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11.3. Integration, scaling, space-group assignment and post refinement
BY W. KABSCH
11.3.1. Introduction
Key steps in the processing of diffraction data from single crystals
involve: (a) accurate modelling of the positions of all the reﬂections
recorded in the images; (b) integration of diffraction intensities; (c)
data correction, scaling and post reﬁnement; and (d) space-group
assignment. Much of the theory and many of the methods for
carrying out these steps were developed about two decades ago for
processing rotation data recorded on ﬁlm and were later extended to
exploit fully the capabilities of a variety of electronic area detectors;
some CCD (charge-coupled device) and multiwire detectors allow
the recording of ﬁnely sliced rotation data because of their fast data
read-out. In this chapter, the principles of the methods are described
as they are employed by the program XDS (Section 25.2.9). These
apply equally well to rotation images covering small or large
oscillation ranges. A large number of other systems have been
developed which differ in the details of the implementations. Some
of these packages are described in Chapter 25.2. The theory and
practice of processing ﬁne-sliced data have recently been discussed
by Pﬂugrath (1997).
11.3.2. Modelling rotation images
The observed diffraction pattern, i.e., the positions of the reﬂections
recorded in the rotation-data images, is controlled by a small set of
parameters which must be accurately determined before integration
can start. Approximate values for some of these parameters are
given by the experimental setup, whereas others may be completely
unknown and must be obtained from the rotation images. This is
achieved by automatic location of strong diffraction spots,
extraction of a primitive lattice basis that yields integer indices
for the observed reﬂections, and subsequent reﬁnement of all
parameters to minimize the discrepancies between observed and
calculated spot positions in the data images.

Finally, a right-handed crystal coordinate system fb1 , b2 , b3 g and
its reciprocal basis fb1 , b2 , b3 g are deﬁned to represent the
unrotated crystal, i.e., at rotation angle '  0 , such that any
reciprocal-lattice vector can be expressed as p0  hb1  kb2  lb3
where h, k, l are integers.
Using a Gaussian model, the shape of the diffraction spots is
speciﬁed by two parameters: the standard deviations of the
reﬂecting range M and the beam divergence D (see Section
11.3.2.3). This leads to an integration region around the spot deﬁned
by the parameters M and D , which are typically chosen to be 6–10
times larger than M and D , respectively.
Knowledge of the parameters S0 , m2 , b1 , b2 , b3 , X0 , Y0 , F, d1 , d2 ,
d3 , '0 and ' is sufﬁcient to compute the location of all diffraction
peaks recorded in the data images. Determination and reﬁnement of
these parameters are described in the following sections.
11.3.2.2. Spot prediction
It is assumed here that accurate values of all parameters
describing the diffraction experiment are available, permitting
prediction of the positions of all diffraction peaks recorded in the
data images. Let p0 denote any arbitrary reciprocal-lattice vector if
the crystal has not been rotated, i.e., at rotation angle '  0 . p0 can
be expressed by its components with respect to the orthonormal
goniostat system as
p0  m1 m1  p0   m2 m2  p0   m3 m3  p0 :
Depending on the diffraction geometry, p0 may be rotated into a
position fulﬁlling the reﬂecting condition. The required rotation
angle ' and the coordinates X, Y of the diffracted beam at its
intersection with the detector plane can be found from p0 as follows.
Rotation by ' around axis m2 changes p0 into p .
p  D m2 , 'p0  m2 m2  p0   p0
 m2  p0 sin '

 m1 m1  p0 cos '  m3  p0 sin '  m2 m2  p0

11.3.2.1. Coordinate systems and parameters
In the rotation method, the incident beam wave vector S0 of
length 1= ( is the wavelength) is ﬁxed while the crystal is rotated
around a ﬁxed axis described by a unit vector m2 . S0 points from the
X-ray source towards the crystal. It is assumed that the incident
beam and the rotation axis intersect at one point at which the crystal
must be located. This point is deﬁned as the origin of a right-handed
orthonormal laboratory coordinate system fl1 , l2 , l3 g. This ﬁxed but
otherwise arbitrary system is used as a reference frame to specify
the setup of the diffraction experiment.
Diffraction data are assumed to be recorded on a ﬁxed planar
detector. A right-handed orthonormal detector coordinate system
fd1 , d2 , d3 g is deﬁned such that a point with coordinates X, Y in the
detector plane is represented by the vector X X0 d1 
Y Y0 d2  Fd3 with respect to the laboratory coordinate system.
The origin X0 , Y0 of the detector plane is found at a distance jFj
from the crystal position. It is assumed that the diffraction data are
recorded on adjacent non-overlapping rotation images, each
covering a constant oscillation range ' with image No. 1 starting
at spindle angle '0 .
Diffraction geometry is conveniently expressed with respect to a
right-handed orthonormal goniostat system fm1 , m2 , m3 g. It is
constructed from the rotation axis and the incident beam direction
such that m1  m2  S0 =jm2  S0 j and m3  m1  m2 . The
origin of the goniostat system is deﬁned to coincide with the origin
of the laboratory system.

 m3 m3  p0 cos '

m1  p0 sin '

 m1 m1  p   m2 m2  p   m3 m3  p :
The incident and diffracted beam wave vectors, S0 and S, have their
termini on the Ewald sphere and satisfy the Laue equations
S  S0  p ,

S2  S20 ) p2  2S0  p  p2
0 :

p0  m2 2 1=2 denotes the distance of p0 from the
If   p2
0
rotation axis, solutions for p and ' can be obtained in terms of p0
as
p  m3   p2
0 =2

p  m2  p0  m2
p  m1  2

p0  m2  S0  m2 =S0  m3
p  m3 2 1=2

cos '   p  m1  p0  m1   p  m3  p0  m3 =2
sin '   p  m1  p0  m3 

p  m3  p0  m1 =2 :

In general, there are two solutions according to the sign of p  m1 .
2
If 2 < p  m3 2 or p2
0 > 4S0 , the Laue equations have no
solution and the reciprocal-lattice point p0 is in the ‘blind’ region.
If FS  d3 > 0, the diffracted beam intersects the detector plane at
the point
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m2 m2  p0  cos '
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FS=S  d3  FS  d1 =S  d3 d1  FS  d2 =S  d3 d2  Fd3
 X

X0 d1  Y

Rj 

Y0 d2  Fd3 ,

which leads to a diffraction spot recorded at detector coordinates

R1
1




A reciprocal-lattice point crosses the Ewald sphere by the
shortest route only if the crystal happens to be rotated about an
axis perpendicular to both the diffracted and incident beam wave
vectors, the ‘ -axis’ e1  S  S0 =jS  S0 j, as introduced by Schutt
& Winkler (1977). Rotation around the ﬁxed axis m2 , as enforced
by the rotation camera, thus leads to an increase in the length of the
shortest path by the factor 1=je1  m2 j. This has motivated the
introduction of a coordinate system fe1 , e2 , e3 g, speciﬁc for each
reﬂection, which has its origin on the surface of the Ewald sphere at
the terminus of the diffracted beam wave vector S,
e2  S  e1 =jS  e1 j,

e3  S  S0 =jS  S0 j:
The unit vectors e1 and e2 are tangential to the Ewald sphere, while
e3 is perpendicular to e1 and p  S S0 . The shape of a reﬂection,
as represented with respect to fe1 , e2 , e3 g, then no longer contains
geometrical distortions resulting from the ﬁxed rotation axis of the
camera and the oblique incidence of the diffracted beam on a ﬂat
detector. Instead, all reﬂections appear as if they had followed the
shortest path through the Ewald sphere and had been recorded on
the surface of the sphere.
A detector pixel at X0 , Y0 in the neighbourhood of the reﬂection
centre X, Y, when the crystal is rotated by '0 instead of ', is mapped
to the proﬁle coordinates "1 , "2 , "3 by the following procedure:
X0 d1  Y 0

 f   X
"1  e1  S0

0

Y0 d2  Fd3 

X0   Y 0
2

1

d"2

 '0 j
R ' '
'0  j 1' '

'0 j
R '

'0

exp

'0  j 1'

 erf jj '0  j'

11.3.2.3. Standard spot shape

S0   X 0

R1

Y0 2  F 2 1=2 g

1

S180= jSj,

0

"2  e2  S S180= jSj
"3  e3  D m2 , '0 'p p 180= jp j '   '0

d"3 ! "1 , "2 , "3 

 f1= 21=2 M =jjg

X  X0  FS  d1 =S  d3 ,
Y  Y0  FS  d2 =S  d3 :

e1  S  S0 =jS  S0 j,

d"1

'

  m2  e1 :
 corrects for the increased path length of the reﬂection through the
Ewald sphere and is closely related to the reciprocal Lorentz
correction factor
L 1  jm2  S  S0 j= jSj  jS0 j  j  sin  S, S0 j:
Because of crystal mosaicity and beam divergence, the intensity
of a reﬂection is smeared around the diffraction maximum. The
fraction of total reﬂection intensity found in the volume element
d"1 d"2 d"3 at "1 , "2 , "3 can be approximated by Gaussian functions:
! "1 , "2 , "3 d"1 d"2 d"3
exp "21 =22D 
exp "22 =22D 
exp "23 =22M 

d"

d"

d"3 :
1
2
21=2 D
21=2 D
21=2 M
11.3.2.4. Spot centroids and partiality
The intensity of a reﬂection can be completely recorded on one
image, or distributed among several adjacent images. The fraction
R j of total intensity recorded on image j, the ‘partiality’ of the
reﬂection, can be derived from the distribution function ! "1 , "2 , "3 
as

erf fjj'0  j

'2 =2 M =jj2  d'0

'= 21=2 M 
1'

'= 21=2 M g



2:

The integral is evaluated by using a numerical approximation of the
error function, erf (Abramowitz & Stegun, 1972).
While the spot centroids in the detector plane are usually good
estimates for the detector position of the diffraction maximum, the
angular centroid about the rotation axis,
1
P
j 1=2R j  ',
Z  '0  ' 
j 1

can be a rather poor guess for the true ' angle of the maximum. Its
accuracy depends strongly on the value of ' and the size of the
oscillation range ' relative to the mosaicity M of the crystal. For
a reﬂection fully recorded on image j, the value Z  '0 
j 1=2  ' will always be obtained, which is correct only if
' accidentally happens to be close to the centre of the rotation range
of the image. In contrast, the ' angle of a partial reﬂection recorded
on images j and j  1 is closely approximated by
Z  '0   j  R j1 R j =2  ' . If many images contribute to
the spot intensity, Z ' is always an excellent approximation to the
ideal angular position ' when the Laue equations are satisﬁed; in
fact, in the limiting case of inﬁnitely ﬁne-sliced data, it can be
shown that lim' !0 Z '  '.
Most reﬁnement routines minimize the discrepancies between
the predicted ' angles and their approximations obtained from the
observed Z centroids, and must therefore carefully distinguish
between fully and partially recorded reﬂections. This distinction is
unnecessary, however, if observed Z centroids are compared with
their analytic forms instead, because the sensitivity of the centroid
positions to the diffraction parameters is correctly weighted in
either case (see Section 11.3.2.8).
11.3.2.5. Localizing diffraction spots
Recognition and reﬁnement of the parameter values controlling
the observed diffraction pattern begins with the extraction of a list
of coordinates of strong spots occurring in the images. As
implemented in XDS, this list is obtained by the following
procedure. First, each pixel value is compared with the mean
value and standard deviation of surrounding pixels in the same
image and classiﬁed as a strong pixel if its value exceeds the mean
by a given multiple (typically 3 to 5) of the standard deviation.
Values of the strong pixels and their location addresses and image
running numbers are stored in a hash table during spot search [for a
discussion of the hash technique, see Wirth (1976)]. After
processing a ﬁxed number of images, or when the table is full, all
strong pixels are labelled by a unique number identifying the spot to
which they belong. By deﬁnition, any two such pixels which can be
connected by direct strong neighbours in two or three dimensions (if
there are adjacent images) belong to the same spot (equivalence
class). The labelling is achieved by the highly efﬁcient algorithm for
the recording of equivalence classes developed by Rem (see
Dijkstra, 1976). At the end of this procedure, the table is searched
for spots that have no contributing strong pixel on the current or the
previous image. These spots are complete and their centroids are
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evaluated and saved in a ﬁle. To make room for new strong pixels as
the spot search proceeds, all entries of strong pixels that are no
longer needed are removed from the hash table and the remaining
ones are rehashed. On termination, a list Xi0 , Yi0 , Zi0 i  1, . . . , n of
the centroids of strong spots is available.
11.3.2.6. Basis extraction
Any reciprocal-lattice vector can be written in the form p0 
 kb2  lb3 where h, k, l are integer numbers and b1 , b2 , b3 are
basis vectors of the lattice. The basis vectors which describe the
orientation, metric and symmetry of the crystal, as well as the
reﬂection indices h, k, l, have to be determined from the list of
strong diffraction spots Xi0 , Yi0 , Zi0 i  1, . . . , n. Ideally, each spot
corresponds to a reciprocal-lattice vector p0 which satisﬁes the Laue
equations after a crystal rotation by '. Substituting the observed
value Z0 for the unknown ' angle (see Section 11.3.2.4), p0 is found
from the observed spot coordinates as
hb1

p0  D m2 , Z 0  S0 S0 
S0   X 0 X0 d1  Y 0 Y0 d2  Fd3 
 h
i1=2  1
2
2
0
0
2
   X X0   Y Y0   F
:
Unfortunately, the reciprocal-lattice vectors p0i i  1, . . . , n
derived from the above list of strong diffraction spots often contain
a number of ‘aliens’ (spots arising from ﬂuctuations of the
background, from ice, or from satellite crystals) and a robust
method has to be used which is still capable of recognizing the
dominant lattice. One approach, suggested by Bricogne (1986) and
implemented in a number of variants (Otwinowski & Minor, 1997;
Steller et al., 1997), is to identify a lattice basis as the three shortest
linear independentP
vectors b1 , b2 , b3 , each at a maximum of the
Fourier transform ni1 cos 2b  p0i . Alternatively, a reciprocal
basis for the dominant lattice can be determined from short
differences between the reciprocal-lattice vectors (Howard, 1986;
Kabsch, 1988a). As implemented in XDS, a lattice basis is found by
the following procedure.
The list of given reciprocal-lattice points p0i i  1, . . . , n is
ﬁrst reduced to a small number m of low-resolution differencevector clusters v   1, . . . , m. f is the population of a
difference-vector cluster v , that is the number of times the
difference between any two reciprocal-lattice vectors p0i p0j is
approximately equal to v . In a second step, three linear
independent vectors b1 , b2 , b3 are selected among all possible
triplets of difference-vector clusters that maximize the function Q:
m
P
Q b1 , b2 , b3   f q 1 , 2 , 3 
1

q 1 , 2 , 3   exp



 max
k  v  bk ,

2

3 n
P
k1

jhk j

max jk
, 0

v 

3
P

2

hk j

", 0="2

o

k bk ,

k1

bk  bl 



of very short difference vector clusters which might be present in
the set. Excellent results have been obtained using "  0:05 and
  5. The best vector triplet thus found is reﬁned against the
observed difference-vector clusters. Finally, a reduced cell is
derived from the reﬁned reciprocal-base vector triplet as deﬁned
in IT A (1995), p. 743.
11.3.2.7. Indexing
Once a basis b1 , b2 , b3 of the lattice is available, integral indices
hi , ki , li must be assigned to each reciprocal-lattice vector
p0i i  1, . . . , n. Using the integers nearest to p0i  bk k 
1, 2, 3 as indices of the reciprocal-lattice vectors p0i could easily
lead to a misindexing of longer vectors because of inaccuracies in
the basis vectors bk and the initial values of the parameters
describing the instrumental setup. A more robust solution of the
indexing problem is provided by the local indexing method which
assigns only small index differences hi hj , ki kj , li lj between
pairs of neighbouring reciprocal-lattice vectors (Kabsch, 1993).
The reciprocal-lattice points can be considered as the nodes of a
tree. The tree connects the n points to each other with the
connections as its branches. The length `ij of a possible branch
between nodes i and j is deﬁned here as

3 n
P
`ij  1 exp 2
max jkij hijk j ", 0="2
k1
o
ij
2
 max jhk j , 0
kij  p0i

p0j   bk ,

hijk  nearest integer of kij ,

k  1, 2, 3:

Reliable index differences are indicated by short branches; in fact,
`ij is 0 if none of the indices hijk is absolutely larger than  and the kij
are integer values to within ". Typical values of " and  are "  0:05
and   5. Deﬁning the length of a tree as the sum of the lengths of
its branches, a shortest tree among all nn 2 possible trees is
determined by the elegant algorithm described by Dijkstra (1976).
Starting with arbitrary indices 0, 0, 0 for the root node, the local
indexing method then consists of traversing the shortest tree and
thereby assigning each node the indices of its predecessor plus the
small index differences between the two nodes.
During traversal of the tree, each node is also given a subtree
number. Starting with subtree number 1 for the root node, each
successor node is given the same subtree number as its predecessor
if the length of the connecting branch is below a minimal length
`min . Otherwise its subtree number is incremented by 1. Thus all
nodes in the same subtree have internally consistent reﬂection
indices. Deﬁning the size of a subtree by the number of its nodes,
aliens are usually found in small subtrees. Finally, a constant index
offset is determined such that the centroids of the observed
reciprocal-lattice points p0i belonging
to the largest subtree and
P
their corresponding grid vectors 3k1 hik bk are as close as possible.
This offset is added to the indices of each reciprocal-lattice point.

1 if k  l;

11.3.2.8. Refinement

0 otherwise

For a ﬁxed detector, the diffraction pattern depends on the
parameters S0 , m2 , b1 , b2 , b3 , X0 , Y0 and F. Starting values for the
parameters can be obtained by the procedures described above that
do not rely on prior knowledge of the crystal orientation, spacegroup symmetry or unit-cell metric. Better estimates of the
parameter values, as required for the subsequent integration step,
can be obtained by the method of least squares from the list of n
observed indexed reﬂection centroids hi , ki , li , Xi0 , Yi0 , Zi0
i  1, . . . , n. In this method, the parameters are chosen to
minimize a weighted sum of squares of the residuals

hk  nearest integer to k :
The absolute maximum of Q is assumed if all difference vectors can
be expressed as small integral multiples of the best triplet.
Deviations from this ideal situation are quantiﬁed by the quality
measure q. The value of q declines sharply if the expansion
coefﬁcients k deviate by more than " from their nearest integers hk
or if the indices are absolutely larger than . The constraint on the
allowed range of indices prevents the selection of a spurious triplet
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n
n
n
P
P
P
points within its integration domain. For weak reﬂections, this
E  wX
iX 2  wY iY 2  wZ iZ 2 :
distinction cannot be made reliably because of the errors superi1
i1
i1
imposed on the signal. The problem can be solved, however,
The residuals between the calculated Xi , Yi , Zi  and observed spot provided that both weak and strong reﬂections share the same
centroids are
proﬁle shape – an assumption that has been adopted by most dataprocessing packages.
i
0
0
X  Xi Xi  X0  FSi  d1 =Si  d3 Xi
The intensity distribution of a reﬂection can be modelled
analytically or derived from the observed proﬁles of neighbouring
iY  Yi Yi0  Y0  FSi  d2 =Si  d3 Yi0
strong spots. For the rotation method, the proﬁle shape depends
1
P
strongly on the speciﬁc path of the reﬂection through the Ewald
iZ  Zi Zi0  '0  '
j 1=2R ij Zi0 :
j 1
sphere and on variations in the angle of incidence of the diffracted
Let s   1, . . . , k denote the k independent parameters for beam on a ﬂat detector. These geometrical distortions can be
which initial estimates are available. Expanding the residuals to ﬁrst eliminated by mapping the reﬂections onto the coordinate system
deﬁned in Section 11.3.2.3, which simpliﬁes the task of modelling
order in the parameter changes s gives
the expected intensity distribution as all reﬂection proﬁles become
k
X
@
similar.
 s  s    s  
s :
@s

1
11.3.3.1. Spot extraction
The parameters should be changed in such a way as to minimize
The region around a spot is deﬁned by the two parameters D and
E s , which implies @E=@s  0 for   1, . . . , k. The s are

M , which represent spot diameter and reﬂecting range, respecfound as the solution of the k normal equations
tively. It is assumed that the coordinates of all image pixels
!
k
n
n
n
X
X
X
X
contributing to the intensity of a spot satisfy j"1 j  D =2, j"2 j 
@iX @iX
@iY @iY
@iZ @iZ
s0  =2 and j" j   =2 when mapped to the proﬁle coordinate
wX
 wY
 wZ
D
3
M
0
0
0
@s
@s
@s
@s
@s
@s






i1
i1
i1
0 1
system fe1 , e2 , e3 g deﬁned in Section 11.3.2.3. Regions of
!
n
n
n
X
X
X
neighbouring reﬂections may overlap. As implemented in XDS,
@iX
@iY
@iZ
:

wX
iX
 wY
iY
 wZ
iZ
potential
overlap is dealt with by a simple strategy: pixels within the
@s
@s
@s
i1
i1
i1
overlap region are assigned to the nearest spot. This is carried out in
The parameters are corrected by s and a new cycle of reﬁnement two steps. First, reﬂections predicted to occur on a given rotation
image are found by generating and testing all possible indices h, k, l
is started until a minimum of E is reached. The weights
up to the highest resolution recorded by the detector. Reﬂection
n
n
n
P
P
P
indices, coordinates of the diffracted beam wave vector and the
wX  1= iX 2 , wY  1= iY 2 , wZ  1= iZ 2
expected fraction of spot intensity recorded on the image are saved
i1
i1
i1
in a table. In the second step, each reﬂection boundary is traced in
are calculated with the current guess for s at the beginning of each the image and corrected to exclude pixels belonging to overlapping
cycle.
reﬂections, which are rapidly located in the table by the hash
The derivatives appearing in the normal equations can be worked technique. The image scaling factor obtained from the mean image
out from the deﬁnitions given in Sections 11.3.2.2 and 11.3.2.4, and background and the neighbourhood pixel values belonging to the
only the form of the gradient of the Z residuals is shown. Assuming reﬂections recorded in the image are saved on a scratch ﬁle
i  M =ji j i  1, . . . , n is constant for each reﬂection, the dedicated to the currently processed data image.
gradients of the Z residuals are obtained from the chain rule and the
At regular intervals, these ﬁles are merged such that all pixel
relation d erf z=dz  2= 1=2  exp z2 .
values belonging to a spot found in the contributing images follow
each other. Reﬂections for which contributing pixels are expected
@iZ @iZ @'i

further ahead in data processing are just copied to a scratch output
@s
@'i @s
ﬁle. The other reﬂections are mapped to the Ewald sphere, as
1
X
described below, and their three-dimensional proﬁles and accom'
@iZ
2

exp '0  j' 'i  =22i 
panying information are routed to the main output ﬁle of the spot1=2
@'i
2 i j 1
extraction step. After the ﬁle-merging procedure, spot extraction
@'i
@ sin 'i
@ cos 'i
continues.
 cos 'i
sin 'i
:
@s
@s
@s
11.3.3.2. Background
i
Obviously, @Z =@s is small for a fully recorded reﬂection because
i
of the small values of all exponentials appearing in @Z =@'i . In
The region around a spot is assumed to have been chosen to be
contrast, the gradient for a partial reﬂection, equally recorded on large enough to include a sufﬁcient number of pixels which can be
two adjacent images, is most sensitive to parameter variations used for determination of the background. Background determinabecause one of the exponentials assumes its maximum value. In the tion, as implemented in XDS, begins by sorting all pixels belonging
limiting case of inﬁnitely ﬁne-sliced data, it can be shown that to a reﬂection by increasing intensity. For weak or absent
lim'!0 @iZ =@'i  1. Thus, the reﬁnement scheme based on reﬂections, these values should represent a random sample drawn
observed Z centroids, as described here and implemented in XDS, from a normal distribution. If this is not the case, the pixel with the
is applicable to ﬁne-sliced data – and to data recorded with a large largest intensity is removed until the sampling distribution of the
oscillation range as well.
remaining smaller items satisﬁes the expected distribution. This
method will also exclude pixels with unexpectedly high values,
such as ice reﬂections. The background, determined as the mean
11.3.3. Integration
value of the accepted pixels, is systematically overestimated for
A fundamental requirement for a general integration method is that strong spots because of some residual intensity extending into the
it should distinguish carefully between signal and background accepted background pixels. This residual intensity is estimated
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