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1.7. Nonlinear optical properties
By B. Boulanger and J. Zyss

1.7.1. Introduction
The ﬁrst nonlinear optical phenomenon was observed by
Franken et al. (1961): ultraviolet radiation at 0.3471 mm was
detected at the exit of a quartz crystal illuminated with a ruby
laser beam at 0.6942 mm. This was the ﬁrst demonstration of
second harmonic generation at optical wavelengths. A coherent
light of a few W cm2 is necessary for the observation of
nonlinear optical interactions, which thus requires the use of laser
beams.
The basis of nonlinear optics, including quantum-mechanical
perturbation theory and Maxwell equations, is given in the paper
published by Armstrong et al. (1962).
It would take too long here to give a complete historical
account of nonlinear optics, because it involves an impressive
range of different aspects, from theory to applications, from
physics to chemistry, from microscopic to macroscopic aspects,
from quantum mechanics of materials to classical and quantum
electrodynamics, from gases to solids, from mineral to organic
compounds, from bulk to surface, from waveguides to ﬁbres and
so on.
Among the main nonlinear optical effects are harmonic
generation, parametric wave mixing, stimulated Raman scattering, self-focusing, multiphoton absorption, optical bistability,
phase conjugation and optical solitons.
This chapter deals mainly with harmonic generation and
parametric interactions in anisotropic crystals, which stand out as
one of the most important ﬁelds in nonlinear optics and certainly
one of its oldest and most rigorously treated topics. Indeed, there
is a great deal of interest in the development of solid-state laser
sources, be they tunable or not, in the ultraviolet, visible and
infrared ranges. Spectroscopy, telecommunications, telemetry
and optical storage are some of the numerous applications.
The electric ﬁeld of light interacts with the electric ﬁeld of
matter by inducing a dipole due to the displacement of the
electron density away from its equilibrium position. The induced
dipole moment is termed polarization and is a vector: it is related
to the applied electric ﬁeld via the dielectric susceptibility tensor.
For ﬁelds with small to moderate amplitude, the polarization
remains linearly proportional to the ﬁeld magnitude and deﬁnes
the linear optical properties. For increasing ﬁeld amplitudes, the
polarization is a nonlinear function of the applied electric ﬁeld
and gives rise to nonlinear optical effects. The polarization is
properly modelled by a Taylor power series of the applied electric
ﬁeld if its strength does not exceed the atomic electric ﬁeld (108–
109 V cm1) and if the frequency of the electric ﬁeld is far away
from the resonance frequencies of matter. Our purpose lies
within this framework because it encompasses the most
frequently encountered cases, in which laser intensities remain in
the kW to MW per cm2 range, that is to say with electric ﬁelds
from 103 to 104 V cm1. The electric ﬁeld products appearing in
the Taylor series express the interactions of different optical
waves. Indeed, a wave at the circular frequency ! can be radiated
by the second-order polarization induced by two waves at !a and
!b such as ! ¼ !a  !b : these interactions correspond to sumfrequency generation (! ¼ !a þ !b ), with the particular cases of
second harmonic generation (2!a ¼ !a þ !a ) and indirect third
harmonic generation (3!a ¼ !a þ 2!a ); the other three-wave
process is difference-frequency generation, including optical
parametric ampliﬁcation and optical parametric oscillation. In
the same way, the third-order polarization governs four-wave
mixing: direct third harmonic generation (3!a ¼ !a þ !a þ !a )
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and more generally sum- and difference-frequency generations
(! ¼ !a  !b  !c ).
Here, we do not consider optical interactions at the microscopic level, and we ignore the way in which the atomic or
molecular dielectric susceptibility determines the macroscopic
optical properties. Microscopic solid-state considerations and the
relations between microscopic and macroscopic optical properties, particularly successful in the realm of organic crystals, play a
considerable role in materials engineering and optimization. This
important topic, known as molecular and crystalline engineering,
lies beyond the scope of this chapter. Therefore, all the
phenomena studied here are connected to the macroscopic ﬁrst-,
second- and third-order dielectric susceptibility tensors (1), (2)
and (3), respectively; we give these tensors for all the crystal
point groups.
We shall mainly emphasize propagation aspects, on the basis of
Maxwell equations which are expressed for each Fourier
component of the optical ﬁeld in the nonlinear crystal. The
reader will then follow how the linear optical properties come to
play a pivotal role in the nonlinear optical interactions. Indeed,
an efﬁcient quadratic or cubic interaction requires not only a high
magnitude of (2) or (3), respectively, but also speciﬁc conditions
governed by (1): existence of phase matching between the
induced nonlinear polarization and the radiated wave; suitable
symmetry of the ﬁeld tensor, which is deﬁned by the tensor
product of the electric ﬁeld vectors of the interacting waves; and
small or nil double refraction angles. Quadratic and cubic
processes cannot be considered as fully independent in the
context of cascading. Signiﬁcant phase shifts driven by a sequence
of sum- and difference-frequency generation processes attached
to a ð2Þ  ð2Þ contracted tensor expression have been reported
(Bosshard, 2000). These results point out the relevance of polar
structures to cubic phenomena in both inorganic and organic
structures, thus somewhat blurring the borders between quadratic and cubic NLO.
We analyse in detail second harmonic generation, which is the
prototypical interaction of frequency conversion. We also present
indirect and direct third harmonic generations, sum-frequency
generation and difference-frequency generation, with the speciﬁc
cases of optical parametric ampliﬁcation and optical parametric
oscillation.
An overview of the methods of measurement of the nonlinear
optical properties is provided, and the chapter concludes with a
comparison of the main mineral and organic crystals showing
nonlinear optical properties.
1.7.2. Origin and symmetry of optical nonlinearities
1.7.2.1. Induced polarization and susceptibility
The macroscopic electronic polarization of a unit volume of
the material system is classically expanded in a Taylor power
series of the applied electric ﬁeld E, according to Bloembergen
(1965):
P ¼ P0 þ "o ðð1Þ  E þ ð2Þ  E2 þ . . . þ ðnÞ  En þ . . .Þ;
ð1:7:2:1Þ
where (n) is a tensor of rank n þ 1, En is a shorthand abbreviation for the nth order tensor product E  E  . . .  E ¼ n E
and the dot stands for the contraction of the last n indices of the
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(n)

n

tensor  with the full E tensor. More details on tensor algebra
can be found in Chapter 1.1 and in Schwartz (1981).
A more compact expression for (1.7.2.1) is
P ¼ P0 þ P1 ðtÞ þ P2 ðtÞ þ . . . þ Pn ðtÞ þ . . . ;

ð1:7:2:2Þ

where P0 represents the static polarization and Pn represents the
nth order polarization. The properties of the linear and nonlinear
responses will be assumed in the following to comply with time
invariance and locality. In other words, time displacement of the
applied ﬁelds will lead to a corresponding time displacement of
the induced polarizations and the polarization effects are
assumed to occur at the site of the polarizing ﬁeld with no remote
interactions. In the following, we shall refer to the classical
formalism and related notations developed in Butcher (1965) and
Butcher & Cotter (1990).
Tensorial expressions will be formulated within the Cartesian
formalism and subsequent multiple lower index notation. The
alternative irreducible tensor representation, as initially implemented in the domain of nonlinear optics by Jerphagnon et al.
(1978) and more recently revived by Brasselet & Zyss (1998) in
the realm of molecular-engineering studies, is particularly
advantageous for connecting the nonlinear hyperpolarizabilities
of microscopic (e.g. molecular) building blocks of molecular
materials to the macroscopic (e.g. crystalline) susceptibility level.
Such considerations fall beyond the scope of the present chapter,
which concentrates mainly on the crystalline level, regardless of
the microscopic origin of phenomena.
1.7.2.1.1. Linear and nonlinear responses
1.7.2.1.1.1. Linear response
Let us ﬁrst consider the ﬁrst-order linear response in (1.7.2.1)
and (1.7.2.2): the most general possible linear relation between
P(t) and E(t) is
þ1
R

Pð1Þ ðtÞ ¼ "o

d T ð1Þ ðt; Þ  EðÞ;

ð1:7:2:3Þ

1

where T(1) is a rank-two tensor, or in Cartesian index notation
Pð1Þ ðtÞ ¼ "o

þ1
R

ð1Þ
d T
ðt; ÞE ðÞ:

ð1:7:2:4Þ

1

¼ "o
¼ "o

þ1
R
1
þ1
R
1
þ1
R

1.7.2.1.1.2. Quadratic response
The most general expression for P(2)(t) which is quadratic in
E(t) is
Pð2Þ ðtÞ ¼ "o

or in Cartesian notation
þ1
R þ1
R

Pð2Þ ðtÞ ¼ "o

It can easily be proved by decomposition of T(2) into symmetric
and antisymmetric parts and permutation of dummy variables
(,  1) and (,  2), that T(2) can be reduced to its symmetric part,
satisfying
ð2Þ
ð2Þ
ðt; 1 ; 2 Þ ¼ T
ðt; 2 ; 1 Þ:
T

ð1:7:2:5Þ

hence T ð1Þ ðt þ t0 ; Þ ¼ T ð1Þ ðt;   t0 Þ or, setting t ¼ 0 and t0 ¼ t,
ð1:7:2:6Þ

ð1:7:2:11Þ
T ð2Þ ðt; 1 ; 2 Þ ¼ Rð2Þ ðt  1 ; t  2 Þ;
þ1
þ1
R R
d1 d2 Rð2Þ ðt  1 ; t  2 Þ  Eð1 Þ  Eð2 Þ;
Pð2Þ ðtÞ ¼ "o
Pð2Þ ðtÞ ¼ "o

1 1
þ1
R þ1
R

¼ "o

þ1
R
1
þ1
R

d Rð1Þ ðt  ÞEðÞ
d Rð1Þ ðÞEðt  Þ:

d1 d2 Rð2Þ ð1 ; 2 Þ  Eðt  1 Þ  Eðt  2 Þ:

1 1

ð1:7:2:12Þ
Causality demands that R(2)( 1,  2) cancels for either  1 or  2
negative while R(2) is real. Intrinsic permutation symmetry
implies that R(2)( 1,  2) is invariant by interchange of (,  1)
and (,  2) pairs.
1.7.2.1.1.3. Higher-order response
The nth order polarization can be expressed in terms of the
(n þ 1)-rank tensor T ðnÞ ðt; 1 ; 2 ; . . . ; n Þ as
þ1
R

d1

þ1
R

d2 . . .

1

þ1
R

dn T ðnÞ ðt; 1 ; 2 ; . . . ; n Þ

1

ð1:7:2:7Þ

1

R(1) can be viewed as the tensorial analogue of the linear impulse
function in electric circuit theory. The causality principle imposes
that R(1)() should vanish for  < 0 so that P(1)(t) at time t will

ð1:7:2:13Þ

For similar reasons to those previously stated, it is sufﬁcient to
consider the symmetric part of T(n) with respect to the n!
permutations of the n pairs (1,  1), (2,  2) . . . (n,  n). The T(n)
tensor will then exhibit intrinsic permutation symmetry at the nth
order. Time-invariance considerations will then allow the introduction of the (n þ 1)th-rank real tensor R(n), which generalizes
the previously introduced R operators:
PðnÞ
 ðtÞ ¼ "o

þ1
R
1

where R(1) is a rank-two tensor referred to as the linear polarization response function, which depends only on the time
difference t  . Substitution in (1.7.2.5) leads to

ð1:7:2:10Þ

From time invariance

 Eð1 Þ  Eð2 Þ  . . .  Eðn Þ:

1

Pð1Þ ðtÞ ¼ "o

ð2Þ
d1 d2 T
ðt; 1 ; 2 ÞE ð1 ÞE ð2 Þ: ð1:7:2:9Þ

1 1

1

d T ð1Þ ðt;  þ t0 Þ  EðÞ

T ð1Þ ðt; Þ ¼ T ð1Þ ð0;   tÞ ¼ Rð1Þ ðt  Þ;

d1 d2 T ð2Þ ðt; 1 ; 2 Þ  Eð1 Þ  Eð2 Þ
ð1:7:2:8Þ

d T ð1Þ ðt þ t0 ; Þ  EðÞ

d 0 T ð1Þ ðt;  0  t0 Þ  Eð 0 Þ;

þ1
R þ1
R
1 1

PðnÞ ðtÞ ¼ "o

Applying the time-invariance assumption to (1.7.2.4) leads to
Pð1Þ ðt þ t0 Þ ¼ "o

depend only on polarizing ﬁeld values before t. R(1), P(1) and E
are real functions of time.

d1

þ1
R
1

d2 . . .

þ1
R
1

ðnÞ
dn R
ð1 ; 2 ; . . . n Þ
1 2 ...n

 E1 ðt  1 ÞE2 ðt  2 Þ . . . En ðt  n Þ:

ð1:7:2:14Þ

R(n) cancels when one of the  i’s is negative and is invariant under
any of the n! permutations of the (i,  i) pairs.
1.7.2.1.2. Linear and nonlinear susceptibilities
Whereas the polarization response has been expressed so far in
the time domain, in which causality and time invariance are most
naturally expressed, Fourier transformation into the frequency
domain permits further simpliﬁcation of the equations given
above and the introduction of the susceptibility tensors according
to the following derivation.
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The direct and inverse Fourier transforms of the ﬁeld are
deﬁned as
þ1
R

EðtÞ ¼

d! Eð!Þ expði!tÞ

ðnÞ ð! ; !1 ; !2 ; . . . ; !n Þ
þ1
þ1
þ1
n
R

R
 P
R
d1
d2 . . .
dn RðnÞ ð1 ; 2 ; . . . ; n Þ exp i !j j
¼
1

ð1:7:2:15Þ

1

j¼1

1

ð1:7:2:21Þ

1
þ1
R

Eð!Þ ¼ ð1=2Þ

dt EðtÞ expði!tÞ;

ð1:7:2:16Þ

1

where Eð!Þ ¼ Eð!Þ as E(t) is real.

and ! ¼ !1 þ !2 þ . . . þ !n .
All frequencies must lie in the upper half complex plane and
reality of (n) imposes
ðnÞ ð! ; !1 ; !2 ; . . . ; !n Þ ¼ ðnÞ ð! ; !1 ; !2 ; . . . ; !n Þ:
ð1:7:2:22Þ

1.7.2.1.2.1. Linear susceptibility
By substitution of (1.7.2.15) in (1.7.2.7),
Pð1Þ ðtÞ ¼ "o
Pð1Þ ðtÞ ¼ "o

þ1
R
1
þ1
R

þ1
R

d!

Intrinsic permutation symmetry implies that ðnÞ
1 2 ...n ð! ;
!1 ; !2 ; . . . ; !n Þ is invariant with respect to the n! permutations of
the (i, !i) pairs.

d Rð1Þ ðÞ  Eð!Þ exp½i!ðt  Þ

1

d! ð1Þ ð! ; !ÞEð!Þ expði! tÞ;

1

ð1:7:2:17Þ
where
ð1Þ ð! ; !Þ ¼

þ1
R

d Rð1Þ ðÞ expði!Þ:

1

In these equations, ! ¼ ! to satisfy the energy conservation
condition that will be generalized in the following. In order to
ensure convergence of (1), ! has to be taken in the upper half
plane of the complex plane. The reality of R(1) implies that
ð1Þ ð! ; !Þ ¼ ð1Þ ð! ; ! Þ.

1.7.2.1.3. Superposition of monochromatic waves
Optical ﬁelds are often superpositions of monochromatic
waves which, due to spectral discretization, will introduce
considerable simpliﬁcations in previous expressions such as
(1.7.2.20) relating the induced polarization to a continuous
spectral distribution of polarizing ﬁeld amplitudes.
The Fourier transform of the induced polarization is given by
PðnÞ ð!Þ ¼ ð1=2Þ

þ1
R

d!1

1

þ1
R
1

d!2

þ1
R

d1

1

þ1
R

d!1

1

1

PðnÞ ð!Þ ¼ "o

d!2 ð2Þ ð! ; !1 ; !2 Þ  Eð!1 Þ  Eð!2 Þ

þ1
R

d1

þ1
R

1

þ1
R

d!n ðnÞ ð! ; !1 ; !2 ; . . . !n Þ

1

 Eð!1 ÞEð!2 Þ . . . Eð!n Þð!  ! Þ:

ð1:7:2:25Þ

!0

d2 Rð2Þ ð1 ; 2 Þ

The optical intensity for a wave at frequency !0 is related to the
squared ﬁeld amplitude by

1

and ! ¼ !1 þ !2 . Frequencies !1 and !2 must be in the upper
half of the complex plane to ensure convergence. Reality
of R(2) implies ð2Þ ð! ; !1 ; !2 Þ ¼ ð2Þ ð! ; !1 ; !2 Þ.
ð2Þ
 ð! ; !1 ; !2 Þ is invariant under the interchange of the
(, !1) and (, !2) pairs.

d!2 . . .

þ1
R

I!0 ¼ "o cnð!0 ÞhE2 ðtÞit ¼ 12 "o cnð!0 ÞjE!0 j2 :

ð1:7:2:28Þ

The averaging as represented above by brackets is performed
over a time cycle and nð!0 Þ is the index of refraction at frequency
!0 .
1.7.2.1.4. Conventions for nonlinear susceptibilities
1.7.2.1.4.1. Classical convention
Insertion of (1.7.2.26) in (1.7.2.25) together with permutation
symmetry provides
P P
Kð! ; !1 ; !2 ; . . . ; !n Þ
PðnÞ
 ð! Þ ¼ "o

1.7.2.1.2.3. nth-order susceptibility
Substitution of (1.7.2.15) in (1.7.2.14) provides

1

d!2 . . .

with E!0 ¼ E!0 . By Fourier transformation of (1.7.2.26)
P
ð1:7:2:27Þ
Eð!Þ ¼ ð1=2Þ ½E!0 ð!  !0 Þ þ E!0 ð! þ !0 Þ:

 exp½ið!1 1 þ !2 2 Þ

1

þ1
R

!0

1

þ1
R

d!1

ð1:7:2:19Þ

ð2Þ ð! ; !1 ; !2 Þ ¼

d!1

ð1:7:2:24Þ

In practical cases where the applied ﬁeld is a superposition of
monochromatic waves
P
ð1:7:2:26Þ
EðtÞ ¼ ð1=2Þ ½E!0 expði!0 tÞ þ E!0 expði!0 tÞ

with

þ1
R

þ1
R
1

1

 expði! tÞ

PðnÞ ðtÞ ¼ "o

dt exp½ið!  ! Þt ¼ ð!  ! Þ

leads to

d2 Rð2Þ ð1 ; 2 Þ

or
Pð2Þ ðtÞ ¼ "o

þ1
R
1

ð1:7:2:18Þ

þ1
R

ð1:7:2:23Þ

Replacing P(n)(t) by its expression as from (1.7.2.20) and applying
the well known identity
ð1=2Þ

 Eð!1 Þ  Eð!2 Þ expfi½!1 ðt  1 Þ þ !2 ðt  2 Þg

þ1
R

dt PðnÞ ðtÞ expði!tÞ:

1

1.7.2.1.2.2. Second-order susceptibility
Substitution of (1.7.2.15) in (1.7.2.12) yields
Pð2Þ ðtÞ ¼ "o

þ1
R

d!n ðnÞ ð! ; !1 ; !2 ; . . . !n Þ

1

 Eð!1 Þ  Eð!2 Þ  . . .  Eð!n Þ expði! tÞ

1 2 ...n !

ð1:7:2:20Þ

 ðnÞ
1 2 ...n ð! ; !1 ; !2 ; . . . ; !n Þ
 E1 ð!1 ÞE2 ð!2 Þ . . . En ð!n Þ;

where
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P ðnÞ
Table 1.7.2.1. The most common nonlinear effects and the corresponding
PðnÞ
1 ...n ð! ; !1 ; . . . ; !n Þ
 ð! Þ ¼ "o
susceptibility tensors in the frequency domain

1 ;...;n

Process

Order n

! ; !1 ; !2 ; . . . ; !n

K

Linear absorption
Optical rectiﬁcation
Linear electro-optic effect
Second harmonic generation
Three-wave mixing
D.c. Kerr effect
D.c. induced second harmonic
generation
Third harmonic generation
Four-wave mixing
Coherent anti-Stokes Raman
scattering
Intensity-dependent refractive
index
nth harmonic generation

1
2
2
2
2
3
3

!; !
0; !; !
!; !; 0
2!; !; !
!3 ; !1 ; !2
!; !; 0; 0
2!; !; !; 0

1
1/2
2
1/2
1
3
3/2

3
3
3

3!; !; !; !
!4 ; !1 ; !2 ; !3
!as ; !p ; !p ; !s

1/4
3/2
3/4

3

!; !; !; !

3/4

n

n!; !; !; . . . ; !

21n


 E
1 ð!1 Þ . . . En ð!n Þ;

where þ and  refer to the eigen polarization modes.
According to (1.7.2.33), the nth harmonic generation induced
polarization is expressed as
P ðnÞ
1 ...n ðn!; !; . . . ; !Þ
PðnÞ
 ðn!Þ ¼ "o
1 ;...;n


 E
1 ð!1 Þ . . . En ð!n Þ:

þ

Pð2Þ
y ð2!Þ ¼ "o ½yxz ð2!; !; !ÞEx ð!ÞEz ð!Þ

ð1:7:2:31Þ

Table 1.7.2.1 summarizes the most common classical nonlinear
phenomena, following the notations deﬁned above. Then,
according to Table 1.7.2.1, the nth harmonic generation induced
nonlinear polarization is written
P n1 ðnÞ
2 1 2 ...n ðn!; !; !; . . . ; !Þ
Pð2Þ
 ðn!Þ ¼ "o
1 2 ...n

 E1 ð!ÞE2 ð!Þ . . . En ð!Þ:


þ yzx ð2!; !; !ÞEþ
z ð!ÞEx ð!Þ:

ð1:7:2:35Þ

ð1:7:2:30Þ

where p is the number of distinct permutations of !1 ; !2 ; . . . ; !n,
n is the order of the nonlinear process, m is the number of d.c.
ﬁelds (e.g. corresponding to ! ¼ 0) within the n frequencies and
s ¼ 0 when ! ¼ 0, otherwise s ¼ 1. For example, in the absence
of a d.c. ﬁeld and when the !i’s are different, K ¼ 2sn n!.
The K factor allows the avoidance of discontinuous jumps in
magnitude of the ðnÞ
1 2 ...n elements when some frequencies are
equal or tend to zero, which is not the case for the other
conventions (Shen, 1984).
The induced nonlinear polarization is often expressed in terms
of a tensor d(n) by replacing (n) in (1.7.2.29) by
ðnÞ ¼ 2smþn dðnÞ :

ð1:7:2:34Þ

For example, in the particular case of SHG where the two waves
at ! have different directions of polarization E+(!) and E(!)
and where the only nonzero ð2Þ
yij coefﬁcients are yxz and yzx ,
(1.7.2.34) gives

where the summation over ! stands for all distinguishable
permutation of !1 ; !2 ; . . . ; !n, K being a numerical factor given
by
Kð! ; !1 ; !2 ; . . . ; !n Þ ¼ 2sþmn p;

ð1:7:2:33Þ

ð1:7:2:32Þ

The Ei are the components of the total electric ﬁeld E(!).
1.7.2.1.4.2. Convention used in this chapter
The K convention described above is often used, but may lead
to errors in cases where two of the interacting waves have the
same frequency but different polarization states. Indeed, as
demonstrated in Chapter 1.6 and recalled in Section 1.7.3, a
direction of propagation in an anisotropic crystal allows in the
general case two different directions of polarization of the electric ﬁeld vector, written E+ and E. Then any nonlinear coupling
in this medium occurs necessarily between these eigen modes at
the frequencies concerned.
Because of the possible non-degeneracy with respect to the
direction of polarization of the electric ﬁelds at the same
frequency, it is suitable to consider a harmonic generation
process, second harmonic generation (SHG) or third harmonic
generation (THG) for example, like any other non-degenerated
interaction. We do so for the rest of this chapter. Then all terms
derived from the permutation of the ﬁelds with the same
frequency are taken into account in the expression of the induced
nonlinear polarization and the K factor in equation (1.7.2.29)
disappears: hence, in the general case, the induced nonlinear
polarization is written

The two ﬁeld component products are equal only if the two eigen
modes are the same, i.e. þ or .
According to (1.7.2.33) and (1.7.2.34), we note that
ðnÞ
ðnÞ
1 ...n ð! ; !1 ; . . . ; !n Þ changes smoothly to 1 ...n ðn!;
!; . . . ; !Þ when all the !1 ; . . . !n approach continuously the same
value !.
1.7.2.2. Symmetry properties
1.7.2.2.1. Intrinsic permutation symmetry
1.7.2.2.1.1. ABDP and Kleinman symmetries
Intrinsic permutation symmetry, as already discussed, imposes
the condition that the nth order susceptibility ðnÞ
1 2 ...n ð! ;
!1 ; !2 ; . . . ; !n Þ be invariant under the n! permutations of the
(i ; !i ) pairs as a result of time invariance and causality.
Furthermore, the overall permutation symmetry, i.e. the invariance over the ðn þ 1Þ! permutations of the (i ; !i ) and (; ! )
pairs, may be valid when all the optical frequencies occuring in
the susceptibility and combinations of these appearing in the
denominators of quantum expressions are far removed from the
transitions, making the medium transparent at these frequencies.
This property is termed ABDP symmetry, from the initials of the
authors of the pioneering article by Armstrong et al. (1962).
Let us consider as an application the quantum expression of
the quadratic susceptibility (with damping factors neglected), the
derivation of which being beyond the scope of this chapter, but
which can be found in nonlinear optics treatises dealing with
microscopic interactions, such as in Boyd (1992):
ð2Þ
 ð! ; !1 ; !2 Þ
X
Ne3
rab rbc rca
;
¼ 2 - 2 ST
o ðaÞ
ðba  !1  !2 Þðca  !1 Þ
"h
o

abc

ð1:7:2:36Þ
where N is the number of microscopic units (e.g. molecules in the
case of organic crystals) per unit volume, a, b and c are the eigen
states of the system, ba and ca are transition energies, rab is the
 component of the transition dipole connecting states a and b,
and o ðaÞ is the population of level a as given by the corresponding diagonal term of the density operator. ST is the
summation operator over the six permutations of the (; ! ),
(; !1 ), (; !2 ). Provided all frequencies at the denominator are
much smaller than the transition frequencies ba and ca, the
optical frequencies !, !1 , !2 can be permuted without
signiﬁcant variation of the susceptibility. It follows correspondingly that the susceptibility is invariant with respect to the
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permutation of Cartesian indices appearing only in the
numerator of (1.7.2.36), regardless of frequency. This property,
which can be generalized to higher-order susceptibilities, is
known as Kleinman symmetry. Its validity can help reduce the
number of non-vanishing terms in the susceptibility, as will be
shown later.
1.7.2.2.1.2. Manley–Rowe relations
An important consequence of overall permutation symmetry is
the Manley–Rowe power relations, which account for energy
exchange between electromagnetic waves in a purely reactive
(e.g. non-dissipative) medium. Calling Wi the power input at
frequency !i into a unit volume of a dielectric polarizable
medium,


dP
ðtÞ ;
ð1:7:2:37Þ
Wi ¼ EðtÞ 
dt
where the averaging is performed over a cycle and
EðtÞ ¼ Re½E!i expðj!i tÞ
PðtÞ ¼ Re½P!i expðj!i tÞ:

ð1:7:2:38Þ

The following expressions can be derived straightforwardly:
Wi ¼ 12 !i ReðiE!i  P!i Þ ¼ 12 !i ImðE!i  P!i Þ:

ð1:7:2:39Þ

Introducing the quadratic induced polarization P(2), Manley–
Rowe relations for sum-frequency generation state
W1 W2
W
¼
¼ 3:
ð1:7:2:40Þ
!1
!2
!3

contracted tensor notation with the following contraction
convention:
for : x ! 1 y ! 2 z ! 3
for m: xxx ! 1 yyy ! 2 zzz ! 3
xzz ! 6

yz ¼ zy ! 4

xy ¼ yx ! 6:

þ


¼ "o 25 ð2!; !; !Þ½eþ
x ð!ÞE ð!Þez ð!ÞE ð!Þ
þ


þ eþ
z ð!ÞE ð!Þex ð!ÞE ð!Þ:

xyz ! 0:

Table 1.7.2.2. Nonzero (2) coefﬁcients and equalities between them in the
general case
Symmetry class

(2) nonzero elements

Triclinic
C1 (1)

All 27 elements are independent and nonzero

Monoclinic
C2 (2) (twofold axis
parallel to z)
Cs (m) (mirror
perpendicular to z)

xyz, xzy, xxz, xzx, yyz, yzy, yxz, yzx, zxx, zyy,
zzz, zxy, zyx
xxx, xyy, xzz, xxy, xyx, yxx, yyy, yzz, yxy, yyx,
zyz, zzy, zxz, zzx

Orthorhombic
C2v (mm2) (twofold
axis parallel to z)
D2 (222)
Tetragonal
C4 (4)
S4 (4 )
D4 (422)
C4v (4mm)
D2d (4 2m)
Hexagonal
C6 (6)
C3h (6 )
D6 (622)
C6v (6mm)
D3h (6 2m) (mirror
perpendicular to x)
Trigonal
C3 (3)

The 27 elements of ð2Þ
 ð2!; !; !Þ are then reduced to 18 in the
m contracted tensor notation (see Section 1.1.4.10).
For example, (1.7.2.35) can be written
Pð2Þ
y ð2!Þ

xxy ! 9

1.7.2.2.2. Implications of spatial symmetry on the susceptibility
tensors
Centrosymmetry is the most detrimental crystalline symmetry
constraint that will fully cancel all odd-rank tensors such as the
d(2) [or (2)] susceptibilities. Intermediate situations, corresponding to noncentrosymmetric crystalline point groups, will
reduce the number of nonzero coefﬁcients without fully depleting
the tensors.
Tables 1.7.2.2 to 1.7.2.5 detail, for each crystal point group, the
remaining nonzero (2) and (3) coefﬁcients and the eventual
connections between them. (2) and (3) are expressed in the
principal axes x, y and z of the second-rank (1) tensor. (x; y; z) is
usually called the optical frame; it is linked to the crystal-

1.7.2.2.1.3. Contracted notation for susceptibility tensors
ð2Þ
ð2!; !; !Þ or dð2Þ
The tensors 
 ð2!; !; !Þ are invariant
with respect to (, ) permutation as a consequence of the
intrinsic permutation symmetry. Independently, it is not possible
ð2Þ
ð2!; !; !Þ and ð2Þ
to distinguish the coefﬁcients ijk
ikj ð2!; !; !Þ
by SHG experiments, even if the two fundamental waves have
different directions of polarization.
Therefore, these third-rank tensors can be represented in
contracted form as 3  6 matrices m ð2!; !; !Þ and
dm ð2!; !; !Þ, where the sufﬁx m runs over the six possible
(, ) Cartesian index pairs according to the classical convention
of contraction:

xz ¼ zx ! 5

xyy ! 8

yyz ! 5

If Kleinman symmetry holds, the contracted tensor can be further
extended beyond SHG and THG to any other processes where all
the frequencies are different.

Since !1 þ !2 ¼ !3, (1.7.2.40) leads to an energy conservation
condition, namely W3 þ W1 þ W2 ¼ 0, which expresses that the
power generated at !3 is equal to the sum of the powers lost at !1
and !2.
A quantum mechanical interpretation of these expressions in
terms of photon fusion or splitting can be given, remembering
that Wi =h- !i is precisely the number of photons generated or
annihilated per unit volume in unit time in the course of the
nonlinear interactions.

for : x ! 1 y ! 2 z ! 3
for m: xx ! 1 yy ! 2 zz ! 3

xxz ! 7

yzz ! 4

ð1:7:2:41Þ

The same considerations can be applied to THG. Then the 81
ð3Þ
ð3!; !; !; !Þ can be reduced to 30 in the m
elements of 
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xzx, xxz, yyz, yzy, zxx, zyy, zzz
xyz, xzy, yzx, yxz, zxy, zyx

xyz ¼ yxz, xzy ¼ yzx, xzx ¼ yzy, xxz ¼ yyz,
zxx ¼ zyy, zzz, zxy ¼ zyx
xyz ¼ yxz, xzy ¼ yzx, xzx ¼ yzy, xxz ¼ yyz,
zxx ¼ zyy, zxy ¼ zyx
xyz ¼ yxz, xzy ¼ yzx, zxy ¼ zyx
xzx ¼ yzy, xxz ¼ yyz, zxx ¼ zyy, zzz
xyz ¼ yxz, xzy ¼ yzx, zxy ¼ zyx
xyz ¼ yxz, xzy ¼ yzx, xzx ¼ yzy,
xxz ¼ yyz, zxx ¼ zyy, zzz, zxy ¼ zyx
xxx ¼ xyy ¼ yxy ¼ yyx, yyy ¼ yxx ¼
xyx ¼ xxy
xyz ¼ yxz, xzy ¼ yzx, zxy ¼ zyx
xzx ¼ yzy, xxz ¼ yyz, zxx ¼ zyy, zzz
yyy ¼ yxx ¼ xxy ¼ xyx

C3v (3m) (mirror
perpendicular to x)

xxx ¼ xyy ¼ yyx ¼ yxy, xyz ¼ yxz,
xzy ¼ yzx, xzx ¼ yzy, xxz ¼ yyz,
yyy ¼ yxx ¼ xxy ¼ xyx, zxx ¼ zyy,
zzz, zxy ¼ zyx
xxx ¼ xyy ¼ yyx ¼ yxy, xyz ¼ yxz,
xzy ¼ yzx, zxy ¼ zyx
yyy ¼ yxx ¼ xxy ¼ xyx, xzx ¼ yzy,
xxz ¼ yyz, zxx ¼ zyy; zzz

Cubic
T (23), Td (4 3m)
O (432)

xyz ¼ xzy ¼ yzx ¼ yxz ¼ zxy ¼ zyx
xyz ¼ xzy ¼ yzx ¼ yxz ¼ zxy ¼ zyx

D3 (32)

1.7. NONLINEAR OPTICAL PROPERTIES
lographical frame by the standard conventions given in Chapter
1.6.
1.7.3. Propagation phenomena
1.7.3.1. Crystalline linear optical properties
We summarize here the main linear optical properties that
govern the nonlinear propagation phenomena. The reader may
refer to Chapter 1.6 for the basic equations.
1.7.3.1.1. Index surface and electric ﬁeld vectors
The relations between the different ﬁeld vectors relative to a
propagating electromagnetic wave are obtained from the
constitutive relations of the medium and from Maxwell equations.
In the case of a non-magnetic and non-conducting medium,
Maxwell equations lead to the following wave propagation
equation for the Fourier component at the circular frequency !
deﬁned by (1.7.2.15) and (1.7.2.16) (Butcher & Cotter, 1990):
rxrxEð!Þ ¼ ð!2 =c2 ÞEð!Þ þ !2 0 Pð!Þ;

ð1:7:3:1Þ

where ! ¼ 2c= , is the wavelength and c is the velocity of light
in a vacuum; 0 is the free-space permeability, E(!) is the electric
ﬁeld vector and P(!) is the polarization vector.
Table 1.7.2.3. Nonzero (2) coefﬁcients and equalities between them under the
Kleinman symmetry assumption
Symmetry class
Triclinic
C1 (1)

Monoclinic
C2 (2) (twofold
axis parallel to z)
Cs (m) (mirror
perpendicular to z)
Orthorhombic
C2v (mm2) (twofold
axis parallel to z)
D2 (222)
Tetragonal
C4 (4)
S4 (4 )
D4 (422)
C4v (4mm)
D2d (4 2m)
Hexagonal
C6 (6)
C3h (6 )
D6 (622)
C6v (6mm)
D3h (6 2m) (mirror
perpendicular to x)
Trigonal
C3 (3)

Fig. 1.7.3.1. Field vectors of a plane wave propagating in an anisotropic
medium. (X; Y; Z) is the wave frame. Z is along the direction of propagation,
X and Y are contained in + and  respectively, by an arbitrary convention.

In the linear regime, Pð!Þ ¼ "0 ð1Þ ð!ÞEð!Þ, where "0 is the
free-space permittivity and (1)(!) is the ﬁrst-order electric
susceptibility tensor. Then (1.7.3.1) becomes
rxrxEð!Þ ¼ ð!2 =c2 Þ"ð!ÞEð!Þ:

Independent nonzero (2) elements under
Kleinman symmetry
xxx, xyy ¼ yxy ¼ yyx, xzz ¼ zxz ¼ zzx,
xyz ¼ xzy ¼ yxz ¼ yzx ¼ zxy ¼ zyx,
xxz ¼ xzx ¼ zxx, xxy ¼ xyx ¼ yxx, yyy,
yzz ¼ zyz ¼ zzy, yyz ¼ yzy ¼ zyy, zzz

xyz ¼ xzy ¼ yxz ¼ yzx ¼ zxy ¼ zyx,
xxz ¼ xzx ¼ zxx, yyz ¼ yzy ¼ zyy, zzz
xxx, xyy ¼ yxy ¼ yyx, xzz ¼ zxz ¼ zzx,
xxy ¼ xyx ¼ yxx, yyy, yzz ¼ zyz ¼ zzy

xzx ¼ xxz ¼ zxx, yyz ¼ yzy ¼ zyy, zzz
xyz ¼ xzy ¼ yzx ¼ yxz ¼ zxy ¼ zyx
xzx ¼ xxz ¼ zxx ¼ yzy ¼ yyz ¼ zyy, zzz
xyz ¼ xzy ¼ yzx ¼ yzx ¼ zxy ¼ zyx, xzx ¼ xxz
¼ zxx ¼ yzy ¼ yyz ¼ zyy
All elements are nil
xzx ¼ xxz ¼ zxx ¼ yyz ¼ yzy ¼ zyy, zzz
xyz ¼ xzy ¼ yzx ¼ yxz ¼ zxy ¼ zyx

xzx ¼ xxz ¼ zxx ¼ yyz ¼ yzy ¼ zyy, zzz
xxx ¼ xyy ¼ yxy ¼ yyx, yyy ¼ yxx ¼
xyx ¼ xxy
All elements are nil
xzx ¼ xxz ¼ zxx ¼ yyz ¼ yzy ¼ zyy, zzz
yyy ¼ yxx ¼ xxy ¼ xyx

ð1:7:3:2Þ

case,
"ð!Þ ¼ 1 þ ð1Þ ð!Þ is the dielectric tensor. In 0 the general
00
ð1Þ ð!Þ is a complex quantity i.e. ð1Þ ¼ ð1Þ þ ið1Þ . For the
following,
we
consider a medium for which the losses are small
0
00
(ð1Þ  ð1Þ ); it is one of the necessary characteristics of an
efﬁcient nonlinear
medium. In this case, the dielectric tensor is
0
real: " ¼ 1 þ ð1Þ .
The plane wave is a solution of equation (1.7.3.2):
Eð!; X; Y; ZÞ ¼ eð!ÞEð!; X; Y; ZÞ exp½ikð!ÞZ:

(X; Y; Z) is the orthonormal frame linked to the wave, where Z is
along the direction of propagation.
We consider a linearly polarized wave so that the unit vector e
of the electric ﬁeld is real (e ¼ e ), contained in the XZ or YZ
planes.
Eð!; X; Y; ZÞ ¼ Að!; X; Y; ZÞ exp½ið!; ZÞ is the scalar
complex amplitude of the electric ﬁeld where ð!; ZÞ is the
phase, and E ð!; X; Y; ZÞ ¼ Eð!; X; Y; ZÞ. In the linear
regime, the amplitude of the electric ﬁeld varies with Z only if
there is absorption.
k is the modulus of the wavevector, real in a lossless medium:
þkZ corresponds to forward propagation along Z, and kZ to
backward propagation. We consider that the plane wave propagates in an anisotropic medium, so there are two possible
wavevectors, k+ and k, for a given direction of propagation of
unit vector u:
k ð!; ; ’Þ ¼ ð!=cÞn ð!; ; ’Þuð ; ’Þ:

D3 (32)
C3v (3m) (mirror
perpendicular to x)

xxx ¼ xyy ¼ yyx ¼ yxy, xzx ¼ xxz ¼ zxx
¼ yyz ¼ yzy ¼ zyy, yyy ¼ yxx ¼ xxy ¼
xyx, zzz
xxx ¼ xyy ¼ yyx ¼ yxy
yyy ¼ yxx ¼ xxy ¼ xyx, xzx ¼ xxz ¼ zxx
¼ yyz ¼ yzy ¼ zyy, zzz

Cubic
T (23), Td (4 3m)
O (432)

xyz ¼ xzy ¼ yzx ¼ yxz ¼ zxy ¼ zyx
All elements are nil

ð1:7:3:3Þ

ð1:7:3:4Þ

( ; ’) are the spherical coordinates of the direction of the unit
wavevector u in the optical frame; (x; y; z) is the optical frame
deﬁned in Section 1.7.2.
The spherical coordinates are related to the Cartesian coordinates (ux ; uy ; uz ) by
ux ¼ cos ’ sin
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uy ¼ sin ’ sin

uz ¼ cos :

ð1:7:3:5Þ
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