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1.3. ELASTIC PROPERTIES
The parallelepiped formed by these three vectors has a volume V0
given by

1.3.1.2.5. Quadric of elongations
Let us project the displacement vector uðrÞ on the position
vector OP (Fig. 1.3.1.2), and let ur be this projection. The elongation is the quantity deﬁned by
ur u  r Mij xi xj
¼ 2 ¼
;
r
r
r2

V 0 ¼ ðe01 ; e02 ; e03 Þ ¼ ðBÞðe1 ; e2 ; e3 Þ ¼ ðBÞV;
where ðBÞ is the determinant associated with matrix B, V is the
volume before deformation and
ðe1 ; e2 ; e3 Þ ¼ ðe1 ^ e2 Þ  e3

where x1, x2 , x3 are the components of r. The elongation is the
relative variation of the length of the vector r in the deformation.
Let A and S be the antisymmetric and symmetric parts of M,
respectively:

represents a triple scalar product.
The relative variation of the volume is
V0  V
¼ ðBÞ  1:
V

ð1:3:1:5Þ

A¼

It is what one calls the cubic dilatation. ðBÞ gives directly the
volume of the parallelepiped that is formed from the three
vectors obtained in the deformation when starting from vectors
forming an orthonormal base.

M  MT
;
2

S¼

M þ MT
:
2

Only the symmetric part of M occurs in the expression of the
elongation:
ur Sij xi xj
ð1:3:1:6Þ
¼ 2 :
r
r

1.3.1.2.4. Expression of any homogeneous deformation as the
product of a pure rotation and a pure deformation
(i) Pure rotation: It is isometric. The moduli of the vectors
remain unchanged and one direction remains invariant, the axis
of rotation. The matrix B is unitary:

The geometrical study of the elongation as a function of the
direction of r is facilitated by introducing the quadric associated
with M:
Sij yi yj ¼ ";

ð1:3:1:7Þ

T

BB ¼ 1:

where " is a constant. This quadric is called the quadric of
elongations, Q. S is a symmetric matrix with three real orthogonal
eigenvectors and three real eigenvalues, 1 , 2 , 3 . If it is referred
to these axes, equation (1.3.1.7) is reduced to

(ii) Pure deformation: This is a deformation in which three
orthogonal directions remain invariant. It can be shown that B is
a symmetric matrix:

1 ðy1 Þ2 2 ðy2 Þ2 3 ðy3 Þ2 ¼ ":

B ¼ BT :

One can discuss the form of the quadric according to the sign
of the eigenvalues i :
(i) 1 , 2 , 3 have the same sign, and the sign of ". The quadric
is an ellipsoid (Fig. 1.3.1.3a). One chooses " ¼ þ1 or " ¼ 1,
depending on the sign of the eigenvalues.
(ii) 1 , 2 , 3 are of mixed signs: one of them is of opposite sign
to the other two. One takes " ¼ 1. The corresponding quadric is
a hyperboloid whose asymptote is the cone

The three invariant directions are those of the eigenvectors of the
matrix; it is known in effect that the eigenvectors of a symmetric
matrix are real.
(iii) Arbitrary deformation: the matrix B, representing an
arbitrary deformation, can always be put into the form of the
product of a unitary matrix B1 , representing a pure rotation, and
a symmetric matrix B2 , representing a pure deformation. Let us
put

Sij yi yj ¼ 0:

B ¼ B1 B2

According to the sign of ", the hyperboloid will have one sheet
outside the cone or two sheets inside the cone (Fig. 1.3.1.3b). If
we wish to be able to consider any direction of the position vector
r in space, it is necessary to take into account the two quadrics.
In order to follow the variations of the elongation ur =r with the
orientation of the position vector, one associates with r a vector y,
which is parallel to it and is deﬁned by

and consider the transpose matrix of B:
BT ¼ BT2 BT1 ¼ B2 ðB1 Þ1 :
The product BT B is equal to
BT B ¼ ðB2 Þ2 :

y ¼ r=k;

This shows that we can determine B2 and therefore B1 from B.

r ¼ ky;

where k is a constant. It can be seen that, in accordance with
(1.3.1.6) and (1.3.1.7), the expression of the elongation in terms of
y is
ur =r ¼ "=y2 :
Thus, the elongation is inversely proportional to the square of
the radius vector of the quadric of elongations parallel to OP. In
practice, it is necessary to look for the intersection p of the
parallel to OP drawn from the centre O of the quadric of elongations (Fig. 1.3.1.3a):
(i) The eigenvalues all have the same sign; the quadric Q is an
ellipsoid: the elongation has the same sign in all directions in
space, positive for " ¼ þ1 and negative for " ¼ 1.
(ii) The eigenvalues have different signs; two quadrics are to be
taken into account: the hyperboloids corresponding, respectively,
to " ¼ 1. The sign of the elongation is different according to

Fig. 1.3.1.2. Elongation, ur =r.
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