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4. DIFFUSE SCATTERING AND RELATED TOPICS
are discussed. The intensities IðHÞ of the Fibonacci chain decorated with point atoms are only a function of the perpendicularspace component of the diffraction vector. jFðHÞj and FðHÞ are
illustrated in Figs. 4.6.3.5 and 4.6.3.6 as a function of Hk and of
H? . The distribution of jFðHÞj as a function of their frequencies
clearly resembles a centric distribution, as can be expected from
the centrosymmetric 2D subunit cell. The shape of the distribution function depends on the radius Hmax of the limiting sphere in
reciprocal space. The number of weak reﬂections increases with
the square of Hmax, that of strong reﬂections only linearly (strong
reﬂections always have small H? components).
The weighted reciprocal space of the Fibonacci sequence
contains an inﬁnite number of Bragg reﬂections within a limited
region of the physical space. Contrary to the diffraction pattern
of a periodic structure consisting of point atoms on the lattice
nodes, the Bragg reﬂections show intensities depending on the
perpendicular-space components of their diffraction vectors.
The reciprocal space of a sequence generated from hyperatoms
with fractally shaped atomic surfaces (squared Fibonacci
sequence) is very similar to that of the Fibonacci sequence (Figs.
4.6.3.8 and 4.6.3.9). However, there are signiﬁcantly more weak
reﬂections in the diffraction pattern of the ‘fractal’ sequence,
caused by the geometric form factor.
4.6.3.3.1.5. Relationships between structure factors at symmetryrelated points of the Fourier image
The two possible point-symmetry groups in the 1D quasiperiodic case, K 1D ¼ 1 and K1D ¼ 1 , relate the structure factors
to
Fig. 4.6.3.8. The structure factors FðHÞ (below) and their magnitudes jFðHÞj
(above) of the squared Fibonacci chain decorated with equal point atoms are
shown as a function of the parallel-space component jHk j of the diffraction
vector. The short
distance is S ¼ 2:5 Å, all structure factors within
1
0  jHj  2:5 Å have been calculated and normalized to Fð00Þ ¼ 1.
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A 3D structure with 1D quasiperiodicity results from the stacking
of atomic layers with distances following a quasiperiodic
sequence. The point groups K3D describing the symmetry of such
structures result from the direct product K 3D ¼ K2D  K1D : K 2D
corresponds to one of the ten crystallographic 2D point groups,
K 1D can be f1g or f1; mg. Consequently, 18 3D point groups are
possible.
Since 1D quasiperiodic sequences can be described generically
as incommensurately modulated structures, their possible point
and space groups are equivalent to a subset of the ð3 þ 1ÞD
superspace groups for IMSs with satellite vectors of the type
ð00Þ, i.e. q ¼ c , for the quasiperiodic direction [001] (Janssen
et al., 2004).
From the scaling properties of the Fibonacci sequence, some
relationships between structure factors can be derived. Scaling
the physical-space structure by a factor  n , n 2 Z, corresponds to
a scaling of the perpendicular space by the inverse factor ðÞn .
For the scaling of the corresponding reciprocal subspaces, the
inverse factors compared to the direct spaces have to be applied.
The set of vectors r, deﬁning the vertices of a Fibonacci
sequence sðrÞ, multiplied by a factor  coincides with a subset of
the vectors deﬁning the vertices of the original sequence (Fig.
4.6.3.10). The residual vertices correspond to a particular
decoration of the scaled sequence, i.e. the sequence  2 sðrÞ. The
Fourier transform of the sequence sðrÞ then can be written as the
sum of the Fourier transforms of the sequences sðrÞ and  2 sðrÞ;
P
Fig. 4.6.3.9. The structure factors FðHÞ (below) and their magnitudes jFðHÞj
(above) of the squared Fibonacci chain decorated with equal point atoms are
shown as a function of the perpendicular-space component jH? j of the
diffraction vector.
The short distance is S ¼ 2:5 Å, all structure factors within
1
0  jHj  2:5 Å have been calculated and normalized to Fð00Þ ¼ 1.
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k

expð2iH  rk Þ ¼

P
k

expð2iHrk Þ þ

P

exp½2iHð 2 rk þ Þ:

k

In terms of structure factors, this can be reformulated as
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4.6. RECIPROCAL-SPACE IMAGES OF APERIODIC CRYSTALS

Fig. 4.6.3.10. Part . . . LSLLSLSL . . . of a Fibonacci sequence sðrÞ before
and after scaling by the factor . L is mapped onto L, S onto S ¼ L. The
vertices of the new sequence are a subset of those of the original sequence
(the correspondence is indicated by dashed lines). The residual vertices
 2 sðrÞ, which give when decorating sðrÞ the Fibonacci sequence sðrÞ, form a
Fibonacci sequence scaled by a factor  2 .

FðHÞ ¼ FðHÞ þ expð2iHÞFð 2 HÞ:
Fig. 4.6.3.11. Scaling operations of the Fibonacci sequence. The scaling
operation S acts six times on the diffraction vector H ¼ ð42 Þ yielding the
sequence ð42 Þ ! ð2 2Þ ! ð20Þ ! ð02Þ ! ð22Þ ! ð24Þ ! ð46Þ.

Hence, phases of structure factors that are related by scaling
symmetry can be determined from each other.
Further scaling relationships in reciprocal space exist: scaling a
diffraction vector

H¼

h1 d1

þ

h2 d2

¼ h1 a
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with the matrix
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yielding eventually
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The scaling of the diffraction vectors H by Sn corresponds to a
hyperbolic rotation (Janner, 1992) with angle n’, where
sinh ’ ¼ 1=2 (Fig. 4.6.3.11):

D

;

D



increases the magnitudes of structure factors assigned to this
particular diffraction vector H,



 n   n1 

 

FðS HÞ > FðS HÞ > . . . > FðSHÞ > FðHÞ:
This is due to the shrinking of the perpendicular-space
component of the diffraction vector by powers of ðÞn while
expanding the parallel-space component by  n according to the
eigenvalues  and  1 of S acting in the two eigenspaces Vk and
V? :

0
1

0
1

2n 

1
cosh 2n’ sinh 2n’
¼
;
1
sinh 2n’ cosh 2n’

2nþ1 
sinh½ð2n þ 1Þ’ cosh½ð2n þ 1Þ’
1
¼
:
cosh½ð2n þ 1Þ’ sinh½ð2n þ 1Þ’
1

4.6.3.3.2. Decagonal phases
A structure quasiperiodic in two dimensions, periodic in the
third dimension and with decagonal diffraction symmetry is
called a decagonal phase. Its holohedral Laue symmetry group is
K ¼ 10=mmm. All reciprocal-space vectors H 2 M  can be
represented on a basis (V basis) ai ¼ ai ðcos 2i=5; sin 2i=5;
P5 0Þ;
i ¼ 1; . . . ; 4 and a5 ¼ a5 ð0; 0; 1Þ (Fig. 4.6.3.12) as H ¼ i¼1 hi ai .
The vector components refer to a Cartesian coordinate system in
physical (parallel) space. Thus, from the number of independent
reciprocal-basis vectors necessary to index the Bragg reﬂections
with integer numbers, the dimension of the embedding space has
to be at least ﬁve. This can also be shown in a different way
(Hermann, 1949).
The set M of all vectors H remains invariant under the action
of the symmetry operators of the point group 10=mmm. The
symmetry-adapted matrix representations for the point-group

k ðSHÞ ¼ ðh2 þ  ðh1 þ h2 ÞÞa ¼ ðh1 þ h2 ð þ 1ÞÞa
¼  ðh1 þ h2 Þa ;
? ðSHÞ ¼ ðh2 þ h1 þ h2 Þa ¼ ðh1  h2 ð  1ÞÞa
¼ ð1=Þðh1 þ h2 Þa ;
 n k   n1 k 

 

Fð H Þ > Fð H Þ > . . . > FðHk Þ > FðHk Þ:
Thus, for scaling n times we obtain
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