
1. TENSORIAL ASPECTS OF PHYSICAL PROPERTIES

1.3.4. Propagation of elastic waves in continuous media –
dynamic elasticity

1.3.4.1. Introduction

The elastic properties of materials have been considered in the
preceding section in the static state and the elastic constants have
been defined in terms of the response of the material to particular
static forces. It is effectively the way the elastic constants have
been measured in the past, although the measurements could not
be very precise. A way of proceeding frequently used now is to
excite a mechanical wave in the crystal and measure its propa-
gation velocity or the wavelength associated with a particular
frequency. One method consists in sending a train of ultrasonic
waves through the crystal; one uses a pulse generator and a
piezoelectric transducer glued to the crystal. The elapsed time
between the emission of the train of waves and its reception after
reflection from the rear face of the sample is then measured.
Another method involves producing a system of standing waves
after reflection at the inner surface of the crystal and determining
the set of resonance frequencies. The experimental techniques
will be described in Section 1.3.4.6.

The purpose of the next sections is to establish relations
between the wavelength – or the velocity of propagation – and
the elastic constants.

1.3.4.2. Equation of propagation of a wave in a material

Consider the propagation of a wave in a continuous medium.
The elongation of each point will be of the form

u ¼ u0 expð2�i�tÞ expð�2�iq � rÞ; ð1:3:4:1Þ

where � is the frequency and q is the wavevector. The velocity of
propagation of the wave is

V ¼ �=q: ð1:3:4:2Þ

We saw in Section 1.3.3.6 that the equilibrium condition is
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Here the only volume forces that we must consider are the
inertial forces:
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The position vector of the point under consideration is of the
form

r ¼ r0 þ u;

where only u depends on the time and r0 defines the mean
position. Equation (1.3.4.3) is written therefore
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Replacing u by its value in (1.3.4.1), dividing by �4�2 and
using orthonormal coordinates, we get

cijklukqjql ¼ ��2ui: ð1:3:4:5Þ

It can be seen that, for a given wavevector, ��2 appears as an
eigenvalue of the matrix cijklukqjql of which the vibration vector u
is an eigenvector. This matrix is called the dynamical matrix, or
Christoffel matrix. In order that the system (1.3.4.5) has a solution
other than a trivial one, it is necessary that the associated
determinant be equal to zero. It is called the Christoffel deter-
minant and it plays a fundamental role in the study of the
propagation of elastic waves in crystals.

Let �1; �2; �3 be the direction cosines of the wavevector q. The
components of the wavevector are

qi ¼ q�i:

With this relation and (1.3.4.2), the system (1.3.4.5) becomes

cijkluk�j�l ¼ ��2ui: ð1:3:4:6Þ

Putting

�ik ¼ cijkl�j�l ð1:3:4:7Þ

in (1.3.4.6), the condition that the Christoffel determinant is zero
can be written

� �ik � ��2�ik

� �
¼ 0: ð1:3:4:8Þ

On account of the intrinsic symmetry of the tensor of elastic
stiffnesses, the matrix �ik is symmetrical.

If we introduce into expression (1.3.4.7) the elastic stiffnesses
with two indices [equation (1.3.3.6)], we find, for instance, for �11

and �12

�11 ¼ c11ð�1Þ
2 þ c66ð�2Þ

2 þ c55ð�3Þ
2 þ 2c16�1�2

þ 2c15�1�3 þ 2c56�2�3

�12 ¼ c16ð�1Þ
2 þ c26ð�2Þ

2 þ c45ð�3Þ
2 þ ðc12 þ c66Þ�1�2

þ ðc14 þ c56Þ�1�3 þ ðc46 þ c25Þ�2�3:

The expression for the effective value, ce
ijkl, of the ‘stiffened’

elastic stiffness in the case of piezoelectric crystals is given in
Section 2.4.2.2.

1.3.4.3. Dynamic elastic stiffnesses

Equation (1.3.4.7) may be written

�ik ¼
P

j6¼l

cijkl þ cilkj

� �
�j�l:

This shows that in a dynamic process only the sums ½cijkl þ cilkj�

can be measured and not cijkl and cilkj separately. On the contrary,
cijij can be measured directly. In the cubic system therefore, for
instance, c1122 is determined from the measurement of
½c1122 þ c1221� on the one hand and from that of c1221 on the other
hand.

1.3.4.4. Polarization of the elastic waves

The Christoffel determinant has three roots and the Christoffel
matrix, being Hermitian with real coefficients, has three real
eigenvalues and three orthogonal eigenvectors. The wavevector

q, therefore, encompasses three waves
with vibration vectors u1, u2, u3 which are
perpendicular to one another. In the
general case, there is no particular
angular relationship between the vibra-
tion vectors (or polarization vectors).
However, if the latter are parallel to
certain symmetry directions in the
crystal, one of the vibration vectors is
along this direction. The corresponding
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Table 1.3.3.3. Relations between elastic coefficients in isotropic media

Coefficient In terms of � and � In terms of � and � In terms of c11 and c12

c11 2�þ � 2�ð1 � �Þð1 � 2�Þ c11

c12 � 2��ð1 � 2�Þ c12

c44 ¼ 1=s44 � � ðc11 � c12Þ=2
E ¼ 1=s11 �ð2�þ 3�Þ=ð�þ �Þ 2�ð1 þ �Þ See Section 1.3.3.2.3
s12 ��= 2�ð2�þ 3�Þ½ � ��= 2�ð1 þ �Þ½ � See Section 1.3.3.2.3
� 3=ð2�þ 3�Þ 3ð1 � 2�Þ= 2�ð1 þ �Þ½ � 3=ðc11 þ 2c12Þ

� ¼ �s12=s11 �= 2ð2�þ 3�Þ½ � � c11=ðc11 þ c12Þ
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