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5.3. Dynamical theory of neutron diffraction
By M. Schlenker and J.-P. Guigay

energy, hence of velocity, close to the Maxwell distribution
characteristic of the temperature T of the moderator. Frequently
used moderators are liquid deuterium (D2, i.e. 2H2) at 25 K, heavy
water (D2O) at room temperature and graphite allowed to heat
up to 2400 K; the corresponding neutron distributions are termed
cold, thermal and hot, respectively.
The interaction of a neutron with an atom is usually described
in terms of scattering lengths or of scattering cross sections. The
main contribution corresponding to the nuclear interaction is
related to the strong force. The interaction with the magnetic
ﬁeld created by atoms with electronic magnetic moments is
comparable in magnitude to the nuclear term.

5.3.1. Introduction
Neutron and X-ray scattering are quite similar both in the
geometry of scattering and in the orders of magnitude of the basic
quantities. When the neutron spin is neglected, i.e. when dealing
with scattering by perfect nonmagnetic crystals, the formalism
and the results of the dynamical theory of X-ray scattering can be
very simply transferred to the case of neutrons (Section 5.3.2).
Additional features of the neutron case are related to the neutron
spin and appear in diffraction by magnetic crystals (Section
5.3.3). The low intensities available, coupled with the low
absorption of neutrons by most materials, make it both necessary
and possible to use large samples in standard diffraction work.
The effect of extinction in crystals that are neither small nor bad
enough to be amenable to the kinematical approximation is
therefore very important in the neutron case, and will be
discussed in Section 5.3.4 together with the effect of crystal
distortion. Additional possibilities arise in the neutron case
because the neutrons can be manipulated from outside through
applied ﬁelds (Section 5.3.5). Reasonably extensive tests of the
predictions of the dynamical theory of neutron diffraction have
been performed, with the handicap of the very low intensities of
neutron beams as compared with X-rays: these are described in
Section 5.3.6. Finally, the applications of the dynamical theory in
the neutron case, and in particular neutron interferometry, are
reviewed in Section 5.3.7.

5.3.2.2. Scattering lengths and refractive index
The elastic scattering amplitude for scattering vector s, f ðsÞ, is
deﬁned by the wave scattered by an object placed at the origin
when the incident plane wave is i ¼ A exp½iðk0  r  !tÞ,
written as
with k ¼ jk0 j ¼
s ¼ A½ f ðsÞ=r exp½iðkr  !tÞ
jk0 þ sj ¼ 2=. In the case of the strong-force interaction with
nuclei, the latter can be considered as point scatterers because
the interaction range is very small, hence the scattering amplitude
is isotropic (independent of the direction of s). It is also independent of  except in the vicinity of resonances. It is conventionally written as b so that most values of b, called the
scattering length, are positive. A table of experimentally
measured values of the scattering lengths b is given in IT C for
the elements in their natural form as well as for many individual
isotopes. It is apparent that the typical order of magnitude is the
fm (femtometre, i.e. 1015 m, or fermi), that there is no systematic
variation with atomic number and that different isotopes have
very different scattering lengths, including different signs. The
ﬁrst remark implies that scattering amplitudes of X-rays and of
neutrons have comparable magnitudes, because the characteristic
length for X-ray scattering (the scattering amplitude for forward
scattering by one free electron) is R ¼ 2:8 fm, the classical
electron radius. The second and third points explain the importance of neutrons in structural crystallography, in diffuse scattering and in small-angle scattering. Scattering of neutrons by
condensed matter implies the use of the bound scattering lengths,
as tabulated in IT C. The ‘free’ scattering length, used in some
presentations, is obtained by multiplying the bound scattering
lengths by A=ðA þ 1Þ, where A is the mass of the nucleus in
atomic units.
A description in terms of an interaction potential is possible
using the Fermi pseudo-potential, which in the case of the nuclear
interaction with a nucleus at r0 can be written as VðrÞ ¼
ðh2 =2mÞbðr  r0 Þ, where  denotes the three-dimensional Dirac
distribution.
Refraction of neutrons at an interface can be conveniently
described by assigning a refractive index to the material, such
that the wavenumber in the material, k, is related to that in a
vacuum, k0 , by k ¼ nk0. Here

5.3.2. Comparison between X-rays and neutrons with spin
neglected
5.3.2.1. The neutron and its interactions
An excellent introductory presentation of the production,
properties and scattering properties of neutrons is available
(Scherm & Fåk, 1993, and other papers in the same book). A
stimulating review on neutron optics, including diffraction by
perfect crystals, has been written by Klein & Werner (1983).
X-rays and neutrons are compared in terms of the basic quantities in Table 4.1.3.1 of IT C (2004), where Chapter 4.4 is devoted
to neutron techniques.
The neutron is a massive particle for which the values relevant
to diffraction are: no electric charge, rest mass m ¼
1:675  1027 kg, angular momentum eigenvalues along a given
direction h- =2 (spin 12) and a magnetic moment of 1.913
nuclear magneton, meaning that its component along a
quantization direction z can take eigenvalues z ¼
0:996  1026 A m2 . The de Broglie wavelength is  ¼ h=p
where h is Planck’s constant (h ¼ 2h- ¼ 6:625  1034 J s) and p
is the linear momentum; p ¼ mv in the nonrelativistic approximation, which always applies in the context of this chapter, v
being the neutron’s velocity. The neutron’s wavelength, , and
kinetic energy, Ec , are thus related by  ¼ h=ð2mEc Þ1=2, or,
in practical units,  ½Å ¼ 9:05=ðEc ½meVÞ1=2 . Thus, to be of
interest for diffraction by materials, neutrons should have kinetic
energies in the range 100 to 102 meV. In terms of the velocity,
 ½Å ¼ 3:956=ðv ½km s1 Þ.
Neutron beams are produced by nuclear reactors or by spallation sources, usually pulsed. In either case they initially have an
energy in the MeV range, and have to lose most of it before they
can be used. The moderation process involves inelastic interactions with materials. It results in statistical distributions of
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where the sum is over the nuclei contained in volume V.
PWith
typical values, n is very close to 1 and 1  n ¼ ð2 =2VÞ i bi is

654

5.3. DYNAMICAL THEORY OF NEUTRON DIFFRACTION
5

typically of the order of 10 . This small value, in the same range
as for X-rays, gives a feeling for the order of magnitude of key
quantities of the dynamical theory, in particular the Darwin width
2 as discussed in Chapter 5.1. It also makes
total external
P
reﬂection possible on materials for which i bi > 0: this is the
basis for the neutron guide tubes now installed in most research
reactors, as well as for reﬂectometry.
The notations prevailing in X-ray and in neutron crystallography are slightly different, and the correspondence is very
simple: X-ray atomic scattering factors and structure factors are
numbers. When multiplied by R, the classical electron radius, they
become entirely equivalent to the corresponding quantities in
neutron usage, which are lengths. It should be noted that the
presence of different isotopes and the effect of nuclear spin
(disordered except under very special conditions) give rise to
incoherent elastic neutron scattering, which has no equivalent
in the X-ray case. The scattering length corresponding to R
times the atomic scattering factor for X-rays is therefore the
coherent scattering length, bcoh , obtained by averaging the
scattering length over the nuclear spin state and isotope distribution.

There are also at least two additional aspects of neutron
scattering in comparison with X-ray scattering, apart from the
effect of the magnetic moment associated with the intrinsic (spin)
angular momentum of the neutron. On the one hand, the small
velocity of neutrons, compared with the velocity of light, makes
time-of-ﬂight measurements possible, both in standard neutron
diffraction and in investigations of perfect crystals. Because this
velocity is of the same order of magnitude as that of ultrasound,
the effect of ultrasonic excitation on neutron diffraction is slightly
different from that in the X-ray case. On the other hand, the fact
that neutrons have mass and a magnetic moment implies that
they can be affected by external ﬁelds, such as gravity and
magnetic ﬁelds, both during their propagation in air or in a
vacuum and while being diffracted within crystals (Werner, 1980)
(see Section 5.3.5). Experiments completely different from the
X-ray case can thus be performed with perfect crystals and with
neutron interferometers (see Sections 5.3.6 and 5.3.7.3).

5.3.2.5. Translating X-ray dynamical theory into the neutron case
As shown in Chapter 5.1, the basic equations of dynamical
theory, viz Maxwell’s equations for the X-ray case and the timeindependent Schrödinger equation in the neutron case, have
exactly the same form when the effect of the neutron spin can be
neglected, i.e. in situations that do not involve magnetism and
when no externally applied potential is taken into account. The
translation scheme for the scattering factors and structure factors
is described above. The one formal difference is that the wavefunction is scalar in the neutron case, hence there is no equivalent
to the parallel and perpendicular polarizations of the X-ray
situation: C in equation (5.1.2.20) of Chapter 5.1 should therefore
be set to 1.
The physics of neutron diffraction by perfect crystals is
therefore expected to be very similar to that of X-ray diffraction,
with the existence of waveﬁelds, Pendellösung effects, anomalous
transmission, intrinsic rocking-curve shapes and reﬂectivity
versus thickness behaviour in direct correspondence. All
experimental tests of these predictions conﬁrm this view (Section
5.3.6).
Basic discussions of dynamical neutron scattering are given by
Stassis & Oberteuffer (1974), Sears (1978), Rauch & Petrascheck
(1978) and Squires (1978).

5.3.2.3. Absorption
Neutron absorption is related to a nuclear reaction in which
the neutron combines with the absorbing nucleus to form a
compound nucleus, usually in a metastable state which then
decays. The scattering length describing this resonance scattering
process depends on the neutron energy and contains an
imaginary part associated with absorption in complete analogy
with the imaginary part of the dispersion correction for the X-ray
atomic scattering factors. The energies of the resonances are
usually far above those of interest for crystallography, and the
linear absorption coefﬁcient varies approximately as 1=v or .
It is important to note that, except for a very few cases (notably
3
He, 6Li, 10B, In, Cd, Gd), the absorption of neutrons is very small
compared with that of X-rays, and even more so compared
with that of electrons, and can be neglected to a ﬁrst approximation.

5.3.2.4. Differences between neutron and X-ray scattering
There are major differences in the experimental aspects of
neutron and X-ray scattering. Neutrons are only available in
large facilities, where allocation of beam time to users is made on
the basis of applications, and where admittance is restricted
because of the hazards which nuclear technology can present in
the hands of ill-intentioned users. Because of the radiation
shielding necessary, as well as the large size of neutron detectors,
neutron-scattering instrumentation is much bulkier than that for
X-rays. Neutron beams are in some aspects similar to synchrotron
radiation, in particular because in both cases the beams are
initially ‘white’ and for most applications have to be monochromated. There is, however, a huge difference in the order of
magnitudes of the intensities. Neutron beams are weak in
comparison with laboratory X-ray sources, and weaker by many
orders of magnitude than synchrotron radiation. Also, the beam
sources are large in the case of neutrons, since they are essentially
the moderators, whereas the source is very small in the case of
synchrotron radiation, and this difference again increases the
ratio of the brilliances in favour of X-rays. This encourages the
use of large specimens in all neutron-scattering work, and makes
the extinction problem more important than for X-rays.
Furthermore, many experiments that are quick using X-rays
become very slow, and give rise to impaired resolution, in the
neutron case.

5.3.3. Neutron spin, and diffraction by perfect magnetic crystals
5.3.3.1. Polarization of a neutron beam and the Larmor precession
in a uniform magnetic ﬁeld
A polarized neutron beam is represented by a two-component
spinor,
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which is the coherent superposition of two states, of different
amplitudes c and d, polarized in opposite directions along the
spin-quantization axis. The spinor components c and d are
generally space- and time-dependent. We suppose that h’j’i ¼
cc þ dd ¼ 1. The polarization vector P is deﬁned as
P ¼ h’jrj’i;

where the vector r represents the set of Pauli matrices x, y and
z . The components of P are
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