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three-wave interaction is allowed for three configurations of
polarization given in Table 1.7.3.1.

The designation of the type of phase matching, I, II or III, is
defined according to the polarization states at the frequencies
which are added or subtracted. Type I characterizes interactions
for which these two waves are identically polarized; the two
corresponding polarizations are different for types II and III.
Note that each phase-matching relation corresponds to one sum-
frequency generation SFG (!3 ¼ !1 þ !2) and two difference-
frequency generation processes, DFG (!1 ¼ !3 � !2) and DFG
(!2 ¼ !3 � !1). Types II and III are equivalent for SHG because
!1 ¼ !2.

For a four-wave process, only seven combinations of refractive
indices allow phase matching in the case of normal dispersion;
they are given in Table 1.7.3.2 with the corresponding config-
urations of polarization and types of SFG and DFG.

The convention of designation of the types is the same as for
three-wave interactions for the situations where one polarization
state is different from the three others, leading to the types I, II,
III and IV. The criterion corresponding to type I cannot be
applied to the three other phase-matching relations where two
waves have the same polarization state, different from the two
others. In this case, it is convenient to refer to each phase-
matching relation by the same roman numeral, but with a
different index: Vi, VIi and VIIi, with the index i ¼ 1; 2; 3; 4
corresponding to the index of the frequency generated by the
SFG or DFG. For THG (!1 ¼ !2 ¼ !3), types II, III and IV are
equivalent, and so are types V4, VI4 and VII4.

The index surface allows the geometrical determination of the
phase-matching directions, which depend on the relative ellipti-
city of the internal (�) and external (+) sheets divided by the
corresponding wavelengths: according to Tables 1.7.3.1 and
1.7.3.2 the directions are given by the intersection of the internal
sheet of the lowest wavelength ½n�ð��; �; ’Þ�=ð��Þ with a linear
combination of the internal and external sheets at the other
frequencies

P��1
i¼1 ½n

�ð�i; �; ’Þ�=ð�iÞ. The existence and loci of
these intersections depend on specific inequalities between the
principal refractive indices at the different wavelengths. Note
that independently of phase-matching considerations, normal
dispersion and energy conservation impose

P��1
i¼1 ½nað�iÞ�=ð�iÞ

< ½nað��Þ�=ð��Þ with a ¼ x; y; z.

1.7.3.2.2.1. Cubic crystals

There is no possibility of collinear phase matching in a
dispersive cubic crystal because of the absence of birefringence.
In a hypothetical non-dispersive anaxial crystal, the 23 three-
wave and 24 four-wave phase-matching configurations would be
allowed in any direction of propagation.

1.7.3.2.2.2. Uniaxial crystals

The configurations of polarization in terms of ordinary and
extraordinary waves depend on the optic sign of the phase-
matching direction with the convention given in Section 1.7.3.1:
Tables 1.7.3.1 and 1.7.3.2 must be read by substituting (+, �) by
(e, o) for a positive crystal and by (o, e) for a negative one.

Because of the symmetry of the index surface, all the phase-
matching directions for a given type describe a cone with the
optic axis as a revolution axis. Note that the previous comment on
the anaxial class is valid for a propagation along the optic axis
(no ¼ ne).

Fig. 1.7.3.4 shows the example of negative uniaxial crystals
(no > ne) like �-BaB2O4 (BBO) and KH2PO4 (KDP).

From Fig. 1.7.3.4, it clearly appears that the intersection of the
sheets is possible only if ðne�

Þ=ð��Þ<
P��1

i¼1 ðnoi
Þ=ð�iÞ

½< ðno�
Þ=ð��Þ� with � ¼ 3 for a three-wave process and � ¼ 4 for a

four-wave one. The same considerations can be made for the
positive sign and for all the other types of phase matching. There
are different situations of inequalities allowing zero, one or
several types: Table 1.7.3.3 gives the five possible situations for
the three-wave interactions and Table 1.7.3.4 the 19 situations for
the four-wave processes.

1.7.3.2.2.3. Biaxial crystals

The situation of biaxial crystals is more complicated, because
the two sheets that must intersect are both elliptical in several
cases. For a given interaction, all the phase-matching directions
generate a complicated cone which joins two directions in the
principal planes; the possible loci a, b, c, d are shown on the
stereographic projection given in Fig. 1.7.3.5.

The basic inequalities of normal dispersion (1.7.3.7) forbid
collinear phase matching for all the directions of propagation
located between two optic axes at the two frequencies concerned.
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Table 1.7.3.2. Correspondence between the phase-matching relations, the configurations of polarization and the types according to SFG (!4 ¼ !1 þ !2 þ !3),
DFG (!1 ¼ !4 � !2 � !3), DFG (!2 ¼ !4 � !1 � !3) and DFG (!3 ¼ !4 � !1 � !2) (Boulanger et al., 1993)

Phase-matching relations

Configurations of polarization Types of interaction

!4 !1 !2 !3 SFG (!4) DFG (!1) DFG (!2) DFG (!3)

!4n�4 ¼ !1nþ1 þ !2nþ2 þ !3nþ3 e� e+ e+ e+ I II III IV
!4n�4 ¼ !1n�1 þ !2n�2 þ !3nþ3 e� e� e� e+ II III IV I
!4n�4 ¼ !1n�1 þ !2nþ2 þ !3n�3 e� e� e+ e� III IV I II
!4n�4 ¼ !1nþ1 þ !2n�2 þ !3n�3 e� e+ e� e� IV I II IV

!4n�4 ¼ !1n�1 þ !2nþ2 þ !3nþ3 e� e� e+ e+ V4 V1 V2 V3

!4n�4 ¼ !1nþ1 þ !2n�2 þ !3nþ3 e� e+ e� e+ VI4 VI1 VI2 VI3

!4n�4 ¼ !1nþ1 þ !2nþ2 þ !3n�3 e� e+ e+ e� VII4 VII1 VII2 VII3

Fig. 1.7.3.4. Index surface sections in a plane containing the optic axis z of a
negative uniaxial crystal allowing collinear type-I phase matching for SFG
(!3 ¼ !1 þ !2), � ¼ 3, or for SFG (!4 ¼ !1 þ !2 þ !3), � ¼ 4. uI

PM is the
corresponding phase-matching direction.
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Table 1.7.3.3. Classes of refractive-index inequalities for collinear phase matching of three-wave interactions in positive and negative uniaxial crystals

Types I, II and III refer to SFG; the types of the corresponding DFG are given in Table 1.7.3.1 (Fève et al., 1993).

Positive sign (ne > no) Negative sign (no > ne) Types of SFG

no3

�3

<
no1

�1

þ
ne2

�2

;
ne1

�1

þ
no2

�2

no1

�1

þ
ne2

�2

;
ne1

�1

þ
no2

�2

<
ne3

�3

I, II, III

ne1

�1

þ
no2

�2

<
no3

�3

<
no1

�1

þ
ne2

�2

no1

�1

þ
ne2

�2

<
ne3

�3

<
ne1

�1

þ
no2

�2

I, II

no1

�1

þ
ne2

�2

<
no3

�3

<
ne1

�1

þ
no2

�2

ne1

�1

þ
no2

�2

<
ne3

�3

<
no1

�1

þ
ne2

�2

I, III

no1

�1

þ
ne2

�2

;
ne1

�1

þ
no2

�2

<
no3

�3

<
ne1

�1

þ
ne2

�2

no1

�1

þ
ne2

�2

;
ne1

�1

þ
no2

�2

<
ne3

�3

<
no1

�1

þ
no2

�2

I

ne1

�1

þ
ne2

�2

<
no3

�3

no1

�1

þ
no2

�2

<
ne3

�3

None

Table 1.7.3.4. Classes of refractive-index inequalities for collinear phase matching of four-wave interactions in positive (na ¼ ne; nb ¼ no) and negative
(na ¼ no; nb ¼ ne) uniaxial crystals with ðnb4=�4Þ< ðna1=�1Þ þ ðna2=�2Þ þ ðna3=�3Þ

If this inequality is not verified, no phase matching is allowed. The types of phase matching refer to SFG; the types of the corresponding DFG are given in Table 1.7.3.2
(Fève, 1994).

Positive sign (ne > no) Negative sign (no > ne) Types of SFG

na1

�1

þ
na2

�2

þ
nb3

�3

;
na1

�1

þ
nb2

�2

þ
na3

�3

;
nb1

�1

þ
na2

�2

þ
na3

�3

<
nb4

�4

I

na1

�1

þ
na2

�2

þ
nb3

�3

;
na1

�1

þ
nb2

�2

þ
na3

�3

<
nb4

�4

<
nb1

�1

þ
na2

�2

þ
na3

�3

I, V4

na1

�1

þ
na2

�2

þ
nb3

�3

;
nb1

�1

þ
na2

�2

þ
na3

�3

<
nb4

�4

<
na1

�1

þ
nb2

�2

þ
na3

�3

I, VI4

na1

�1

þ
nb2

�2

þ
na3

�3

;
nb1

�1

þ
na2

�2

þ
na3

�3

<
nb4

�4

<
na1

�1

þ
na2

�2

þ
nb3

�3

I, VII4

na1

�1

þ
na2

�2

þ
nb3

�3

<
nb4

�4

<
na1

�1

þ
nb2

�2

þ
na3

�3

;
nb1

�1

þ
na2

�2

þ
na3

�3

nb1

�1

þ
nb2

�2

þ
na3

�3

<
nb4

�4

I, V4, VI4

nb4

�4

<
nb1

�1

þ
nb2

�2

þ
na3

�3

I, II, V4, VI4

na1

�1

þ
nb2

�2

þ
na3

�3

<
nb4

�4

<
na1

�1

þ
na2

�2

þ
nb3

�3

;
nb1

�1

þ
na2

�2

þ
na3

�3

nb1

�1

þ
na2

�2

þ
nb3

�3

<
nb4

�4

I, V4, VII4

nb4

�4

<
nb1

�1

þ
na2

�2

þ
nb3

�3

I, III, V4, VII4

nb1

�1

þ
na2

�2

þ
na3

�3

<
nb4

�4

<
na1

�1

þ
nb2

�2

þ
na3

�3

;
na1

�1

þ
na2

�2

þ
nb3

�3

na1

�1

þ
nb2

�2

þ
nb3

�3

<
nb4

�4

I, VI4, VII4

nb4

�4

<
na1

�1

þ
nb2

�2

þ
nb3

�3

I, IV, VI4, VII4

nb4

�4

<
na1

�1

þ
na2

�2

þ
nb3

�3

;
na1

�1

þ
nb2

�2

þ
na3

�3

;
nb1

�1

þ
na2

�2

þ
na3

�3

nb1

�1

þ
nb2

�2

þ
na3

�3

;
nb1

�1

þ
na2

�2

þ
nb3

�3

;
na1

�1

þ
nb2

�2

þ
nb3

�3

<
nb4

�4

I, V4, VI4, VII4

na1

�1

þ
nb2

�2

þ
nb3

�3

;
nb1

�1

þ
na2

�2

þ
nb3

�3

<
nb4

�4

<
nb1

�1

þ
nb2

�2

þ
na3

�3

I, II, V4, VI4, VII4

na1

�1

þ
nb2

�2

þ
nb3

�3

;
nb1

�1

þ
nb2

�2

þ
na3

�3

<
nb4

�4

<
nb1

�1

þ
na2

�2

þ
nb3

�3

I, III, V4, VI4, VII4

nb1

�1

þ
na2

�2

þ
nb3

�3

;
nb1

�1

þ
nb2

�2

þ
na3

�3

<
nb4

�4

<
na1

�1

þ
nb2

�2

þ
nb3

�3

I, IV, V4, VI4, VII4

na1

�1

þ
nb2

�2

þ
nb3

�3

<
nb4

�4

<
nb1

�1

þ
na2

�2

þ
nb3

�3

;
nb1

�1

þ
nb2

�2

þ
na3

�3

I, II, III, V4, VI4, VII4

nb1

�1

þ
na2

�2

þ
nb3

�3

<
nb4

�4

<
na1

�1

þ
nb2

�2

þ
nb3

�3

;
nb1

�1

þ
nb2

�2

þ
na3

�3

I, II, IV, V4, VI4, VII4

nb1

�1

þ
nb2

�2

þ
na3

�3

<
nb4

�4

<
na1

�1

þ
nb2

�2

þ
nb3

�3

;
nb1

�1

þ
na2

�2

þ
nb3

�3

I, III, IV, V4, VI4, VII4

nb4

�4

<
na1

�1

þ
nb2

�2

þ
nb3

�3

;
nb1

�1

þ
na2

�2

þ
nb3

�3

;
nb1

�1

þ
nb2

�2

þ
na3

�3

All
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Tables 1.7.3.5 and 1.7.3.6 give, respectively, the inequalities that
determine collinear phase matching in the principal planes for
the three types of three-wave SFG and for the seven types of
four-wave SFG.

The inequalities in Table 1.7.3.5 show that a phase-matching
cone which would join the directions a and d is not possible for
any type of interaction, because the corresponding inequalities
have an opposite sense. It is the same for a hypothetical cone
joining b and c.

The existence of type-II or type-III SFG phase matching
imposes the existence of type I, because the inequalities relative
to type I are always satisfied whenever type II or type III exists.

However, type I can exist even if type II or type III is not allowed.
A type-I phase-matched SFG in area c forbids phase-matching
directions in area b for type-II and type-III SFG. The exclusion is
the same between d and a. The consideration of all the possible
combinations of the inequalities of Table 1.7.3.5 leads to 84
possible classes of phase-matching cones for both positive and
negative biaxial crystals (Fève et al., 1993; Fève, 1994). There are
14 classes for second harmonic generation (SHG) which corre-
spond to the degenerated case (!1 ¼ !2) (Hobden, 1967).

The coexistence of the different types of four-wave phase
matching is limited as for the three-wave case: a cone joining a
and d or b and c is impossible for type-I SFG. Type I in area d
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Table 1.7.3.5. Refractive-index conditions that determine collinear phase-matching loci in the principal planes of positive and negative biaxial crystals for three-
wave SFG

a, b, c, d refer to the areas given in Fig. 1.7.3.5. The types corresponding to the different DFGs are given in Table 1.7.3.1 (Fève et al., 1993).

Types of SFG

Phase-
matching
loci in the
principal
planes

Inequalities determining three-wave collinear phase matching in
biaxial crystals

Positive biaxial crystal Negative biaxial crystal

nxð!iÞ< nyð!iÞ< nzð!iÞ nxð!iÞ > nyð!iÞ > nzð!iÞ

Type I a nx3

�3

<
ny1

�1

þ
ny2

�2

<
nz3

�3

nx1

�1

þ
nx2

�2

>
ny3

�3

>
nz1

�1

þ
nz2

�2

b nx1

�1

þ
nx2

�2

<
ny3

�3

<
nz1

�1

þ
nz2

�2

nx3

�3

>
ny1

�1

þ
ny2

�2

>
nz3

�3

c nx3

�3

<
nz1

�1

þ
nz2

�2

<
ny3

�3

nx1

�1

þ
nx2

�2

>
nz3

�3

>
ny1

�1

þ
ny2

�2

d ny1

�1

þ
ny2

�2

<
nx3

�3

<
nz1

�1

þ
nz2

�2

ny3

�3

>
nx1

�1

þ
nx2

�2

>
nz3

�3

Type II a nx3

�3

<
nx1

�1

þ
ny2

�2

;
nz1

�1

þ
ny2

�2

<
nz3

�3

ny1

�1

þ
nx2

�2

>
ny3

�3

>
ny1

�1

þ
nz2

�2

b ny1

�1

þ
nx2

�2

>
ny3

�3

>
ny1

�1

þ
nz2

�2

nx3

�3

>
nx1

�1

þ
ny2

�2

;
nz1

�1

þ
ny2

�2

>
nz3

�3

c nx3

�3

<
nx1

�1

þ
nz2

�2

;
ny1

�1

þ
nz2

�2

<
ny3

�3

nz1

�1

þ
nx2

�2

>
nz3

�3

>
nz1

�1

þ
ny2

�2

c* nx1

�1

þ
nz2

�2

<
nx3

�3

;
ny3

�3

<
ny1

�1

þ
nz2

�2

nz1

�1

þ
nx2

�2

>
nz3

�3

>
nz1

�1

þ
ny2

�2

d nx1

�1

þ
ny2

�2

<
nx3

�3

<
nx1

�1

þ
nz2

�2

ny3

�3

>
ny1

�1

þ
nx2

�2

;
nz1

�1

þ
nx2

�2

>
nz3

�3

d* nx1

�1

þ
ny2

�2

<
nx3

�3

<
nx1

�1

þ
nz2

�2

ny1

�1

þ
nx2

�2

>
ny3

�3

;
nz3

�3

>
nz1

�1

þ
nx2

�2

Type III a nx3

�3

<
ny1

�1

þ
nx2

�2

;
ny1

�1

þ
nz2

�2

<
nz3

�3

nx1

�1

þ
ny2

�2

>
ny3

�3

>
nz1

�1

þ
ny2

�2

b nx1

�1

þ
ny2

�2

<
ny3

�3

<
nz1

�1

þ
ny2

�2

nx3

�3

>
ny1

�1

þ
nx2

�2

;
ny1

�1

þ
nz2

�2

>
nz3

�3

c nx3

�3

<
nz1

�1

þ
nx2

�2

;
nz1

�1

þ
ny2

�2

<
ny3

�3

nx1

�1

þ
nz2

�2

>
nz3

�3

>
ny1

�1

þ
nz2

�2

c* nz1

�1

þ
nx2

�2

<
nx3

�3

;
ny3

�3

<
nz1

�1

þ
ny2

�2

nx1

�1

þ
nz2

�2

>
nz3

�3

>
ny1

�1

þ
nz2

�2

d ny1

�1

þ
nx2

�2

<
nx3

�3

<
nz1

�1

þ
nx2

�2

ny3

�3

>
nx1

�1

þ
ny2

�2

;
nx1

�1

þ
nz2

�2

>
nz3

�3

d* ny1

�1

þ
nx2

�2

<
nx3

�3

<
nz1

�1

þ
nx2

�2

nx1

�1

þ
ny2

�2

>
ny3

�3

;
nz3

�3

>
nx1

�1

þ
nz2

�2

Conditions c, d are applied if ny1

�1

�
nx1

�1

;
ny2

�2

�
nx2

�2

<
ny3

�3

�
nx3

�3

ny1

�1

�
nz1

�1

;
ny2

�2

�
nz2

�2

<
ny3

�3

�
nz3

�3

Conditions c*, d* are applied if ny3

�3

�
nx3

�3

<
ny1

�1

�
nx1

�1

;
ny2

�2

�
nx2

�2

ny3

�3

�
nz3

�3

<
ny1

�1

�
nz1

�1

;
ny2

�2

�
nz2

�2
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forbids the six other types in a. The same restriction exists
between c and b. Types II, III, IV, V4, VI4 and VII4 cannot exist
without type I; other restrictions concern the relations between
types II, III, IVand types V4, VI4, VII4 (Fève, 1994). The counting
of the classes of four-wave phase-matching cones obtained from
all the possible combinations of the inequalities of Table 1.7.3.6 is
complex and it has not yet been done.

For reasons explained later, it can be interesting to consider a
non-collinear interaction. In this case, the projection of the
vectorial phase-matching relation (1.7.3.26) on the wavevector
kð!�; ��; ’�Þ of highest frequency !� leads to

P��1

i¼1

!inð!i; �i; ’iÞ cos �i� ¼ !�nð!�; ��; ’�Þ; ð1:7:3:29Þ

where �i� is the angle between kð!i; �i; ’iÞ and kð!�; ��; ’�Þ, with
� ¼ 3 for a three-wave interaction and � ¼ 4 for a four-wave

interaction. The phase-matching angles (��; ’�) can be expressed
as a function of the different (�i; ’i) by the projection of (1.7.3.26)
on the three principal axes of the optical frame.

The configurations of polarization allowing non-collinear
phase matching are the same as for collinear phase matching.
Furthermore, non-collinear phase matching exists only if colli-
near phase matching is allowed; the converse is not true (Fève,
1994). Note that collinear or non-collinear phase-matching
conditions are rarely satisfied over the entire transparency range
of the crystal.

1.7.3.2.3. Quasi phase matching

When index matching is not allowed, it is possible to increase
the energy of the generated wave continuously during the
propagation by introducing a periodic change in the sign of the
nonlinear electric susceptibility, which leads to a periodic reset of
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Table 1.7.3.6. Refractive-index conditions that determine collinear phase-matching loci in the principal planes of positive and negative biaxial crystals for four-
wave SFG

The types corresponding to the different DFGs are given in Table 1.7.3.2 (Boulanger et al., 1993).

(a) SFG type I.

Phase-
matching
loci in the
principal
planes

Inequalities determining four-wave collinear phase matching in biaxial crystals

Positive sign Negative sign

a nx4

�4

<
ny1

�1

þ
ny2

�2

þ
ny3

�3

<
nz4

�4

nz1

�1

þ
nz2

�2

þ
nz3

�3

<
ny4

�4

<
nx1

�1

þ
nx2

�2

þ
nx3

�3

b nx1

�1

þ
nx2

�2

þ
nx3

�3

<
ny4

�4

<
nz1

�1

þ
nz2

�2

þ
nz3

�3

nz4

�4

<
ny1

�1

þ
ny2

�2

þ
ny3

�3

<
nx4

�4

c nx4

�4

<
nz1

�1

þ
nz2

�2

þ
nz3

�3

<
ny4

�4

ny1

�1

þ
ny2

�2

þ
ny3

�3

<
nz4

�4

<
nx1

�1

þ
nx2

�2

þ
nx3

�3

d ny1

�1

þ
ny2

�2

þ
ny3

�3

<
nx4

�4

<
nz1

�1

þ
nz2

�2

þ
nz3

�3

nz4

�4

<
nx1

�1

þ
nx2

�2

þ
nx3

�3

<
ny4

�4

(b) SFG type II (i ¼ 1; j ¼ 2; k ¼ 3), SFG type III (i ¼ 3; j ¼ 1; k ¼ 2), SFG type IV (i ¼ 2; j ¼ 3; k ¼ 1).
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SFG type II ði; jÞ ¼ ð1; 2Þ; SFG type III ði; jÞ ¼ ð1; 3Þ; SFG type IV ði; jÞ ¼ ð2; 3Þ
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