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1. TENSORIAL ASPECTS OF PHYSICAL PROPERTIES
^
ð1:10:3:6Þ
ðkÞ
¼ 0 if k  aE þ kI  aI 6¼ 2  integer:
with determinant 1. In addition, it gets an additional minus sign
under time reversal. Therefore, it is a pseudovector ﬁeld under
Because the structure factor is the Fourier transform of a density
time reversal.
An example of a pseudotensor is the magnetoelectric tensor function which consists of  functions on the positions of the
M. For electric and magnetic ﬁelds the bilinear term in the energy atoms, for a quasiperiodic crystal it is the Fourier transform of
a quasiperiodic function ðrÞ. Therefore, symmetry-determined
is given by
P
absence of Fourier components leads to zero intensity of the
E ¼ Mij Ei Hj :
ð1:10:2:18Þ
corresponding diffraction peaks. Therefore, although there is no
ij
lattice periodicity for aperiodic crystals, systematic extinctions
This is a pseudotensor under space inversion and time reversal. follow in the same way from the symmetry as in lattice periodic
The tensor M transforms as the product of the vector repre- systems if one considers the n-dimensional space group as the
sentation of the point group with itself and with the determinant symmetry group.
representation (for the pseudovector character of H).
1.10.3.2. Compensating gauge transformations
The transformation property of the Fourier transform of the
1.10.3. Action of the symmetry group
density given in the previous section can be formulated in
another way. Consider a function ðrÞ which is invariant under a
1.10.3.1. Action of superspace groups
d-dimensional Euclidean transformation fRjag in physical space.
The action of the symmetry group on the periodic density
Then its Fourier transform satisﬁes
function s in n dimensions is given by (1.10.2.9). The real
physical structure, however, lives in physical space. One can
^
^ 1 kÞ expðik  aÞ:
ðkÞ
¼ ðR
ð1:10:3:7Þ
derive from the action of the superspace group on the periodic
structure its action on the quasiperiodic d-dimensional one. One Conversely, if the Fourier transform satisﬁes this relation, the
knows that the density function in VE is just the restriction of that Euclidean transformation is a symmetry operation for ðrÞ. The
in Vs . The same holds for the transformed function.
two equations (1.10.3.5) and (1.10.3.7) are closely related. One
can also write (1.10.3.5) as
1
1
1
gs ðrs Þ ¼ s ðg rs Þ ! gðrÞ ¼ s ½R ðr  aE Þ; RI aI :
^
^ 1 kÞ expðik  aÞ exp½iðR; kÞ;
ðkÞ
¼ ðR
ð1:10:3:8Þ
ð1:10:3:1Þ
This transformation property differs from that under an
n-dimensional Euclidean transformation by the ‘phase shift’
R1
I aI . Take for example the IC phase with a sinusoidal
modulation. If the positions of the atoms are given by

where ðR; kÞ can be considered as a gauge transformation that
compensates for the phase shift: it is a compensating gauge
transformation. It is a function that is linear in k,
ðR; k þ k0 Þ ¼ ðR; kÞ þ ðR; k0 Þ ðmod 2Þ;

ð1:10:3:9Þ

n þ rj þ Aj cosð2Q  n þ ’j Þ;
and satisﬁes a relation closely related to the one satisﬁed by
nonprimitive translations.

then the transformed positions are
Rðn þ rj Þ þ RAj cosð2Q  n þ ’j  R1
I aI Þ þ aE :

If the transformation g is a symmetry operation, this means that
the original and the transformed positions are the same.
Rðn þ rj Þ þ aE ¼ n0 þ rj0
and
0
RAj cosð2Q  n þ ’j  R1
I aI Þ ¼ Aj0 cosð2Q  n þ ’j0 Þ:

This puts, in general, restrictions on the modulation.
Another view of the same transformation property is given
by Fourier transforming (1.10.2.9). The result for the Fourier
transform is
g^ s ðks Þ ¼ ^ s ðR1
s ks Þ expðiks  as Þ

ð1:10:3:3Þ

and because there is a one-to-one correspondence between the
vectors ks in the reciprocal lattice and the vectors k in the Fourier
module one can rewrite this as
^
^ 1 kÞ expðik  aE  kI  aI Þ:
gðkÞ
¼ ðR

ð1:10:3:4Þ

^
^
For a symmetry element one has gðkÞ
¼ ðkÞ.
Therefore, the
superspace group element g is a symmetry transformation of the
quasiperiodic function  if
^
^ 1 kÞ expðik  aE  kI  aI Þ:
ðkÞ
¼ ðR

ðR; kÞ þ ðS; RkÞ ¼ ðRS; kÞ ðmod 2Þ:

ð1:10:3:2Þ

ð1:10:3:5Þ

This relation is at the basis of the systematic extinctions. If one has
an orthogonal transformation R such that this in combination
with a translation (aE ; aI ) is a symmetry element and such that
Rk ¼ k, then
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ð1:10:3:10Þ

[Recall that a system of nonprimitive translations uðRÞ satisﬁes
uðRÞ þ RuðSÞ ¼ uðRSÞ modulo lattice translations.] Therefore,
the Euclidean transformation fRjag combined with the compensating gauge transformation with gauge function ðR; kÞ is a
symmetry transformation for ðrÞ if equation (1.10.3.8) is satisﬁed. This is a three-dimensional formulation of the superspace
group symmetry relation (1.10.3.5).
1.10.3.3. Irreducible representations of three-dimensional space
groups
A third way to describe the symmetry of a quasiperiodic
function is by means of irreducible representations of a space
group. For the theory of these representations we refer to
Chapter 1.2 on representations of crystallographic groups.
Consider ﬁrst a modulated IC phase. Suppose the positions of
the atoms are given by
n þ rj þ unj ;

ð1:10:3:11Þ

where n belongs to the lattice, rj is a position inside the unit cell
and unj is a displacement. If the structure is quasiperiodic with
Fourier module M, the vectors unj can be written as a superposition of normal modes.
P
unj ¼
Qk " ðkjjÞeikn þ c:c:;
ð1:10:3:12Þ
k2M  ;

where the coefﬁcient Qk is a normal coordinate,  denotes the
band index and " ðkjjÞ denotes the polarization of the normal
mode. The normal coordinates transform under a space group
according to one of its irreducible representations. The relevant
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space group here is that of the basic structure. For the simple case
of a one-dimensional irreducible representation, for each k the
effect is simply multiplication by a factor of absolute value unity.
For example, for the modulated phase with basic space group
Pcmn and wavevector k ¼ c there are four non-equivalent
one-dimensional representations. It depends on the band
index which representation occurs in the decomposition. The
space-group element fRjag for which Rq ¼ q (modulo reciprocal
lattice) acts on Qk according to
Qk ! Qk expðik:  aÞ ðRÞ;

As discussed in Section 1.2.4, a tensor is a multilinear function of
vectors and reciprocal vectors. Consider for example a tensor of
rank two, the metric tensor g. It is a function of two vectors r1 and
r2 which results in the scalar product of the two.
gðr1 ; r2 Þ ¼ r1  r2 :
It clearly is a symmetric function because gðr1 ; r2 Þ ¼ gðr2 ; r1 Þ. It is
a function that is linear in each of its arguments and therefore
!
n
n
P
P
P
P
gðr1 ; r2 Þ ¼ g
xi ei ; yj ej ¼ xi yj ij ¼ xi yi
i¼1

where  ðRÞ is the character of R in an irreducible representation
associated with the branch . Because the character of a onedimensional representation is of absolute value unity, one may
write it as exp½i’ ðR; kÞ. Consequently, if the decomposition
of the displacement contains only the vectors k, the factor
exp½i’ ðR; kÞ describes a shift in the modulation function.
Consider again as an example a basic structure with space
group Pcmn and a modulation wavevector c . The point group
Kk that leaves the modulation wavevector invariant is generated
by my and mx . This point group mm2 has four elements and four
irreducible representations, all one-dimensional. One of them has
for the character ðmx Þ ¼ þ1, ðmy Þ ¼ 1. If the displacements
of the atoms are described by a normal mode belonging to this
irreducible representation, then the compensating phase shifts
for cx and my are, respectively, 0 and . In the notation for
 The same
superspace groups, this is the group Pcmn(00)1s1.
structure can be described by the irreducible representation
characterized as 3, because the modulation wavevector is the
point  in the Brillouin zone and the irreducible representation
3 has the character mentioned above.
In this way there is a correspondence between superspace
groups for (3 + 1)-dimensional modulated structures and twodimensional irreducible representations of three-dimensional
space groups.
1.10.4. Tensors
1.10.4.1. Tensors in higher-dimensional spaces
A vector in an n-dimensional space V transforms under an
element of a point group as r ! Rr. With respect to a basis ai, the
coordinates and basis vectors transform according to
a0i ¼

n
P

r¼

n
P

xi ai ! r 0 ¼

i¼1

x0i ai ;

x0i ¼

i¼1

n
P

Rij xj

j¼1

n
P

0

Rij aj

j¼1

k¼

n
P

i ai

0

!k ¼

i¼1

n
P

0i ai ;

0i

¼

i¼1

n
P

k¼

n
P
i¼1
n
P
i¼1

xi ei ! r 0 ¼

n
P

j¼1

x0i ei

i¼1
n
P

i ei ! k0 ¼

i¼1

0i ei

x0i ¼

n
P

Rij xi

i¼1
n
P

0i ¼

i¼1

i¼1

ij

j¼1

with gij ¼ gðai ; aj Þ. The relation between the Cartesian tensor
components and the lattice tensor components follows from the
basis transformation from orthonormal to a lattice basis. If
P
ð1:10:4:2Þ
aj ¼ Skj ek ;
k

then the lattice tensor components are
P
gij ¼ Ski Skj :
k

For example, in the
plane a lattice spanned by
pﬃﬃtwo-dimensional
ﬃ
að1; 0Þ and að12; 12 3Þ has a basis obtained from an orthonormal
basis by the basis transformation


1
1 
2ﬃﬃﬃ
p
S¼a
0 12 3
and consequently the tensor components in lattice coordinates
are
 2

a
 12 a2
gij ¼
:
 12 a2
a2

kl

because of the fact that the matrix Rij is orthogonal. The transformation of the tensor components with respect to the lattice
basis, on which R is given by ðRÞ, is
P
g0ij ¼ ðRÞki ðRÞlj gkl ;
ð1:10:4:3Þ
kl

R1
ji j :

With respect to an orthonormal basis in V the transformations
are represented by orthogonal matrices. For orthogonal matrices
R1 ¼ RT , the vectors in reciprocal space transform in exactly the
same way as in direct space:
r¼

if xi and yj are Cartesian coordinates of r1 and r2 , respectively. For
another basis, for example a lattice basis, one has coordinates i
and j , and the same function becomes
!
n
n
P
P
P
i ai ;
ð1:10:4:1Þ
¼ i j gij
gðr1 ; r2 Þ ¼ g
j aj

kl

and the reciprocal basis vectors and coordinates in reciprocal
space according to
ai ¼

i

The transformation of the tensor g under an orthogonal
transformation follows from its deﬁnition. The transformation of
the Cartesian tensor under the orthogonal transformation R is
P
P
g0ij ¼ Rki Rlj gkl ¼ Rki Rlj a2k kl ¼ a2i ij

Rji aj

j¼1
n
P

ij

j¼1

Rij j :

or in matrix form g0 ¼ ðRÞT gðRÞ.
The metric tensor is invariant under a point group K if
P
gij ¼ ðRÞki ðRÞlj gkl 8 R 2 K:
ð1:10:4:4Þ
kl

On the one hand this formula can be used to determine the
symmetry of a lattice with metric tensor g and on the other hand
one may use it to determine the general form of a metric tensor
invariant under a given point group. This comes down to the
determination of the free parameters in g for a given group of
matrices ðKÞ. These are the coordinates in the space of invariant
tensors.
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