 ðxÞ. Efﬁcient evaluation of
the Boy’s functions is discussed by Helgaker et al. (2000).
Further economies for point multipoles can be achieved by
using symmetry. For example, it is only necessary to keep track of
six quadrupolar terms, with a similar reduction for Hermite
Gaussians. A general discussion, including rotation of multipoles
or Hermite Gaussians from local molecule frame to laboratory
frame, is provided in Sagui et al. (2004) as well as in Cisneros et al.
(2006).

m  r ¼ m1 a1  r þ m2 a2  r þ m3 a3  r
¼ z1 w1 þ z2 w2 þ z3 w3 ;

where w ¼ M a  r and z ¼ m =M ,  ¼ 1; 2; 3, and thus

expð2im  rÞ ¼ expð2iz1 w1 Þ expð2iz2 w2 Þ expð2iz3 w3 Þ:
3.5.4.2. Reciprocal-sum speed-ups: the smooth particle mesh
Ewald and fast Fourier Poisson methods
The smooth particle mesh Ewald (PME) (Essmann et al., 1995)
and fast Fourier Poisson (FFP) (York & Yang, 1994) methods
both rely on the three-dimensional fast Fourier transform
(3DFFT) for computational efﬁciency. In combination with the
above use of cutoffs in the direct sum, they lower the computational cost of the Ewald sum from OðN 3=2 Þ (Perram et al., 1988) to
O½N logðNÞ, where N is the number of particles and e.g. OðN 3=2 Þ
denotes a quantity such that OðN 3=2 Þ=N 3=2 remains bounded as
N ! 1. For the point-charge case, the key insight is that if the
point charges happen to be located on a regular grid, the structure factors [equation (3.5.2.14)] become discrete Fourier transforms and can be rapidly calculated using FFTs.
Like other variants of the original particle–particle particle–
mesh (P3M) method (Hockney & Eastwood, 1981), the smooth
PME method interpolates charge onto grid positions. The smooth

To motivate the smooth PME approach, suppose we can
approximate expð2izwÞ by some function gðw; zÞ of the form

gðw; zÞ ¼ ðzÞ

1
P

Bðw  kÞ expð2izkÞ;

ð3:5:4:1Þ

k¼1

where BðwÞ is a well behaved function with continuous derivatives as needed for the general structure factor in equation
(3.5.3.12). We ﬁrst examine the structure factor for point-charge
Ewald sums, deﬁned in equation (3.5.2.14). This can be
approximated as
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N
P

SðmÞ ¼

qj expð2iz1 w1j Þ expð2iz2 w2j Þ expð2iz3 w3j Þ

Ql ðk1 ; k2 ; k3 Þ ¼

j¼1

N X
X

t
1 
X
@
Bðw1j  k1  l1 M1 Þ
@w1j
l1 ¼1
t
1 
X
@
Bðw2j  k2  l2 M2 Þ

@w2j
l2 ¼1
t
1 
X
@

Bðw3j  k3  l3 M3 Þ:
@w3j
l ¼1

’ ðz1 Þðz2 Þðz3 Þ
1
1
1
N
P
P
P
P

qj Bðw1j  k1 ÞBðw2j  k2 Þ



k1 ¼1 k2 ¼1 k3 ¼1 j¼1

 Bðw3j  k3 Þ exp½2iðz1 k1 þ z2 k2 þ z3 k3 Þ
¼ ðz1 Þðz2 Þðz3 Þ
M
1 =2
P



M
2 =2
P

M
3 =2
P

Qðk1 ; k2 ; k3 Þ

3

k1 ¼ðM1 =2Þþ1 k2 ¼ðM2 =2Þþ1 k3 ¼ðM3 =2Þþ1

 

m1 k1 m2 k2 m3 k3
;
 exp 2i
þ
þ
M1
M2
M3

ð3:5:4:2Þ
In equation (3.5.4.2) we recognize the approximation to SðmÞ
as ðz1 Þðz2 Þðz3 Þ times the three-dimensional discrete Fourier
transform of Qðk1 ; k2 ; k3 Þ, which can be calculated rapidly by the
3DFFT. If the function B(w) has ﬁnite support then Qðk1 ; k2 ; k3 Þ
can be calculated rapidly [in order(N) time] as well. Similarly we
have the 3DFFT of Ql ðk1 ; k2 ; k3 Þ in equation (3.5.4.4). Thus the
efﬁcient calculation of structure factors depends on the approximation given in equation (3.5.4.1), which in turn rests on the
choice of B(w). The smooth PME relies on B-splines.

where Qðk1 ; k2 ; k3 Þ is given by
Qðk1 ; k2 ; k3 Þ ¼

N
P
j¼1

1
P

qj

Bðw1j  k1  l1 M1 Þ

l1 ¼1
1
P



dj;l;tuv

tuv

j¼1

Bðw2j  k2  l2 M2 Þ

l2 ¼1
1
P



Bðw3j  k3  l3 M3 Þ

3.5.4.2.1.1. Properties of B-splines
We proceed by deriving the facts needed about B-splines. The
B-splines of order n, Bn(w) are functions of a real variable
deﬁned as follows:

ð3:5:4:3Þ

l3 ¼1

and we have used the fact that exp½2im ðk þ M Þ=M  =
expð2im k =M Þ for  ¼ 1; 2; 3.
Next we turn to the general structure factors Sl ðmÞ from
equation (3.5.3.12). Deﬁne wj,  ¼ 1; 2; 3 as above for expansion
points Rj 2 U, and note that


B1 ðwÞ ¼

Bnþ1 ðwÞ ¼

j¼1


cj;l;tuv

tuv

@
@Rjx

t 

@
@Rjy

u 

@
@Rjz

¼

Bn ðw  vÞB1 ðvÞ dv:

We use the following properties of the B-splines:
(1) for n  1 and all w, 0  Bn ðwÞ and Bn ðwÞ ¼ 0 for w < 0 or
w > n;
P1
(2) for n  1 and all w, j¼1 Bn ðw  jÞ ¼ 1;
(3) for n  1; 0  w  n, Bn ðn  wÞ ¼ Bn ðwÞ;
(4) for n  2, 0  w  n, ðd=dwÞBn ðwÞ ¼ Bn1 ðwÞ 
Bn1 ðw  1Þ;
(5)
for
n  2,
0  w  n,
Bn ðwÞ ¼ ½wBn1 ðwÞ
+
ðn  wÞBn1 ðw  1Þ=ðn  1Þ.
The ﬁrst property to be established is clearly true for n = 1 and
if true for n, then in the above integral recursively deﬁning Bn+1 if
w < 0 or w > ðn þ 1Þ the integrand must be zero for 0  v  1, so
Bnþ1 ðwÞ ¼ 0. Thus it is true in general by mathematical induction.
The second property is also clearly
P1true for n = 1.
Assume
it
is
true
for
n.
Then
j¼1 Bnþ1 ðw  jÞ =
R 1 P1
R1
j¼1 Bn ðw  v  jÞB1 ðvÞ dv = 0 B1 ðvÞ dv ¼ 1. Thus it is
0½
true in general by mathematical induction.
Next we show symmetry: Bn ðn  wÞ ¼ Bn ðwÞ; 0  w  n.
Again this is clearly true for n = 1. Assuming it is true for n, we
have
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M
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X
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v
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if 0  w  1
if 1  w  2
otherwise

1

where b1 ; b2 ; b3 are constants depending on the reciprocal bases
a and on M ,  ¼ 1; 2; 3. Similar expansions hold for the other
partial derivatives. Thus we can approximate the general structure factor Sl ðmÞ by
N X
X

if 0  w  1
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ð3:5:4:4Þ

where dj;l;tuv are the transformed Hermite coefﬁcients obtained
from cj;l;tuv by change of variables, using b1 ; b2 ; b3 and where
Ql ðk1 ; k2 ; k3 Þ is given by
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Bnþ1 ðn þ 1  wÞ ¼

R1

3.5.4.2.1.2. B-spline approximation to trigonometric functions
Next we examine properties of the B-spline approximations to
the complex exponentials that appear in the structure factors. Let
gn ðw; zÞ be given by

Bn ðn þ 1  w  vÞB1 ðvÞ dv

0

¼

R1

Bn ½n þ 1  w  ð1  v0 ÞB1 ð1  v0 Þ dv0

0

¼

R1

¼

R1

0

0

1
P

gn ðw; zÞ ¼ n ðzÞ

0

Bn ½n  ðw  v ÞB1 ð1  v Þ dv

Bn ðw  jÞ expð2izjÞ:

ð3:5:4:5Þ

j¼1

0

Bn ðw  v0 ÞB1 ðv0 Þ dv0

The complex number n ðzÞ is chosen to optimize the approximation of expð2izwÞ by gn ðw; zÞ as shown below. It is convenient to ﬁrst study the properties of the function hn ðw; zÞ given by

0

¼ Bnþ1 ðwÞ;

hn ðw; zÞ ¼ expð2izwÞgn ðu; zÞ
1
P
¼ n ðzÞ
Bn ðw  jÞ exp½2izðw  jÞ;

where we substituted v ¼ ð1  v0 Þ in the second line above.
The fourth property is an efﬁcient recursion for the derivatives
of B-splines. It can be seen directly for n = 2 for w 6¼ 0; 1; or 2.
Assume it is true for n  2. Then for 0  w  n þ 1,
d
B ðwÞ ¼
dw nþ1

Z

1

0

Z

j¼1

which is an approximation to the constant one. From its deﬁnition
it is clear that hn ðw; zÞ is periodic in w with period one, i.e.
hn ðw þ 1; zÞ ¼ hn ðw; zÞ. Therefore it can be expanded in a
Fourier series:

d
B ðw  vÞB1 ðvÞ dv
dw n

1

¼

Bn1 ðw  vÞB1 ðvÞ dv
0

Z

hn ðw; zÞ ¼

1



1
P

cn ðk; zÞ expð2ikwÞ:

ð3:5:4:6Þ

k¼1

Bn1 ðw  1  vÞB1 ðvÞ dv
0

¼ Bn ðwÞ  Bn ðw  1Þ;

The Fourier coefﬁcients are given by
cn ðk; zÞ ¼

thus it is true in general by induction.
The ﬁnal property is an efﬁcient recursion for Bn ðwÞ. It can be
seen directly for n = 2. Assume it is true for n  2. Then for
0  w  n þ 1,
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¼ n ðzÞ

1
R1 P
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Z 1h
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þ
n1 0
dw n
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¼
n1 n
Z1
1
d
ðw  vÞ Bn ðw  vÞB1 ðvÞ dv

n1 0
dv
n
¼
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n1 n
1
½ðw  1ÞBn ðw  1Þ  wBn ðwÞ

n1
Z1
1
d
B ðw  vÞ ðw  vÞB1 ðvÞ dv
þ
n1 0 n
dv
nþ1w
w
Bn ðw  1Þ þ
B ðwÞ
¼
n1
n1 n
1
B ðwÞ;

n  1 nþ1

j¼1 0

 exp½2iðz þ kÞðw  jÞ du
R1
Bn ðvÞ exp½2iðz þ kÞv dv
¼ n ðzÞ
1

¼ n ðzÞ B^ n ðz þ kÞ;
where B^ n denotes the Fourier transform of Bn. Since Bn are
deﬁned recursively by convolutions, its Fourier transform is
obtained simply from that of B1 : B^ n ¼ ðB^ 1 Þn . Here we are using
the fact that if f,R g and h are related by convolution,
1
hðwÞ ¼ ðf ? gÞðwÞ ¼ 1 f ðw  vÞgðvÞ dv, then h^ ¼ f^ g^ . Since B^ 1
can be obtained by straightforward integration, we have
8
< n ðzÞ

n 
n
1  expð2izÞ
1
cn ðk; zÞ ¼
: n ðzÞ
2i
zþk

if z þ k ¼ 0
otherwise.

The original smooth PME method set n ðzÞ ¼ n ðzÞ, where
n ðzÞ was chosen to enforce interpolation: gn ðw; zÞ ¼ expð2izwÞ
or hn ðw; zÞ ¼ 1 for integer values of w. This was related to the socalled Euler spline, studied for more general complex-valued
interpolation problems by Schoenberg (1973). The special case of
interpolating the function expð2izwÞ is simpler, due to the
Fourier-series representation, allowing us to to derive necessary
properties in a self-contained way. From equations (3.5.4.6) and
the above expression for cn ðk; zÞ, noting that cn ðk; zÞ ¼ 0 for

where we have used property (4) in the third line and integration
by parts in the ﬁfth and sixth lines. The induction step follows by
moving the last term on the right-hand side over to the left side of
the equation.
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integral z with z þ k 6¼ 0, the interpolation condition can be
written

~n ðzÞ ¼ n ð0; zÞ



1
P

n2 ðk; zÞ;

k¼1

8

>
< n ðzÞ
n 1 
n
1¼ 
1  expð2izÞ X
1
>

ðzÞ
: n
2i
zþk
k¼1

z an integer
with n ðk; zÞ given in equation (3.5.4.8).
Thus we arrive at the least-squares optimal approximation
to expð2izuÞ by setting n ðzÞ ¼ ~n ðzÞn ðzÞ in equation
(3.5.4.5). The mean-square error due to this can be seen to be

otherwise.



Note that except for n ðzÞ, the expressions appearing in the
interpolation condition are periodic in z with period one. The
interpolation condition thus forces n ðzÞ to be periodic as well,
and so we focus attention on the range  12  z  12. If n  2 the
sum in the above interpolation condition is bounded, so in order
to be able to choose n ðzÞ to satisfy the
it
P1interpolation condition
n
is sufﬁcient to demonstrate that
k¼1 ½1=ðz þ kÞ 6¼ 0 for
 12  z  12. If n is even, the terms in this sum are all positive
so it is always possible to interpolate. If n is odd and z = 12
then the sum is zero, since ð1=zÞn þ ½1=ð1 þ zÞn ¼ 0,
½1=ð1 þ zÞn þ 1=ð2 þ zÞn ¼ 0 etc. Similarly the interpolation
condition fails for z = 12. However, for 0 < z < 12,
ð1=zÞn þ ½1=ð1 þ zÞn > 0, ½1=ð1 þ zÞn þ 1=ð2 þ zÞn > 0 etc.
Similarly for  12 < z < 0. Thus we can say that for n  2 and
 12 < z < 12 the interpolation condition holds, and in this case we
can write hn as
1
P

hn ðw; zÞ ¼

n ðk; zÞ expð2ikwÞ;

MSE ¼ 1 
¼

P

1
P

n2 ð0; zÞ

n2 ðk; zÞ

k¼1



1
P

n2 ðk; zÞ

n2 ðk; zÞ

k¼1

k6¼0

and thus the error in the approximation is seen to be small for
small jzj but increasing as jzj ! 12, as discussed above (the reciprocal Ewald weight term compensates for the increased error by
rapidly damping the larger jzj terms). For 0 < jzj < 12 the error
decreases to zero as the B-spline order n ! 1. The accuracy of
the PME is thus increased by raising the order of interpolation
and/or the grid size M1 ; M2 ; M3, which lowers jzj for a given m.
When derivatives with respect to w of gn ðw; zÞ are considered in
this latter representation, their effect is to effectively lower the
order of interpolation in the coefﬁcients n. Thus the order of
interpolation needs to be higher, the higher the order of differentiation considered.

ð3:5:4:7Þ

k¼1

3.5.4.2.2. The fast Fourier Poisson approach
The fast Fourier Poisson (FFP) method (York & Yang, 1994)
accelerates the calculation of the structure factors in equations
(3.5.2.14) and (3.5.3.12) in much the same way as FFT methods
accelerate structure-factor and density-map calculations in
macromolecular structure determination. Originally the method
was used to calculate structure factors appearing in Ewald sums
over point charges. It is easier to see the basic idea if we rewrite
the Ewald reciprocal sum from equation (3.5.2.15) as follows:

where

n ðk; zÞ ¼

1
zþk

n  X
n
1 
1
:
zþj
j¼1

ð3:5:4:8Þ

The interpolating gn ðw; zÞ is obtained from this hn by multiplying
by expð2izwÞ. Numerically, it is more convenient to use the
alternative expression from equation (3.5.4.5), with n ðzÞ given
by
"
n ðzÞ ¼

n
P

1 X expð2 m2 =Þ
SðmÞSðmÞ
2V m6¼0
m2
1 X 1 ~
¼
SðmÞS~ ðmÞ;
2V m6¼0 m2

Er ðrfNg Þ ¼

#1
Bn ðjÞ expð2izjÞ

:

j¼0

where the modiﬁed structure factor S~ ðmÞ is given by
Note
Pn

that due to the above results for hn ,
Bn ðjÞ expð2izjÞ 6¼ 0 if n  2 and  12 < z < 12.
Subsequent to the work by Essmann et al. (1995), we found
(Darden et al., 1997) that a more accurate approximation was
given by least-squares ﬁtting of expð2izwÞ by gn ðw; zÞ, or
equivalently 1 by hn ðw; zÞ. Thus, with hn given by equation
(3.5.4.7) we are looking for a complex number ~ ¼ ~n ðzÞ that
minimizes the mean-square error MSE, given by

S~ ðmÞ ¼ expð2 m2 =2Þ

j¼0

N
P

qj expð2im  rj Þ:

j¼1

We recognize S~ ðmÞ as the three-dimensional Fourier transform, evaluated at m, of a density ~ ðrÞ given by
~ ðrÞ ¼

R1
MSE ¼ ½1  ~hn ðw; zÞ½1  ~hn ðw; zÞ dw

N
P

qj 2 ðr  rj Þ;

j¼1

0

¼ 1  2Reð~Þn ð0; zÞ þ ½Reð~Þ2 þ Imð~Þ2 

1
P

where 2 is a normalized Gaussian with Gaussian exponent 2.
In turn we approximate this integral by a discrete Fourier
transform. As above let M1 ; M2 ; M3 be positive integers of the
scale of the unit-cell dimensions. Let v ¼ V=ðM1 M2 M3 Þ, where
V is the volume of the unit cell. Recall the lattice basis vectors a,
 ¼ 1; 2; 3. Given integers k1 ; k2 ; k3 deﬁne ~ 0 ðk1 ; k2 ; k3 Þ by
~ 0 ðk1 ; k2 ; k3 Þ ¼ ~ ½ðk1 =M1 Þa1 þ ðk2 =M2 Þa2 þ ðk3 =M3 Þa3 . Then we
can approximate the modiﬁed structure factor S~ ðmÞ by

n2 ðk; zÞ;

k¼1

where P
Reð~Þ and Imð~Þ denote the real and imaginary parts of ~.
1
Since k¼1 n2 ðk; zÞ > 0, it is clear that we can set Imð~Þ to
zero, that is, restrict ourselves to real ~. Then, minimizing over
real  we have

478

3.5. EXTENSIONS OF THE EWALD METHOD
M
2 =2
X

M
1 =2
X

S~ ðmÞ ’

M
3 =2
X

Table 3.5.4.1. Timing versus accuracy for smooth PME, FFP and regular
Ewald sum reciprocal-space approaches

Qðk1 ; k2 ; k3 Þ

(a) Time in seconds for A2 model density.

k1 ¼ðM1 =2Þþ1 k2 ¼ðM2 =2Þþ1 k3 ¼ðM3 =2Þþ1

 

mk
mk
mk
 exp 2i 1 1 þ 2 2 þ 3 3 ;
M1
M2
M3

RMS force error 103

where Qðk1 ; k2 ; k3 Þ is given by
1
P

Qðk1 ; k2 ; k3 Þ ¼

~ 0 ðk1 þ l1 M1 ; k2 þ l2 M2 ; k3 þ l3 M3 Þ  v:

Box size

PME

FFP

Ewald

PME

FFP

Ewald

64
128
256
512
1024

0.106
0.218
0.387
0.837
1.701

0.142
0.271
0.528
1.100
2.236

0.365
1.336
5.239
17.881
71.513

0.144
0.287
0.517
1.104
2.249

0.274
0.380
0.846
1.534
3.152

0.520
1.869
7.256
25.511
108.158

(b) Time in seconds for P1 model density

l1 ;l2 ;l3 ¼1

RMS force error 103

The FFP can be generalized to Hermite Gaussians by sampling
that density in place of the superposition of spherical Gaussians.
In equation (3.5.3.11) the term
ð1=2VÞ

P

ð1=m2 Þ expð2 m2 =2Þ

m6¼0

P

 expð2 m2 =2Þ

l2 2C

P
l1 2C

Box size

PME

FFP

Ewald

PME

FFP

Ewald

0.310
0.591
1.186
2.549
4.953

0.399
0.832
1.920
3.825
6.890

2.321
7.706
35.178
119.863
486.384

0.478
0.923
1.805
3.794
6.947

0.688
1.576
2.736
5.684
11.307

3.858
11.056
49.107
183.487
714.644

Sl1 ðmÞ

Sl2 ðmÞ

P P
¼

can be handled by the methods just outlined. However the term
P

P

ð1=m2 Þ

m6¼0

ðl1 ;l2 Þ62CC
2

expð2 m2 =l1 ÞSl1 ðmÞ

can present problems. The difﬁculty comes in the case when, for
example, l1 is compact but l2 is not. Then the combined Gaussian
weights are sufﬁciently damping to efﬁciently converge the series,
but it can be very inefﬁcient to directly sample the superposition
of Hermite Gaussians with a compact exponent. A similar
problem was faced by Fusti-Molnar & Pulay (2002). Their solution was to ﬁlter out high frequencies in the Fourier-transformed
compact densities and back transform them to obtain diffuse realspace densities. Instead, Cisneros et al. (2006) adjusted the
exponents of both the compact and diffuse Gaussians. Choose a 
such that if l is diffuse 1=l > 1=. For example, choose
 ¼ 1=ð4Þ. As before, deﬁne S~ l ðmÞ by S~ l ðmÞ ¼
expð2 m2 =l ÞSl ðmÞ, and S~ lþ ðmÞ; S~ l ðmÞ by



~Slþ ðMÞ ¼ exp 2 m2 1 þ 1 Sl ðmÞ
 4

 l

~Sl ðMÞ ¼ exp 2 m2 1  1 Sl ðmÞ:
l 4

Then, if l1 2 C and l2 2 D,

l1 2C l2 2D

P P
l1 2C l2 2D

P P

S~ l1  ðmÞS~ l2  ðmÞ expð2 m2 =2Þ;

i.e. the interaction between adjusted diffuse Gaussians can be
corrected efﬁciently in reciprocal space.
To test the efﬁciency of these reciprocal-space approaches, the
electrostatic energy and intermolecular forces were calculated for
a series of water boxes (64, 128, 256, 512 and 1024 water molecules) under periodic boundary conditions. Similar calculations
were performed by Cisneros et al. (2006). As in that paper, the
electron density of the water molecule was modelled by a ﬁve-site
expansion consisting of the oxygen, the two hydrogens and the
two bond midpoints, and using standard auxiliary basis functions,
denoted A2 and P1, from the density-functional literature. These
basis functions were obtained from the Environmental Molecular
Sciences Laboratory at Paciﬁc Northwest Laboratories (http://
www.emsl.pnl.gov/forms/basisform.html). The A2 basis set
expansion uses 21 Hermite primitives with 102 Hermite coefﬁcients per water molecule, resulting in a root-mean-square relative molecular force error of about 8% compared to 6-31G*
B3LYP intermolecular electrostatics (Cisneros et al., 2006). The
more complex P1 basis set expansion uses 38 Hermite primitives
with 200 Hermite coefﬁcients per water molecule, reducing the
relative molecular force error to about 2%. For each water box
the electrostatic energy and forces for the model A2 or P1
densities were calculated to a relative root-mean-square molecular force error of 103 or 104, compared to exact Ewald
summation of the respective model density.
The time to perform these calculations is given in Table 3.5.4.1.
Note that the times given here are considerably faster than those
reported in Figs. 13 and 14 of Cisneros et al. (2006). This is partly
due to the faster processor used here (3.6 GHz Intel Xeon versus
3.2 GHz Xeon used previously; Intel compiler with similar
options used in both cases) but mainly due to the more efﬁcient
algorithms described herein. Note that the PME and FFP timings
increase in an approximately linear fashion as a function of box
size whereas the Ewald sum timings behave quadratically. For
each method the timings are a continuous function of the
compact–diffuse separating exponent 2 described above in
Section 3.5.3.1, except when 2 equals a Gaussian exponent in
the model basis set. When this happens, a set of Hermite primitives change from compact to diffuse or vice versa and the relative

2

S~ l1 ðmÞS~ l2 ðmÞ ¼

S~ l1 ðmÞS~ l2 ðmÞ

l1 2D l2 2D

 expð m =l2 ÞSl2 ðmÞ

P P

RMS force error 104

64
128
256
512
1024

l1 2D l2 2D

ð1=2VÞ

RMS force error 104

S~ l1 þ ðmÞS~ l2  ðmÞ:

Thus instead of approximating S~ l ðmÞ by sampling the Gaussian
followed by applying the 3DFFT, they approximated S~ lþ ðmÞ or
S~ l ðmÞ. Note that with the above choice of , for any l 2 C,
lþ < 4 and for any l 2 D, l < 4. That is, all the modiﬁed
Gaussians can be sampled on a uniform grid. Finally, note that for
the diffuse–diffuse interactions
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balance of direct-sum or reciprocal-sum calculation changes
discontinuously. For the smooth PME calculations it was optimal
to choose the separating exponent at one of these boundaries.
This separating exponent value was then retained for the FFP
and Ewald calculations, although the FFP method could be made
slightly more efﬁcient by further varying this parameter, and the
Ewald summation could be considerably accelerated to an order
N3/2 method, where N is the number of water molecules, by
making the separating exponent a decreasing function of system
size. Neither of these optimizations would change the relative
efﬁciencies, however.
The error in the FFP for a given Gaussian exponent is
controlled by the size of the grid M1 ; M2 ; M3 as in the PME
method, and also by the completeness in the Gaussian sampling
(the cutoff in the tails of the Gaussian). Typically, for equivalent
accuracy, the FFP requires more extensive sampling onto grid
points than does the smooth PME. That is, each Gaussian centred
at an expansion point must be sampled over a considerably larger
set of points than the tensor product B-spline in equation
(3.5.4.3). The additional cost due to this has been ameliorated
somewhat by the Gaussian split Ewald approach (Shan et al.,
2005). Additionally, in rectangular unit cells fast Poisson solvers
such as multigrid (Beck, 2000; Sagui & Darden, 2001) can be
applied, which in principle should parallelize more efﬁciently
than the 3DFFT. Finally, although the smooth PME is typically
more efﬁcient for a single Gaussian exponent structure factor, the
FFP approach has the strong advantage that the various Gaussian
superpositions having possibly different exponents can be
sampled and then fast Fourier transformed together, whereas
they must be kept separate in the PME approach. Thus, as here
Cisneros et al. (2006) found that the smooth PME approach was
more efﬁcient for smaller auxiliary basis sets, whereas they found
that the FFP approach became more efﬁcient for large auxiliary
basis sets involving many different Gaussian exponents.
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