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1. TENSORIAL ASPECTS OF PHYSICAL PROPERTIES
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Fig. 1.7.3.4. Index surface sections in a plane containing the optic axis z of a
negative uniaxial crystal allowing collinear type-I phase matching for SFG
(03 = 0, + @,), y =3, or for SFG (0, = 0, + 0, + @3), ¥ = 4. uby; is the
corresponding phase-matching direction.

three-wave interaction is allowed for three configurations of
polarization given in Table 1.7.3.1.

The designation of the type of phase matching, I, IT or III, is
defined according to the polarization states at the frequencies
which are added or subtracted. Type I characterizes interactions
for which these two waves are identically polarized; the two
corresponding polarizations are different for types II and III.
Note that each phase-matching relation corresponds to one sum-
frequency generation SFG (w; = w; + w,) and two difference-
frequency generation processes, DFG (o, = w; — w,) and DFG
(w, = wy; — w,). Types II and I1I are equivalent for SHG because
W, = w,.

For a four-wave process, only seven combinations of refractive
indices allow phase matching in the case of normal dispersion;
they are given in Table 1.7.3.2 with the corresponding config-
urations of polarization and types of SFG and DFG.

The convention of designation of the types is the same as for
three-wave interactions for the situations where one polarization
state is different from the three others, leading to the types I, II,
IIT and IV. The criterion corresponding to type I cannot be
applied to the three other phase-matching relations where two
waves have the same polarization state, different from the two
others. In this case, it is convenient to refer to each phase-
matching relation by the same roman numeral, but with a
different index: V', VI' and VII', with the index i=1,2,3,4
corresponding to the index of the frequency generated by the
SFG or DFG. For THG (v, = w, = ws), types II, III and IV are
equivalent, and so are types V*, VI* and VII*.

The index surface allows the geometrical determination of the
phase-matching directions, which depend on the relative ellipti-
city of the internal (—) and external (+) sheets divided by the
corresponding wavelengths: according to Tables 1.7.3.1 and
1.7.3.2 the directions are given by the intersection of the internal
sheet of the lowest wavelength [n7 (4, 6, )]/(A,) with a linear
combination of the internal and external sheets at the other
frequencies 3 /- [n*(X,, 6, 9)]/(%,). The existence and loci of
these intersections depend on specific inequalities between the
principal refractive indices at the different wavelengths. Note
that independently of phase-matching considerations, normal
dispersion and energy conservation impose f;l[nu()\i)]/()ni)
<[n,(x)1/(X)) with a =x,y, z.

1.7.3.2.2.1. Cubic crystals

There is no possibility of collinear phase matching in a
dispersive cubic crystal because of the absence of birefringence.
In a hypothetical non-dispersive anaxial crystal, the 2° three-
wave and 2* four-wave phase-matching configurations would be
allowed in any direction of propagation.

1.7.3.2.2.2. Uniaxial crystals

The configurations of polarization in terms of ordinary and
extraordinary waves depend on the optic sign of the phase-
matching direction with the convention given in Section 1.7.3.1:
Tables 1.7.3.1 and 1.7.3.2 must be read by substituting (+, —) by
(e, 0) for a positive crystal and by (o, e) for a negative one.

Because of the symmetry of the index surface, all the phase-
matching directions for a given type describe a cone with the
optic axis as a revolution axis. Note that the previous comment on
the anaxial class is valid for a propagation along the optic axis
(no = ne)'

Fig. 1.7.3.4 shows the example of negative uniaxial crystals
(n, > n,) like g-BaB,0, (BBO) and KH,PO, (KDP).

From Fig. 1.7.3.4, it clearly appears that the intersection of the
sheets is possible only if (ney)/()»y) < f;l(noi)/()»l—)
[< (noy) /()] with y = 3 for a three-wave process and y = 4 for a
four-wave one. The same considerations can be made for the
positive sign and for all the other types of phase matching. There
are different situations of inequalities allowing zero, one or
several types: Table 1.7.3.3 gives the five possible situations for
the three-wave interactions and Table 1.7.3.4 the 19 situations for
the four-wave processes.

1.7.3.2.2.3. Biaxial crystals

The situation of biaxial crystals is more complicated, because
the two sheets that must intersect are both elliptical in several
cases. For a given interaction, all the phase-matching directions
generate a complicated cone which joins two directions in the
principal planes; the possible loci a, b, ¢, d are shown on the
stereographic projection given in Fig. 1.7.3.5.

The basic inequalities of normal dispersion (1.7.3.7) forbid
collinear phase matching for all the directions of propagation
located between two optic axes at the two frequencies concerned.

Table 1.7.3.2. Correspondence between the phase-matching relations, the configurations of polarization and the types according to SFG (0, = w, + 0, + w;),
DFG (v, = w, — w, — w3), DFG (0, = w, — w; — ;) and DFG (w; = w, — w; — w,) (Boulanger et al., 1993)

Configurations of polarization Types of interaction

Phase-matching relations [on o w, w3 SFG (w,) DFG (wy) DFG (w,) DFG (ws3)

wny = oy + o,ni + o;nt e e" e’ e’ I 1I 111 v

wyny = ony + wyn; + wsnd e e e e’ 1I 1 v 1

wny = ony + wyny + wsny e e e’ e III v I I

wny = onf + wny + wzny e e’ e e v I 11 v

wyny = wny + w,ng + wyni e e e’ e’ v v! v? v?

wny = onf + wyny + wzng e e’ e e’ vr* v VI A&

wny = ony + w,ni + w;ny e e e e VI viIr VII? vIP
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1.7. NONLINEAR OPTICAL PROPERTIES
Table 1.7.3.3. Classes of refractive-index inequalities for collinear phase matching of three-wave interactions in positive and negative uniaxial crystals

Types I, II and III refer to SFG; the types of the corresponding DFG are given in Table 1.7.3.1 (Feve et al., 1993).

Positive sign (n, > n,) Negative sign (n, > n,) Types of SFG
Moz _ Mot | Mo Mt | Tn Mot | M Moy | Moy _Mes L I, I
PV VL VW PRV VR VN
E @ @ ol + e n_ + < E e + o2 L
AMoA A A Az M Az A3 Al )Lz
Ny, ”03 Ny Ny ”e% Ny I I
A + Az A3 )Ll ot A, Al ot A, A; )L + Az
Mot | M Met | Mop Moz _ Ty | o fot | Mo M | Nop T Moy | Mo I
NN A A Ay A Ay AN A A Ay A A
Mo | Mo M3 o M2 _Me None
AMA A AMA A

Table 1.7.3.4. Classes of refractive-index inequalities for collinear phase matching of four-wave interactions in positive (n, = n,, n, = n,) and negative
(n, = n,, n, = n,) uniaxial crystals with (n,,/*s) <N, /1) + (n,/%,) + (n5/23)

If this inequality is not verified, no phase matching is allowed. The types of phase matching refer to SFG; the types of the corresponding DFG are given in Table 1.7.3.2
(Feve, 1994).

Positive sign (n, > n,) Negative sign (n, > n,) Types of SFG
Ny Mg | Mz Mgy | My | Mgy My My Mgz Mg I
PV W VL VL W VA VLA W
Mgy | Mgy | Mp3 Ny +”ﬂ+”as Ny My L v
Moo ATA A A Ay A A )L3
M Mo M e Mo Ma e _Ma | M Ma Lvr
MooA AT A Ay A Ay A Ay A
Ny | Mgz Ny Mpy Mg | Ny | My L, virt
7+7+ erer— <=< +—=+——
MooA A A A A Ay L
n n n n n n n n n n I, v4, vI*
a g aZJ’_ﬁ Npy a /;2+_ b1 Pon  Pea | Mas _ Tloa
AA A Ay AA A N A )»; AA A Ay
Moy M e M I I, V4, vI*
Ao M A A
Rgp | My | Mgz Mpy Ng | Ngp Mg Ny Ny Ny Mp1 | Mgy | Mz Ny L v, virt
S Ay Mood AT A Ay A A d A Ay
Npy nhl T Ny +”b3 I, 111, v, vIrt
Ay Al Ay A
My Mo M Mo M M Mo M Mo s Ny M My M L VI, viIrt
UV Ve U VL VL WA VR T PRV VW
Mo Mo M M L IV, VI, vir*
Ay Mood A
n Ny N ny, n n n, n Ny N n, n, n 1, V4, VI4, virt
My 7+7+ﬁ ¢11+12+73A+7+7 b1+12+a3 b1+(12+l3 My Moo T s
Ay A A A A MooA A MoA Mood A A A A Ay
Mgy | My | Mz Ty + +"b% Mpy My My Mgy | LI V*, VI, VIT
U VRV T VO W U W T
Mg My My My Ty M My My Mp M | LTIL VA VI vIF
—al |, Th2 3 bl b2y a3 o Tbd 7By T2 | T3
U VR VL VL VR Ve VI VIR VL
My + Mgy | Mp3 Ny | Ny ”h4 +”Izz+”/;3 L1V, V¥4, VI*, vII*
MooA o AT A A A3 )LA A A A
M My My M Tan | M Mis M M Mo L I, 111, V*, VI*, VII*
AA A Ay Moo AT A A Ay
n, n n, Ry Mz My My, L IL, IV, V4, VI*, VII*
i+7+ﬁ b4 7+£+13 11+zz+7
Mo oAy A Ay R P A S P N
My My Mgz Mpy Mgy +”bz +”b3 My | Mg | My | LILIV, V4, VI, vir
by TR T Thd Tl b2 T3 TBL T2y b3
UV W VR VR VL VAL VLA VL
o M T Mo T Mo T M T M| Al
T VR VL W VL VL WL VL VL W
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Table 1.7.3.5. Refractive-index conditions that determine collinear phase-matching loci in the principal planes of positive and negative biaxial crystals for three-

wave SFG
a, b, ¢, d refer to the areas given in Fig. 1.7.3.5. The types corresponding to the different DFGs are given in Table 1.7.3.1 (Féve et al., 1993).
Phase- Inequalities determining three-wave collinear phase matching in
matching biaxial crystals
10?1 mn the Positive biaxial crystal Negative biaxial crystal
principal
Types of SFG planes n (@) <ny(@;) <n,() n(w;) > ny(;) > n,(v,)
Type I a My My e s Mg Mo Mp Mg Mo
)"3 )“l )‘2 )“3 )‘l )‘Z )‘3 )“l )“2
b Py Mo T Ma | Mo Po M e My
Moo M A Ay M h A
¢ Mo _Ma Mo Ths I B B T
Ao A A A T R R
d e Me Mo Mo Ty e M
Mok A M N A M b N
Type IT a Mo Ma M M Mo M Mty Mo My T Mo
A M A T T R
b M Ma M T Mo By M Mo P T M
Moo A M, A M M A
¢ Mo M Mo M Mo M P Mo M M e
A M M A N S T o
e M M M s M Mo | Mg e M Ma T
R T S e Moo A A
d Mg Mo e _Ma Mo | e M Mo Ma Mo Mn
MoA M A MM AT A Ay
d* e VN S TR S W B
)"1 )“2 )‘3 )“1 )“2 )‘1 )‘2 }‘3 )"3 )‘1 )‘2
Type 111 a n n, n, n, n, n, n n n, n n,
P R T B T - R M M M M e
L TR TR S Y Moo A A,
b M M M Mg e e M M M M Mg
MoA A A A RV W VL W
¢ E<nzl+nxz;nzl+nﬁ<h E+n~ >E> ‘]J’_nzz
)“3 1 2 )‘1 )‘2 )“3 )‘1 2 3 1 2
MooA AT A A A AA Ay A A,
d My M M Mo M | M M M M N
Moo M e Ay A M A
d* i e _Ma M Me Mg Mo M Moy Ma ) Mo
Moo M A Mook T N A
Conditions ¢, d are applied if ny ng Ny n, Nz ng Ny ny, Ny n, Nz ng
)"1 )“1 ' )‘2 )\'2 )“3 )“3 )"1 )"1 ' )‘2 )‘Z )“3 )“3
Conditions c*, d* are applied if | n,; ng _my ng Mo np | M nm M ng My Ny
r R I S S S S S A S

Tables 1.7.3.5 and 1.7.3.6 give, respectively, the inequalities that However, type I can exist even if type II or type III is not allowed.
determine collinear phase matching in the principal planes for A type-I phase-matched SFG in area ¢ forbids phase-matching
the three types of three-wave SFG and for the seven types of directions in area b for type-II and type-III SFG. The exclusion is
four-wave SFG. the same between d and a. The consideration of all the possible

The inequalities in Table 1.7.3.5 show that a phase-matching combinations of the inequalities of Table 1.7.3.5 leads to 84
cone which would join the directions a and d is not possible for possible classes of phase-matching cones for both positive and
any type of interaction, because the corresponding inequalities negative biaxial crystals (Feve ef al., 1993; Feve, 1994). There are
have an opposite sense. It is the same for a hypothetical cone 14 classes for second harmonic generation (SHG) which corre-
joining b and c. spond to the degenerated case (w; = w,) (Hobden, 1967).

The existence of type-II or type-III SFG phase matching The coexistence of the different types of four-wave phase
imposes the existence of type I, because the inequalities relative  matching is limited as for the three-wave case: a cone joining a
to type I are always satisfied whenever type II or type III exists. and d or b and c is impossible for type-I SFG. Type I in area d
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Table 1.7.3.6. Refractive-index conditions that determine collinear phase-matching loci in the principal planes of positive and negative biaxial crystals for four-

wave SFG

The types corresponding to the different DFGs are given in Table 1.7.3.2 (Boulanger et al., 1993).

(a) SFG type L.

(b) SFG type II (i =

Phase- Inequalities determining four-wave collinear phase matching in biaxial crystals
matching
loci in the
principal
planes Positive sign Negative sign
a My My Mo M Ny Ny Mo Ny M Mg Mo Mg
Ay AMooA A Ay A A Ay Ay A A Ay
b Ny Ny N o Ny N, Ny ng Ny Ay 3 ny
e R 2 e S R & < e A L L
A Ay A Ay A Ay A Ay A Ay A Ay
¢ Ny Ny Ny N Ny ny Ny My Ry Ny [ Ny | Ny
o Za2 <2 ot 3 T Ty T
Ay M + Ay + Ay Ay A + Ay + Ay Ay A + Ay Ay
d My Mhp Ty M M M N Mg M Mo e The
A A A Ay A A A Ay AA A Ay
1,j=2,k=3),SFGtype lIl (i =3,j =1,k =2),SFG type IV (i =2,j =3,k =1).
Phase- Inequalities determining four-wave collinear phase matching in biaxial crystals
matching
loci in the
principal
planes Positive sign Negative sign
a Nyy ng Ny My g Ny Ny Ny Ryi | My Ny ny4 Ayi | My Ny
e i) PR R SR L b &1 iy Ty Tk 4 Ty Ty Tk
Ay Ai+kj+)\k Ai+kj+kk Ay Ai+xj+kk Ay A1+A]+)Lk
b n n, n n, n, n n n n, n, n,; n; n n
i Vi xk v4 i i zk 24 i i vk i X vk x4
Yoy Txk Tv4 T T Tk e AR R L Moy Tk T
A Aj+kk Ay ki+kj+kk Ay ki+kj+kk Ai+kj+kk Ay
¢ Mg My Mg A My My Ny Ny M e Pk Mg Ny Ny Ny
<+ + =+ 4+ <= = = =+ =+
Ay A + A + A A + Aj + A Ay oA A Ay A; + A + Ay
c* ng My Ny ongy Ry Ry Nyong ng; Ny Ny Ry Ay Ny Ry
e R - e s L /R gy o W my (y ak
Ao A M Ay Ay iAo X oA A Ay oA M
d Ny | My vk Ny i | My M Ny My M Mg Ty Ty Ny My
Do g 7 vk T Tai gy 79y ek @ Td g Td oy Tk oy Wy Tk
}\,+Aj+)u,\ Ay A,+Aj+kk Ay }‘i+}“j+)"k )L,-+Aj+kk Ay
d* n; n kMg Ny Mg on n,; n; n n, Ny N, N, n
e Ty vk T T 79 Tk B L AR e s < Xy Tk
oA Ay oA M Y VO S Aok M
SFG type 1I (i, j) = (1, 2); SFG type III (i, j) = (1, 3); SFG type IV (i, ) = (2, 3)
Conditions P M M Py e M P M M My M
¢, d are P T T T VY P T T N VY
L i j i j 4 4 i j i j 4 4
applied if
Conditions Ry Ny Ny v My My Ry Ny Ny n, n
g o Xy e Y RLE L AP L/ A A
c¥, d* are A T T TS S
applied if

forbids the six other types in a. The same restriction exists
between c and b. Types II, III, IV, V*, VI* and VII* cannot exist
without type I; other restrictions concern the relations between
types IL II1, IV and types V*, VI, VII* (Feve, 1994). The counting
of the classes of four-wave phase-matching cones obtained from
all the possible combinations of the inequalities of Table 1.7.3.6 is

complex and it has not yet been done.

For reasons explained later, it can be interesting to consider a
non-collinear interaction. In this case, the projection of the
vectorial phase-matching relation (1.7.3.26) on the wavevector

k(w,, 0, ¢,) of highest frequency w, leads to

y—1

Y- wn(w;, 6, ¢)cosa;, = w,n(w,,0,,¢,),

i=1

where o;, is the angle between k(w;, 6;, ¢;) and k(w,, 0,,, ¢,), with
y =3 for a three-wave interaction and y =4 for a four-wave

(1.7.3.29)

interaction. The phase-matching angles (6, ¢,) can be expressed
as a function of the different (6;, ¢,) by the projection of (1.7.3.26)
on the three principal axes of the optical frame.

The configurations of polarization allowing non-collinear
phase matching are the same as for collinear phase matching.
Furthermore, non-collinear phase matching exists only if colli-

near phase matching is allowed; the converse is not true (Feve,

1.7.3.2.3. Quasi phase matching

1994). Note that collinear or non-collinear phase-matching
conditions are rarely satisfied over the entire transparency range
of the crystal.

When index matching is not allowed, it is possible to increase
the energy of the generated wave continuously during the
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propagation by introducing a periodic change in the sign of the
nonlinear electric susceptibility, which leads to a periodic reset of
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