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8.4. STATISTICAL SIGNIFICANCE TESTS
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[where Aij  @Mi x=@xj ] is a good one. Let R be the Cholesky
factor of W , so that W  RT R, and let Z  RA, y0  y y0 ,
y y0 . The least-squares estimate may then be
and b
y0  b
written
b
x  x0  ZT Z 1 ZT y0

we can derive a p.d.f. for t, which is
   1=2

 t;   p


=21 

1=2
t2 = 

:
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This p.d.f. is known as Student's t distribution with  degrees of
freedom. Setting t  b
l=b
l , the c.d.f. t;  can be used to test
the alternative hypotheses l  0 and l  1=2. Table 8.4.3.1
gives the values of t for which the c.d.f.
t;  has various
values for various values of . Fortran code for the program
from which this table was generated appears in Prince (1994).
Again, it must be understood that the results of these statistical
comparisons do not imply that either model is a correct one. A
statistical indication of a good ®t says only that, given the model,
the experimenter should not be surprised at having observed the
data values that were observed. It says nothing about whether the
model is plausible in terms of compatibility with the laws of
physics and chemistry. Nor does it rule out the existence of other
models that describe the data as well as or better than any of the
models tested.
8.4.4. In¯uence of individual data points
When the method of least squares, or any variant of it, is used to
re®ne a crystal structure, it is implicitly assumed that a model
with adjustable parameters makes an unbiased prediction of the
experimental observations for some (a priori unknown) set of
values of those parameters. The existence of any re¯ection
whose observed intensity is inconsistent with this assumption,
that is that it differs from the predicted value by an amount that
cannot be reconciled with the precision of the measurement,
must cause the model to be rejected, or at least modi®ed. In
making precise estimates of the values of the unknown
parameters, however, different re¯ections do not all carry the
same amount of information (Shoemaker, 1968; Prince &
Nicholson, 1985). For an obvious example, consider a spacegroup systematic absence. Except for possible effects of multiple
diffraction or twinning, any observed intensity at a position
corresponding to a systematic absence is proof that the screw
axis or glide plane is not present. If no intensity is observed for
any such re¯ection, however, any parameter values that conform
to the space group are equally acceptable. It is to be expected, on
the other hand, that some intensities will be extremely sensitive
to small changes in some parameter, and that careful measurement of those intensities will lead to correspondingly precise
estimates of the parameter values. For the purpose of precise
structure re®nement, it is useful to be able to identify the
in¯uential re¯ections.
Consider a vector of observations, y, and a model M x. The
elements of y de®ne an n-dimension space, and the model values,
Mi x, de®ne a p-dimensional subspace within it. The leastsquares solution [equation (8.1.2.7)],
T

1

T

b
x  A WA A W y

y0 ;
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is such that b
yM b
x is the closest point to y that corresponds to
some possible value of x. In (8.4.4.1), W  V 1 is the inverse of
the variance±covariance matrix for the joint p.d.f. of the
elements of y, and y0  M x0  is a point in the p-dimensional
subspace close enough to M b
x so that the linear approximation
M x  y0  A x

x0 
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and
b
x
y0  Z b
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x0   Z ZT Z 1 ZT y0 :
T
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T

Thus, the matrix P  Z Z ZZ , the projection matrix, is a
linear relation between the observed data values and the
corresponding calculated values. (Because b
y 0  Py0 , the matrix
P is frequently referred to in the statistical literature as the hat
matrix.) P 2  Z ZT Z 1 ZT Z ZT Z 1 ZT  Z ZT Z 1 ZT  P, so
that P is idempotent. P is an n  n positive semide®nite matrix
with rank p, and its eigenvalues are either 1 (p times) or 0 (n p
times). Its diagonal elements lie in the range 0  Pii  1, and the
trace of P is p, so that the average value of Pii is p=n.
Furthermore,
n
P
Pii  Pij2 :
8:4:4:5
j1

A diagonal element of P is a measure of the in¯uence that an
observation has on its own calculated value. If Pii is close to
one, the model is forced to ®t the ith data point, which puts a
constraint on the value of the corresponding function of the
parameters. A very small value of Pii , because of (8.4.4.5),
implies that all elements of the row must be small, and that
observation has little in¯uence on its own or any other
calculated value. Because it is a measure of in¯uence on the
®t, Pii is sometimes referred to as the leverage of the ith
observation. Note that, because ZT Z 1  V x , the variance±
covariance matrix for the elements of b
x, P is the variance±
covariance matrix for b
y, whose elements are functions of the
elements of b
x. A large value of Pii means that yi is poorly
de®ned by the elements of b
x, which implies in turn that some
elements of b
x must be precisely de®ned by a precise
measurement of y0i .
It is apparent that, in a real experiment, there will be
appreciable variation among observations in their leverage. It
can be shown (Fedorov, 1972; Prince & Nicholson, 1985) that
the observations with the greatest leverage also have the largest
effect on the volume of the p-dimensional con®dence region for
the parameter estimates. Because this volume is a rather gross
measure, however, it is useful to have a measure of the in¯uence
of individual observations on individual parameters. Let V n be
the variance±covariance matrix for a re®nement including n
observations, and let z be a row vector whose elements are
zj  @M x=@xj = for an additional observation. V n1 , the
variance±covariance matrix with the additional observation
included, is, by de®nition,
V n1  ZT Z  zT z 1 ;
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which, in the linear approximation, can be shown to be
V n1  V n

V n zT zV n = 1  zV n zT :

8:4:4:7

The diagonal elements of the rank one matrix
D  V n zT zV n = 1  zV n zT  are therefore the amounts that the
variances of the estimates of individual parameters will be
reduced by inclusion of the additional observation.
This result depends on the elements of Z and z not changing
xn1 .
signi®cantly in the (presumably small) shift from b
xn to b
That this condition is satis®ed may be veri®ed by the following
procedure. Find an approximation to b
xn1 by a line search
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8. REFINEMENT OF STRUCTURAL PARAMETERS
h

 i1=2
Bij  ZT Z  zT z ii ZT Z  zT z jj

along the line x  b
xn  V n1 zT y0n1 , and then evaluate B, a
quasi-Newton update such as the BFGS update (Subsection
8.1.4.3) at that point. If  1, and the gradient of the sum of
squares vanishes, then the linear approximation is exact, and B
is null. If
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for all i and j, then (8.4.4.7) can be expected to be an excellent
approximation for a nonlinear model.
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