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6. INTERPRETATION OF DIFFRACTED INTENSITIES
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6:3:3:25 where the crystal volume is
hn x   h x f   n hn 1 xg=x:
Vs .
dA= d, required in calculating T for the extinction correcAn alternative method of calculating the scattering power of
each Howells polyhedron is based on a subdivision into slices. tion, can be obtained by differentiating Rs for each slice with
Within each polyhedron, the loci of constant absorption are respect to ,
P summing the derivatives for each slice, and
planes, equivalent to the dotted lines for the two-dimensional dividing by Vs . To reduce rounding errors in calculation, it
example in Fig. 6.3.3.3. The loci may be determined from the may be desirable to rescale the crystal dimensions so that the
path lengths of rays diffracted at each vertex of the polyhedron. path lengths are of the order of unity, multiplying the absorption
The sum of the path lengths in the incident and diffracted coef®cient by the inverse of the scale factor. Further details are
directions is found for each vertex, and the loci determined by given by Alcock, Pawley, Rourke & Levine (1972).
The number of component tetrahedra or slices, which
interpolation. The slices into which each polyhedron is divided
are bounded at the upper and lower faces by planes parallel to the determines the time and precision required for calculation, is a
loci of constant absorption, such that at least one vertex of the rapidly increasing function of the number of crystal faces. The
method may be computationally prohibitive for crystals with
polyhedron lies on those planes.
The volume of the slice is determined from the coordinates of complex shapes.
the vertices on each of the opposite faces. Dummy vertices are
inserted if necessary to make the number of vertices on the top 6.3.3.4. Gaussian integration
and bottom faces identical. For simplicity, an axis z is chosen
The integral in the transmission factor in equation (6.3.3.1)
perpendicular to the upper face. This locus of constant may be approximated by a sum over grid points spaced at
absorption with Nv vertices xi ; yi ; zi has an area
intervals through the crystal volume. It is usually convenient to
where the nth derivative of h x is
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The corresponding vertices on the lower face may be written
xi  qxi ; yi  qyi ; zi  qz, with q  1. The lower face has
an area
DL  1=2 E  qF  q2 G;

q  1;

orient the grid parallel to the crystallographic axes. The grid is
non-isometric, the points being chosen weighted by Gaussian
constants to minimize the difference between the weighted sum
at those points and the exact value
R b of the integral.
Thus, an integral such as a f y dy may be approximated
(Stroud & Secrest, 1966) by
Zb
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zU  E  F=2  G=3:

wi 
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The diffracting power of an element of the slice, allowing for
absorption, is D q exp T  dz, where T is the total path length
of the rays diffracted from this plane. Because of the de®nition of
the Howells polyhedron, the path length
T  TU  q TL

TU   TU  qT :
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Thus, the total diffracting power of the slice
Rs  1=2 zL zU  exp TU 
R1
 E  qF  q2 G exp qT  dq
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The transmission factor for the Howells polyhedron is obtained
by summing over the slices, and that for the whole crystal is
obtained by summing over the polyhedra, i.e.
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When applying this to the calculation of a transmission
coef®cient (Coppens, 1970), we commence with the a-axis
grid points xi selected such that
xi  xmin  xmax

xmin Xi ;
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where the Xi are the Gaussian constants.
For each xi , a line is drawn parallel to b and points are then
selected such that
yij  ymin xi   ymax xi 

ymin xi  Xj :
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The procedure is repeated for the c direction, yielding
zijk  zmin xi ; yj   zmax si ; yj 

zmin xi ; yj  Xk :
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To calculate the absorption corrections, the incident and
diffracted wavevectors are determined. For each grid point, the
sum Tijk of the path lengths for the incident and diffracted beams
is evaluated. The sum that approximates the transmission
coef®cient is then
P
A  1=V
wi wj wk exp Tijk :
6:3:3:39
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b

i1

Xi is the ith zero of the Legendre polynomial Pn X,

so that the volume of the slice is
Vs  1=2 zL

n
aX

b

i; j; k

6.3. X-RAY ABSORPTION
Gaussian constants are tabulated by Abramowitz & Stegun
(1964).
Alternative schemes based on Monte Carlo and threedimensional parabolic integration are described by de Graaff
(1973, 1977).
6.3.3.5. Empirical methods
Some crystals do not have regular faces, or cannot be
measured because these are obscured by the crystal mounting. If
corrections based on measurements of the crystal shape are not
feasible, absorption measurements may be estimated, either from
the intensities of the same re¯ection at different azimuthal angles
(see Subsection 6.3.3.6), or from measurements of equivalent
re¯ections, by empirical methods.
There are variants of the method related to differences in
experimental technique. The principles may be illustrated by
reference to the procedure for a four-circle diffractometer
(Flack, 1977).
Intensities Hm are measurements for a re¯ection S at the
angular positions m , 2, m , 'm . Corrected intensities Im are to
be derived from the measurements by means of a correction
factor Am such that
Im  Am Hm :
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It is assumed that the correction can be written in the form of a
rapidly converging Fourier series
1
P
aijkl cos i  j2  k  l'
Am 

where NS is the number of independent re¯ections. Equation
(6.3.3.42) may be expressed in the shorthand notation
P
Cp fpS ;
6:3:3:44
AS 
p0

where Cp is the coef®cient in a term such as accsc or bccss and fpS is
the corresponding geometrical function. Labelling the constant
geometrical term with a value of unity as f0 and rearranging leads
to
(
)
X
X
1 X

Cp fpS
fpS  1 
Cp gpS ;
AS  1 
NS S
p1
p1
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which de®nes gpS .
Equation (6.3.3.40) is now expressed as
P
Cp gpS ;
ImS  HmS  HmS
p1

in which the coef®cients Cp are to be chosen so that the values of
ImS for each S are as near equal as possible. Since the values
within each set will not be exactly equal, we rewrite (6.3.3.46)
as
P
Cp gpS ;
6:3:3:47
mS HmS  IS  HmS
p1

in
mean intensity IS and the Cp are chosen to minimize
Pwhich2 the
2
S;m wS mS , where
mS  ImS

i; j; k; l 1

 bijkl sin i

 j2  k  l':

6:3:3:41

The form of the geometrical terms may be simpli®ed by taking
advantage of the symmetry of the four-circle diffractometer.
If it is assumed that diffraction is invariant to reversal of the
incident and diffracted beams, the settings
; 2; ; ';
; 2; ;   ';
; 2;   ; ';
; 2;  ;   ';
  ; 2; ; ';   ; 2; ;   '; 
; 2;   ; ';

; 2;  ;   ' are equivalent. In shorthand notation,
the series (6.3.3.41) reduces to
P
acccc  accsc  asccc  ascsc  asssc  asscc
Am 
 acssc  acscc  bcccs  bccss  bsccs  bscss
 bssss  bsscs  bcsss  bcscs :
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The range of indices for some terms may be restricted by noting
other symmetries in the diffraction experiment. Thus, equation
(6.3.3.40) will de®ne the absorption correction for measurements of the incident-beam intensity, with
 2  0. Since
with this geometry the correction will be invariant to rotation
about the  axis, the coef®cients for the function involving
cos i  cos j2 must vanish if the  index, k, is non-zero. By
similar reasoning with the ' axis along the incident beam, one
may deduce that coef®cients for sin i  cos j2 sin k will
vanish unless l  0.
Because for a given re¯ection all measurements are made at
the same Bragg angle, the 2 dependence of the correction
cannot be determined by empirical methods. This factor in A is
obtained from the absorption correction for a spherical crystal of
equivalent radius.
Since an empirical absorption correction is de®ned only to
within a scale factor, the scale must be speci®ed by applying a
constraint such that
1 X 
A  1;
6:3:3:43
NS S S
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IS ;

and wS is the weight for that re¯ection.
If the equation to be solved
P
Cp gpS wS ImS
wS HmS ' wS Im 
p1
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is written in the shorthand form
D  FC;

6:3:3:50

in which D corresponds to wS HmS , the Im and Cp correspond to
C, with wS  and wS gpS HmS corresponding to F, the solution to
(6.3.3.50) can be determined from the normal equations
C  F T F 1 F T D;
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T

where F is the transpose of F. This procedure suffers from the
disadvantages of requiring a matrix inversion whenever the set of
trial functions (i.e. those multiplied by the coef®cients Cp ) is
modi®ed. The tedious inversion of the normal equations,
described by (6.3.3.51), may be replaced by a simple inversion
via the Gram±Schmidt orthogonalizing process, i.e. by
calculating a matrix W with mutually orthogonal columns W j
such that
W1  F1
Wj  Fj

j 1
P
k1

F j  W k W k =W 2k :
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The minimizing of D FC2 is replaced by minimizing
D WA2 . Differentiating with respect to aj yields
aj 

D  Wj
W 2j

:
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If equation (6.3.3.52) is written as
F  WB;
where the upper triangular matrix B is
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