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5. DYNAMICAL THEORY AND ITS APPLICATIONS

Fig. 5.1.8.4. Interference at the origin of the Pendellösung fringes in the case
of an incident spherical wave. (a) Direct space; (b) reciprocal space.

where A ¼ 2ðo h Þ1=2 =ðL sin Þ and xo and xh are the distances
of p from the sides AB and AC of the Borrmann triangle (Fig.
5.1.8.4). The equal-intensity fringes are therefore located along
the locus of the points in the triangle for which the product of the
distances to the sides is constant, that is hyperbolas having AB
and AC as asymptotes (Fig. 5.1.8.4b). These fringes can be
observed on a section topograph of a wedge-shaped crystal (Fig.
5.1.8.5). The technique of section topography is described in IT C,
Section 2.7.2.2. The Pendellösung distance L depends on the
polarization state [see equation (5.1.3.8)]. If the incident wave is
unpolarized, one observes the superposition of the Pendellösung
fringes corresponding to the two states of polarization, parallel
and perpendicular to the plane of incidence. This results in a beat
effect, which is clearly visible in Fig. 5.1.8.5.

APPENDIX A5.1.1
Basic equations
A5.1.1.1. Dielectric susceptibility – classical derivation
Under the inﬂuence of the incident electromagnetic radiation,
the medium becomes polarized. The dielectric susceptibility,
which relates this polarization to the electric ﬁeld, thus characterizes the interaction of the medium and the electromagnetic
wave. The classical derivation of the dielectric susceptibility, ,
which is summarized here is only valid for a very high frequency
which is also far from an absorption edge. Let us consider an
electromagnetic wave,

Fig. 5.1.8.3. Intensity distribution along the base of the Borrmann triangle. y
is a normalized coordinate along BC. (a) Small values of t. The interference
(spherical-wave Pendellösung) between branch 1 and branch 2 is neglected.
(b) Large values of t.

between waveﬁelds belonging to different branches of the
dispersion surface.
Kato has shown that the intensity distribution at any point at
the base of the Borrmann triangle is proportional to
 
 2
Jo Aðxo xh Þ1=2 ;
Copyright © 2010 International Union of Crystallography

E ¼ Eo exp 2iðt  k  rÞ;
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It is related to the electric ﬁeld and electric displacement through
D ¼ "o E þ P ¼ "o ð1 þ ÞE:

(A5.1.1.1)

We ﬁnally obtain the expression of the dielectric susceptibility,
 ¼ e2 =ð42 "o 2 mÞ ¼ R 2 =;

(A5.1.1.2)

where R ¼ e2 =ð4"o mc2 Þ ð¼ 2:81794  1015 mÞ is the classical
radius of the electron.
A5.1.1.2. Maxwell’s equations
The electromagnetic ﬁeld is represented by two vectors, E and
B, which are the electric ﬁeld and the magnetic induction,
respectively. To describe the interaction of the ﬁeld with matter,
three other vectors must be taken into account, the electrical
current density, j, the electric displacement, D, and the magnetic
ﬁeld, H. The space and time derivatives of these vectors are
related in a continuous medium by Maxwell’s equations:
curl E ¼ @B=@t
curl H ¼ @D=@t þ j

Fig. 5.1.8.5. Spherical-wave Pendellösung fringes observed on a wedgeshaped crystal. (a) Computer simulation (solid lines: maxima; dashed lines:
minima). (b) X-ray section topograph of a wedge-shaped silicon crystal (444
reﬂection, Mo K radiation).

div D ¼ 
div B ¼ 0;

incident on a bound electron. The electron behaves as if it were
held by a spring with a linear restoring force and is an oscillator
with a resonant frequency o . The equation of its motion is
written in the following way:

(A5.1.1.3)

where  is the electric charge density.
The electric ﬁeld and the electric displacement on the one
hand, and the magnetic ﬁeld and the magnetic induction on the
other hand, are related by the so-called material relations, which
describe the reaction of the medium to the electromagnetic ﬁeld:

m d2 a=dt2 ¼ 42 2o ma ¼ F;
where the driving force F is due to the electric ﬁeld of the wave
and is equal to eE. The magnetic interaction is neglected here.
The solution of the equation of motion is

D ¼ "E
B ¼ H;

a ¼ eE=½42 mð2o  2 Þ:

where " and  are the dielectric constant and the magnetic
permeability, respectively.
These equations are complemented by the following boundary
conditions at the surface between two neighbouring media:

The resonant frequencies of the electrons in atoms are of the
order of the ultraviolet frequencies and are therefore much
smaller than X-ray frequencies. They can be neglected and the
expression of the amplitude of the electron reduces to
a ¼ eE=ð42 2 Þ:
The dipolar moment is therefore

ET1  ET2 ¼ 0

DN1  DN2 ¼ 0

HT1  HT2 ¼ 0

BN1  BN2 ¼ 0:

(A5.1.1.4)

From the second and the third equations of (A5.1.1.3), and
using the identity

M ¼ ea ¼ e2 E=ð42 2 mÞ:
div ðcurl yÞ ¼ 0;
von Laue assumes that the negative charge is distributed
continuously all over space and that the charge of a volume
element d is e d, where  is the electronic density. The
electric moment of the volume element is

it follows that
div j þ @=@t ¼ 0:

2

(A5.1.1.5)

2 2

dM ¼ e E d=ð4  mÞ:
The polarization is equal to the moment per unit volume:
A5.1.1.3. Propagation equation
In a vacuum,  and j are equal to zero, and the ﬁrst two
equations of (A5.1.1.3) can be written

P ¼ dM=d ¼ e2 E=ð42 2 mÞ:
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By replacing D with this expression in equation (A5.1.1.7), one
ﬁnally obtains the propagation equation (5.1.2.2) (Section
5.1.2.1).
In a crystalline medium,  is a triply periodic function of the
space coordinates and the solutions of this equation are given in
terms of Fourier series which can be interpreted as sums of
electromagnetic plane waves. Each of these waves is characterized by its wavevector, Kh , its electric displacement, Dh , its
electric ﬁeld, Eh , and its magnetic ﬁeld, Hh . It can be shown that,
as a consequence of the fact that div D ¼ 0 and div E 6¼ 0; Dh is
a transverse wave (Dh ; Hh and Kh and are mutually orthogonal)
while Eh is not. The electric displacement is therefore a more
suitable vector for describing the state of the ﬁeld inside the
crystal than the electric ﬁeld.

curl E ¼ 0 @E=@t
curl H ¼ "0 @H=@t;
where "0 and 0 are the dielectric constant and the magnetic
permeability of a vacuum, respectively.
By taking the curl of both sides of the second equation, it
follows that
curl curl E ¼ "0 0 @2 E=@t2 :
Using the identity curl curl E ¼ grad div E  E, the relation
"0 0 ¼ 1=c2 , where c is the velocity of light, and noting that
div E ¼ div D ¼ 0, one ﬁnally obtains the equation of propagation of an electromagnetic wave in a vacuum:
E ¼

1 @2 E
:
c2 @t2

A5.1.1.4. Poynting vector
The propagation direction of the energy of an electromagnetic
wave is given by that of the Poynting vector deﬁned by (see Born
& Wolf, 1983)

(A5.1.1.6)

S ¼ RðE ^ H Þ;

(A5.1.1.8)

Its simplest solution is a plane wave:
where Rð Þ means real part of ( ).
The intensity I of the radiation is equal to the energy crossing
unit area per second in the direction normal to that area. It is
given by the value of the Poynting vector averaged over a period
of time long compared with 1= :

E ¼ E0 exp 2iðt  k  rÞ;
of which the wavenumber k ¼ 1=
related by

and the frequency  are

I ¼ jSj ¼ c"jEj2 ¼ cjDj2 =":

k ¼ =c:
The basic properties of the electromagnetic ﬁeld are described,
for instance, in Born & Wolf (1983).
The propagation equation of X-rays in a crystalline medium is
derived following von Laue (1960). The interaction of X-rays
with charged particles is inversely proportional to the mass of the
particle and the interaction with the nuclei can be neglected. As a
ﬁrst approximation, it is also assumed that the magnetic interaction of X-rays with matter is neglected, and that the magnetic
permeability  can be taken as equal to the magnetic permeability of a vacuum, 0 . It is further assumed that the negative
and positive charges are both continuously distributed and
compensate each other in such a way that there is neutrality and
no current everywhere:  and j are equal to zero and div D is
therefore also equal to zero. The electric displacement is related
to the electric ﬁeld by (A5.1.1.1) and the electric part of the
interaction of X-rays with matter is expressed through the
dielectric susceptibility , which is given by (A5.1.1.2). This
quantity is proportional to the electron density and varies with
the space coordinates. It is therefore concluded that div E is
different from zero, as opposed to what happens in a vacuum. For
this reason, the propagation equation of X-rays in a crystalline
medium is expressed in terms of the electric displacement rather
than in terms of the electric ﬁeld. It is obtained by eliminating H,
B and E in Maxwell’s equations and taking into account the
above assumptions:
D þ curl curl D ¼

1 @2 E
:
c2 @t2
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isolé. Acta Cryst. A26, 647–654.
Authier, A., Lagomarsino, S. & Tanner, B. K. (1996). Editors. X-ray and
Neutron Dynamical Diffraction: Theory and Applications. NATO ASI
Series, Series B: Physics, Vol. 357. New York, London: Plenum Press.
Authier, A. & Malgrange, C. (1998). Diffraction physics. Acta Cryst. A54,
806–819.
Batterman, B. W. (1964). Effect of dynamical diffraction in X-ray
ﬂuorescence scattering. Phys. Rev. A, 133, 759–764.
Batterman, B. W. (1969). Detection of foreign atom sites by their X-ray
ﬂuorescence scattering. Phys. Rev. Lett. 22, 703–705.
Batterman, B. W. & Bilderback, D. H. (1991). X-ray monochromators
and mirrors. In Handbook on Synchrotron Radiation, Vol. 3, edited by
G. Brown & D. E. Moncton, pp. 105–153. Amsterdam: Elsevier Science
Publishers BV.
Batterman, B. W. & Cole, H. (1964). Dynamical diffraction of X-rays by
perfect crystals. Rev. Mod. Phys. 36, 681–717.

(A5.1.1.7)

Only coherent scattering is taken into account here, that is,
scattering without frequency change. The solution is therefore a
wave of the form
DðrÞ exp 2it:
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