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1. TENSORIAL ASPECTS OF PHYSICAL PROPERTIES
temperature and the associated extensive parameters: S strain, P
electric polarization, B magnetic induction,  entropy, respectively. Matrix equation (1.1.1.4) may then be written:
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(iv) Expansion in Taylor series of a ﬁeld of vectors. Let us
consider a ﬁeld of vectors uðrÞ where r is a position vector. The
Taylor expansion of its components is given by
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using the so-called Einstein convention, which implies that there
is automatically a summation each time the same index appears
twice, once as a superscript and once as a subscript. This index is
called a dummy index. It will be shown in Section 1.1.3.8 that the
nine partial differentials @ui =@x j and the 27 partial differentials
@2 ui =ð@x j @xk Þ are the components of tensors of rank 2 and 3,
respectively.

The various intensive and extensive parameters are represented by scalars, vectors or tensors of higher rank, and each has
several components. The terms of matrix (C) are therefore
actually submatrices containing all the coefﬁcients Cpq relating all
the components of a given extensive parameter to the components of an intensive parameter. The leading diagonal terms, CST ,
CPE , CBH , C , correspond to the principal physical properties,
which are elasticity, dielectric susceptibility, magnetic susceptibility and speciﬁc heat, respectively. The non-diagonal terms are
also associated with physical properties, but they relate intensive
and extensive parameters whose products do not have the
dimension of energy. They may be coupled in pairs symmetrically
with respect to the main diagonal:
CSE and CPT represent the piezoelectric effect and the converse
piezoelectric effect, respectively;
CSH and CBT the piezomagnetic effect and the converse piezomagnetic effect;
CS and CT thermal expansion and the piezocaloriﬁc effect;
CPT and CE the pyroelectric and the electrocaloriﬁc effects;
CPH and CBE the magnetoelectric effect and the converse
magnetoelectric effect;
CH and CB the pyromagnetic effect and the magnetocaloriﬁc
effect.
It is important to note that equation (1.1.1.6) is of a thermodynamic nature and simply provides a general framework. It
indicates the possibility for a given physical property to exist, but
in no way states that a given material will exhibit it. Curie laws,
which will be described in Section 1.1.4.2, show for instance that
certain properties such as pyroelectricity or piezoelectricity may
only appear in crystals that belong to certain point groups.

Remark. Of the four examples given above, the ﬁrst three
(thermal expansion, dielectric constant, stressed rod) are related
to physical property tensors (also called material tensors), which
are characteristic of the medium and whose components have the
same value everywhere in the medium if the latter is homogeneous, while the fourth one (expansion in Taylor series of a
ﬁeld of vectors) is related to a ﬁeld tensor whose components vary
at every point of the medium. This is the case, for instance, for the
strain and for the stress tensors (see Sections 1.3.1 and 1.3.2).
1.1.1.3. The matrix of physical properties
Each extensive parameter is in principle a function of all the
intensive parameters. For a variation diq of a particular intensive
parameter, there will be a variation dep of every extensive
parameter. One may therefore write
dep ¼ Cpq diq :

ð1:1:1:3Þ

The summation is over all the intensive parameters that have
varied.
One may use a matrix notation to write the equations relating
the variations of each extensive parameter to the variations of all
the intensive parameters:
ðdeÞ ¼ ðCÞðdiÞ;

ð1:1:1:4Þ
1.1.1.4. Symmetry of the matrix of physical properties

where the intensive and extensive parameters are arranged in
column matrices, (di) and (de), respectively. In a similar way, one
could write the relations between intensive and extensive parameters as
)
dip ¼ Rqp deq
ð1:1:1:5Þ
ðdiÞ ¼ ðRÞðdeÞ:

If parameter ep varies by dep, the speciﬁc energy varies by du,
which is equal to
du ¼ ip dep :
We have, therefore
ip ¼

Matrices (C) and (R) are inverse matrices. Their leading diagonal
terms relate an extensive parameter and the associated intensive
parameter (their product has the dimensions of energy), e.g. the
elastic constants, the dielectric constant, the speciﬁc heat etc. The
corresponding physical properties are called principal properties.
If one only of the intensive parameters, iq , varies, a variation diq
of this parameter is the cause of which the effect is a variation,
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and, using (1.1.1.5),
Rqp ¼
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Since the energy is a state variable with a perfect differential, one
can interchange the order of the differentiations:

dep ¼ Cpq diq

Rqp ¼

(without summation), of each of the extensive parameters. The
matrix coefﬁcients Cpq may therefore be considered as partial
differentials:
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Cpq ¼ @ep =@iq :

Since p and q are dummy indices, they may be exchanged and the
last term of this equation is equal to Rpq. It follows that

The parameters Cpq that relate causes diq and effects dep
represent physical properties and matrix (C) is called the matrix
of physical properties. Let us consider the following intensive
parameters: T stress, E electric ﬁeld, H magnetic ﬁeld, 

Rqp ¼ Rpq :
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Matrices Rqp and Cpq are therefore symmetric. We may draw two
important conclusions from this result:
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