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1.7. NONLINEAR OPTICAL PROPERTIES
Table 1.7.3.9. Field-tensor components speciﬁcally nil in the principal planes of uniaxial and biaxial crystals for three-wave and four-wave interactions
ði; j; kÞ ¼ x; y or z.
Conﬁgurations
of polarization

Nil ﬁeld-tensor components
(xy) plane

(xz) plane

(yz) plane

eoo

Fxjk ¼ 0; Fyjk ¼ 0

oee

Fixk ¼ Fijx ¼ 0
Fiyk ¼ Fijy ¼ 0
Fxjkl ¼ 0; Fyjkl ¼ 0

Fixk ¼ Fijx ¼ 0
Fyjk ¼ 0
Fiyk ¼ Fijy ¼ 0
Fxik ¼ 0
Fixkl ¼ Fijxl ¼ Fijkx ¼ 0
Fyjkl ¼ 0
Fiykl ¼ Fijyl ¼ Fijky ¼ 0
Fxjkl ¼ 0
Fxjkl ¼ Fixkl ¼ 0
Fijyl ¼ Fijky ¼ 0

Fiyk ¼ Fijy ¼ 0
Fxjk ¼ 0
Fixk ¼ Fijx ¼ 0
Fyjk ¼ 0
Fiykl ¼ Fijyl ¼ Fijky ¼ 0
Fxjkl ¼ 0
Fixkl ¼ Fijxl ¼ Fijkx ¼ 0
Fyjkl ¼ 0
Fyjkl ¼ Fiykl ¼ 0
Fijxl ¼ Fijkx ¼ 0

eooo
oeee
ooee

Fixkl ¼ Fijxl
Fiykl ¼ Fijyl
Fijxl ¼ Fijkx
Fijyl ¼ Fijky

¼ Fijkx ¼ 0
¼ Fijky ¼ 0
¼0
¼0

and conﬁgurations of polarization: D4 and D6 for 2o.e, C4v and
C6v for 2e.o, D6, D6h, D3h and C6v for 3o.e and 3e.o. Thus, even if
phase-matching directions exist, the effective coefﬁcient in these
situations is nil, which forbids the interactions considered
(Boulanger & Marnier, 1991; Boulanger et al., 1993). The number
of forbidden crystal classes is greater under the Kleinman
approximation. The forbidden crystal classes have been determined for the particular case of third harmonic generation
assuming Kleinman conjecture and without consideration of the
ﬁeld tensor (Midwinter & Warner, 1965).
1.7.3.2.4.3. Biaxial class
The symmetry of the biaxial ﬁeld tensors is the same as for the
uniaxial class, though only for a propagation in the principal
planes xz and yz; the associated matrix representations are given
in Tables 1.7.3.7 and 1.7.3.8, and the nil components are listed in
Table 1.7.3.9. Because of the change of optic sign from either side
of the optic axis, the ﬁeld tensors of the interactions for which the
phase-matching cone joins areas b and a or a and c, given in Fig.
1.7.3.5, change from one area to another: for example, the ﬁeld
tensor (eoee) becomes an (oeoo) and so the solicited components
of the electric susceptibility tensor are not the same.

The nonzero ﬁeld-tensor components for a propagation in the
xy plane of a biaxial crystal are: Fzxx , Fzyy , Fzxy 6¼ Fzyx for (eoo);
Fxzz , Fyzz for (oee); Fzxxx , Fzyyy , Fzxyy 6¼ Fzyxy 6¼ Fzyyx ,
Fzxxy 6¼ Fzxyx 6¼ Fzyxx for (eooo); Fxzzz , Fyzzz for (oeee);
Fxyzz 6¼ Fyxzz , Fxxzz , Fyyzz for (ooee). The nonzero components for
the other conﬁgurations of polarization are obtained by the
associated permutations of the Cartesian indices and the corresponding polarizations.
The ﬁeld tensors are not symmetric for a propagation out of
the principal planes in the general case where all the frequencies
are different: in this case there are 27 independent components
for the three-wave interactions and 81 for the four-wave interactions, and so all the electric susceptibility tensor components
are solicited.
As phase matching imposes the directions of the electric ﬁelds
of the interacting waves, it also determines the ﬁeld tensor and
hence the effective coefﬁcient. Thus there is no possibility of
choice of the ð2Þ coefﬁcients, since a given type of phase
matching is considered. In general, the largest coefﬁcients of
polar crystals, i.e. zzz , are implicated at a very low level when
phase matching is achieved, because the corresponding ﬁeld
tensor, i.e. Fzzz , is often weak (Boulanger et al., 1997). In contrast,
QPM authorizes the coupling between three waves polarized
along the z axis, which leads to an effective coefﬁcient which is
purely zzz, i.e. eff ¼ ð2=Þzzz , where the numerical factor
comes from the periodic character of the rectangular function of
modulation (Fejer et al., 1992).
1.7.3.3. Integration of the propagation equations
1.7.3.3.1. Spatial and temporal proﬁles
The resolution of the coupled equations (1.7.3.22) or (1.7.3.24)
over the crystal length L leads to the electric ﬁeld amplitude
Ei ðX; Y; LÞ of each interacting wave. The general solutions are
Jacobian elliptic functions (Armstrong et al., 1962; Fève,
Boulanger & Douady, 2002). The integration of the systems is
simpliﬁed for cases where one or several beams are held constant,
which is called the undepleted pump approximation. We consider
mainly this kind of situation here. The power of each interacting
wave is calculated by integrating the intensity over the cross
section of each beam according to (1.7.3.8). For our main
purpose, we consider the simple case of plane-wave beams with
two kinds of transverse proﬁle:
EðX; Y; ZÞ ¼ eEo ðZÞ for ðX; YÞ 2 ½wo ; þwo 
EðX; Y; ZÞ ¼ 0

Fig. 1.7.3.6. Schematic conﬁgurations for second harmonic generation. (a)
Non-resonant SHG; (b) external resonant SHG: the resonant wave may
either be the fundamental or the harmonic one; (c) internal resonant SHG.
P!;2! are the fundamental and harmonic powers; HT! and HR!;2! are the
high-transmission and high-reﬂection mirrors at ! or 2! and T !;2! are the
transmission coefﬁcients of the output mirror at ! or 2!. NLC is the
nonlinear crystal with a nonzero (2).
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elsewhere

ð1:7:3:36Þ

for a ﬂat distribution over a radius wo;
EðX; Y; ZÞ ¼ eEo ðZÞ exp½ðX 2 þ Y 2 Þ=w2o 

ð1:7:3:37Þ

for a Gaussian distribution, where wo is the radius at (1=e) of the
electric ﬁeld and so at (1=e2 ) of the intensity.
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The associated powers are calculated according to (1.7.3.8),
which leads to
PðLÞ ¼ mðn=2Þð"o =o Þ1=2 jEo j2 w2o

ð1:7:3:38Þ

where m ¼ 1 for a ﬂat distribution and m ¼ 1=2 for a Gaussian
proﬁle.
The nonlinear interaction is characterized by the conversion
efﬁciency, which is deﬁned as the ratio of the generated power to
the power of one or several incident beams, according to the
different kinds of interactions.
For pulsed beams, it is necessary to consider the temporal
shape, usually Gaussian:
PðtÞ ¼ Pc expð2t2 = 2 Þ

ð2Þ 2
2
2
2!
!
!
jE2!
3 ðX; Y; LÞj ¼ fK3 ½"o eff g jE1 ðX; Y; 0ÞE2 ðX; Y; 0Þj
 L2 sin c2 ½ðk  LÞ=2:
ð1:7:3:41Þ

(1.7.3.41) implies a Gaussian transversal proﬁle for
!
!
jE2!
3 ðX; Y; LÞj if jE1 ðX; Y; 0Þj and jE2 ðX; Y; 0Þj are Gaussian.
The three beam radii are related by ð1=w2o3 Þ ¼ ð1=w2o1 Þ þ ð1=w2o2 Þ,
so if we assume that the two fundamental beams have the same
radius w!o , which is not an approximation for type I, then
!
1=2
w2!
o ¼ ½wo =ð2 Þ. Two incident beams with a ﬂat distribution of
!
radius wo lead to the generation of a ﬂat harmonic beam with the
!
same radius w2!
o ¼ wo .
The integration of (1.7.3.41) according to (1.7.3.36)–(1.7.3.38)
for a Gaussian proﬁle gives in the SI system


L2
2 k  L
sin
c
2
w2o
2
2! ! !
32 2N  1 deff T3 T1 T2
; ðW1 Þ
B¼
! !
"o c N 2! n2!
n
n
3
1 2

ð1:7:3:39Þ

P2! ðLÞ ¼ BP!1 ð0ÞP!2 ð0Þ
where Pc is the peak power and  the half (1=e2 ) width.
For a repetition rate f (s1), the average power P~ is then given
by
~
P~ ¼ Pc f ð=2Þ1=2 ¼ Ef

ð1:7:3:42Þ
ð1:7:3:40Þ

where E~ is the energy per Gaussian pulse.
When the pulse shape is not well deﬁned, it is suitable to
consider the energies per pulse of the incident and generated
waves for the deﬁnition of the conversion efﬁciency.
The interactions studied here are sum-frequency generation
(SFG), including second harmonic generation (SHG:
! þ ! ¼ 2!), cascading third harmonic generation (THG:
! þ 2! ¼ 3!) and direct third harmonic generation (THG:
! þ ! þ ! ¼ 3!). The difference-frequency generation (DFG) is
also considered, including optical parametric ampliﬁcation
(OPA) and oscillation (OPO).
We choose to analyse in detail the different parameters relative
to conversion efﬁciency (ﬁgure of merit, acceptance bandwidths,
walk-off effect etc.) for SHG, which is the prototypical secondorder nonlinear interaction. This discussion will be valid for the
other nonlinear processes of frequency generation which will be
considered later.
1.7.3.3.2. Second harmonic generation (SHG)
According to Table 1.7.3.1, there are two types of phase
matching for SHG: type I and type II (equivalent to type III).
The fundamental waves at ! deﬁne the pump. Two situations
are classically distinguished: the undepleted pump approximation, when the power conversion efﬁciency is sufﬁciently low to
consider the fundamental power to be undepleted, and the
depleted case for higher efﬁciency. There are different ways to
realize SHG, as shown in Fig. 1.7.3.6: the simplest one is nonresonant SHG, outside the laser cavity; other ways are external or
internal resonant cavity SHG, which allow an enhancement of the
single-pass efﬁciency conversion.
1.7.3.3.2.1. Non-resonant SHG with undepleted pump in the
parallel-beam limit with a Gaussian transverse proﬁle
We ﬁrst consider the case where the crystal length is short
enough to be located in the near-ﬁeld region of the laser beam
where the parallel-beam limit is a good approximation. We make
another simpliﬁcation by considering a propagation along a
principal axis of the index surface: then the walk-off angle of each
interacting wave is nil so that the three waves have the same
coordinate system (X; Y; Z).
The integration of equations (1.7.3.22) over the crystal length
Z in the undepleted pump approximation, i.e. @E!1 ðX; Y; ZÞ=@Z =
@E!2 ðX; Y; ZÞ=@Z ¼ 0, with E2!
3 ðX; Y; 0Þ ¼ 0, leads to

where c ¼ 3  108 m s1, "o ¼ 8:854  1012 A s V1 m1 and so
ð32="o cÞ ¼ 37:85  103 V A1. L (m) is the crystal length in the
!
!
direction of propagation. k ¼ k2!
3  k1  k2 is the phase
!
!
mismatch. n2!
,
n
and
n
are
the
refractive
indices at the
3
2
1
harmonic and fundamental wavelengths 2! and ! (mm): for the

!
!
þ
phase-matching case, k ¼ 0, n2!
3 ¼ n ð2!Þ, n1 ¼ n2 ¼ n ð!Þ
for type I (the two incident fundamental beams have the same
polarization contained in +, with the harmonic polarization
contained in ) and n!1 ¼ nþ ð!Þ 6¼ n!2 ¼ n ð!Þ for type II (the
two solicited eigen modes at the fundamental wavelength are in
+ and , with the harmonic polarization contained in ).
T32! , T1! and T2! are the transmission coefﬁcients given by
Ti ¼ 4ni =ðni þ 1Þ2 . deff (pm V1) ¼ ð1=2Þeff ¼ ð1=2Þ½F ð2Þ  ð2Þ  is
the effective coefﬁcient given by (1.7.3.30) and (1.7.3.31). P!1 ð0Þ
and P!2 ð0Þ are the two incident fundamental powers, which are
not necessarily equal for type II; for type I we have obviously
P!1 ð0Þ ¼ P!2 ð0Þ ¼ ðP!tot =2Þ. N is the number of independently
oscillating modes at the fundamental wavelength: every longitudinal mode at the harmonic pulsation can be generated by
many combinations of two fundamental modes; the ð2N  1Þ=N
factor takes into account the ﬂuctuations between these longitudinal modes (Bloembergen, 1963).
The powers in (1.7.3.42) are instantaneous powers P(t).
The second harmonic (SH) conversion efﬁciency, SHG,
!
is usually deﬁned as the ratio of peak 2!
powers !P2!
c ðLÞ=Pc;tot ð0Þ, or
~
~
as the ratio of the pulse total energy E ðLÞ=Etot ð0Þ. For Gaussian
temporal proﬁles, the SH ð1=e2 Þ pulse duration 2! is equal to
! =ð21=2 Þ, because P2! is proportional to P2!, and so, according to
(1.7.3.40), the pulse average energy conversion efﬁciency is
1=ð21=2 Þ smaller than the peak power conversion efﬁciency given
by (1.7.3.42). Note that the pulse total energy conversion efﬁciency
is !equivalent to the average power conversion efﬁciency
2!
P~ ðLÞ=P~ tot ð0Þ, with P~ ¼ E~  f where f is the repetition rate.
Formula (1.7.3.42) shows the importance of the contribution of
the linear optical properties to the nonlinear process. Indeed, the
ﬁeld tensor F(2), the transmission coefﬁcients Ti and the phase
mismatch k only depend on the refractive indices in the
direction of propagation considered.
(i) Figure of merit.
The contribution of F(2) was discussed previously, where it was
shown that the ﬁeld tensor is nil in particular directions of
propagation or everywhere for particular crystal classes and
conﬁgurations of polarization (even if the nonlinearity (2) is
high).
The ﬁeld tensor F(2) of SHG can be written with the contracted
notation of d(2); according to Table 1.7.3.1 and to the contraction
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