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1. INTRODUCTION
incomplete angle-dependent collimation. Incomplete angledependent collimation can be very difﬁcult to correct when trying
to measure diffuse scattering quantitatively and the current trend
is to have minimal secondary collimation.
There is increasing interest in carrying out in situ experiments
under extreme conditions of pressure, temperature, magnetic
ﬁeld and so on (see Chapters 2.6 to 2.8). These experiments
inevitably introduce additional scattering from the environment.
Again, there is a balance between ﬁnding creative ways to reduce
these backgrounds, and simply making them less problematic in
the data analysis. For example, in a diamond-anvil cell, where the
beam accesses the sample through the diamond, one can drill a
hole part way through the diamond to accommodate the direct
beam and make the direct beam small enough to ﬁt in the hole.
This increases the complexity of the measurement as alignment
becomes harder, but it is usually worth it. Shielding structural
parts of the environment cell with an absorbing material, such as
lead for X-rays or a borated material for neutrons, can help to
reduce unwanted background intensity a lot, as can making thin,
transparent windows for the incident and scattered beams.
An additional source of background in the signal does not
come from scattering at all, but from electrical noise in the
detector electronics. For some types of detectors it may be
important to measure ‘dark’ exposures with the X-rays turned off
and subtract these carefully from the experimental data. It is also
possible to detect signals from cosmic rays, which can leave tracks
in two-dimensional detector signals.

take an orientational average of the scattering. How this is done
is shown in Chapter 5.7 on PDF analysis, but the result is the
Debye equation (Debye, 1915),
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where N is the total number of atoms. For our diatomic molecule
this becomes


1 sinðQrij Þ
IðhÞ ¼
:
ð1:1:83Þ
N Qrij
For clusters of atoms such as larger molecules or small nanoparticles that are intermediate in size between a diatomic molecule and a small chunk of crystal, the Debye equation is exact and
may be used to calculate the intensity of the scattering. As the
clusters get larger and the structure more periodic, such as small
chunks of crystal, the scattering calculated from the Debye
equation crosses smoothly to that obtained from the periodic
Laue equation. The ﬁnite size broadened crystallographic model
works well as a starting point for calculating scattering from well
ordered crystals down to nanoparticle sizes of 10 nm, but loses
accuracy rapidly below this particle size. The Debye equation is
accurate for all particle sizes, but becomes computationally
intractable for larger clusters much above 10 nm.
1.1.5.3.2. Total-scattering and atomic pair distribution function
analysis
An alternative approach to the analysis of diffuse scattering
from nanostructures is to Fourier transform the data to obtain the
atomic pair distribution function, or PDF. In fact, the Fourier
transform does not depend on whether the structure is periodic
or not, and it is also possible to Fourier transform the Bragg
scattering from crystals. If there is no nanoscale disorder in the
crystal there are few real beneﬁts in doing this rather than using
the powerful crystallographic methods described elsewhere in
this chapter. However, the PDF approach utilizes both the Bragg
and diffuse components, and yields additional information about
the structure that is particularly valuable when the crystal
contains some kind of nanoscale domains. The presence of such
domains was rarely considered in the past, but we now know that
they are often found in materials. In the sense that both Bragg
and diffuse scattering data are used without prejudice, and also
that the data are measured over a wide range of the scattering
vector so that, as far as possible, the coherent scattering in all of
the reciprocal space is measured, this method is known as ‘totalscattering analysis’, and as ‘PDF analysis’ when the data are
Fourier transformed and studied in real space.
The powder diffraction data for total-scattering studies are
measured in much the same way as in a regular powder
diffraction experiment. However, explicit corrections are
made for extrinsic contributions to the background intensity
from such effects as Compton scattering, ﬂuorescence, scattering from the sample holder and so on. The resulting
coherent scattering function I(Q) is a continuous function of
Q ¼ jQj ¼ 2h ¼ 4 sin =, with sharp peaks where there are
Bragg reﬂections and broad features in between. In general it is
usual to work with a normalized version of this scattering
intensity, S(Q). This is the intensity normalized by the incident
ﬂux per atom in the sample. S(Q) is called the total-scattering
structure function. It is a dimensionless  quantity
and the

normalization is such that the average value SðQÞ ¼ 1. In short,
S(Q) is nothing other than the powder diffraction pattern that

1.1.5.3. Sources of background from the sample
1.1.5.3.1. Elastic coherent diffuse scattering
As discussed in Section 1.1.4.1.1, decreasing the size of a crystal
leads to an increase in the width of the Bragg peaks. When the
size of the crystallite becomes very small, as a rule of thumb
below 10 nm in diameter for typical unit cells, the widths of the
Bragg peaks become so large that they merge and overlap, and it
does not make sense to use delta-function Bragg peaks as the
starting point for the analysis. At this point the coherent
diffraction is completely diffuse in nature. Nonetheless, it still
contains structural information. To see this we begin again with
the Laue equation before we assumed periodicity [equation
(1.1.39)]. For the simple case of a diatomic gas such as N2, the sum
would be taken only over two atoms, since scattering from a
single molecule will be coherent but that from different molecules will be incoherent. In that case we have
AðhÞ ¼

2
P

fj ðhÞ expð2ih  rj Þ;

j¼1

AðhÞ ¼ f1 expð2ih  r1 Þ þ f2 expð2ih  r2 Þ;

ð1:1:79Þ

and the intensity is proportional to



IðhÞ ¼ ðf1 f1 þ f2 f2 Þ þ f1 f2 exp 2ih  r12


þ f2 f1 exp 2ih  r12 ;

ð1:1:80Þ

where r12 = r1  r2. For a diatomic molecule where both atoms are
the same f1 ¼ f2 and
IðhÞ ¼ f  f cos2 ðh  r12 Þ:

ð1:1:81Þ

The scattering from a diatomic molecule of an element is simply a
single-component cosine wave with a wavelength that depends on
the separation of the atoms in the molecule. In an actual
experiment there will be scattering from all the molecules that
have every orientation with equal probability, so it is necessary to
Copyright © 2018 International Union of Crystallography
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has been corrected for experimental artifacts and suitably
normalized (Egami & Billinge, 2013).
Measuring over a wide range of Q values yields better resolution in real space, as well as yielding more information, and is
desirable. The coherent intensity (the features) in S(Q) dies out
with increasing Q because of the Debye–Waller factor (which
comes from thermal and quantum zero-point motion of the
atoms), as well as any static displacive disorder in the material
and, for X-ray measuerments, because of the X-ray form factor.
In a neutron measurement, the atomic displacement effects are
still present, but the neutron has no form factor and the scattering
length is constant in Q. By a Q value of 30–50 Å1 (depending on
the temperature and the stiffness of the bonding in the sample)
there are no more features in S(Q) and there is no need to
measure data to higher Q. Still, this is a much higher maximum
value of Q than is measured in conventional powder diffraction
experiments using laboratory X-rays or reactor neutrons. The
maximum value of Q attainable in back scattering from a Cu K
tube is around 8 Å1 and from an Mo K tube it is around
16 Å1. Routine total-scattering measurements can be made
using laboratory sources with Mo or Ag tubes; however, for the
highest real-space resolution, and the smallest statistical
uncertainties, synchrotron data are preferred. In the case of
neutron scattering, spallation neutron sources are ideal for totalscattering experiments.
The total-scattering function S(Q) appears to be different from
the function measured in a standard powder diffraction experiment because of the Q range studied, and also because of an
important aspect of the normalization: the measured intensity is
divided by the total scattering cross section of the sample. In the
case of X-ray scattering, the samplescattering
cross section is the
2
square of the atomic form factor, f ðQÞ , which becomes very
small at high Q. Thus, during the normalization process the data
at high Q are ampliﬁed (by being divided by a small number),
which has the effect that even rather weak intensities at high Q,
which are totally neglected in a conventional analysis of the data,
become rather important in a total-scattering experiment.
Because the signal at high Q is weak it is important to collect the
data in that region with good statistics. This is illustrated in Fig.
1.1.22.
The Fourier transform of the total-scattering data is the
reduced pair distribution function, G(r), which is related to S(Q)
through a sine Fourier transform according to

Figure 1.1.22
Comparison of raw data and the normalized reduced total-scattering
structure function F(Q) = Q[S(Q)  1]. The sample is a powder of 2 nm
diameter CdSe nanoparticles and the data are X-ray data from beamline
6ID-D at the Advanced Photon Source at Argonne National Laboratory.
The raw data are shown in the top panel. The high-Q data in the region Q
> 9 Å1 appear smooth and featureless. However, after normalizing and
dividing by the square of the atomic form factor, important diffuse
scattering is evident in this region of the diffraction pattern (bottom
panel).
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GðrÞ ¼


Q
Zmax

Q½SðQÞ  1 sinðQrÞ dQ:

ð1:1:84Þ
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Examples of G(r) functions from small nanoparticles of CdSe are
shown in Fig. 1.1.23.
G(r) has peaks at positions, r, that separate pairs of atoms in
the solid with high probability. For example, there are no physically meaningful peaks below the nearest-neighbour peak at
2.5 Å, which is the Cd–Se separation in CdSe. However, in
addition to the nearest-neighbour information, valuable structural information is contained in the pair correlations that extend
to much higher values of r. In fact, with data to a high resolution
in Q, PDFs can be measured out to hundreds of nanometres (i.e.,
thousands of ångströms) and the structural information that can
be obtained from the data remains quantitatively reliable
(Levashov et al., 2005).
The function G(r) is related to the atomic density. However, it
is not the atomic density itself, but its autocorrelation. This is

Figure 1.1.23
PDFs in the form of G(r) from bulk CdSe and from a series of CdSe
nanoparticles. The blue curve at the bottom is the PDF obtained from the
data shown in Figure 1.1.22. The blue symbols are from the data and the
thin red lines on top are from models of the local structure in these
nanoparticles. Offset below are difference curves between the model and
the data. [Reprinted with permission from Masadeh et al. (2007).
Copyright (2007) by the American Physical Society.]
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obtained by taking the atomic density of the molecule or cluster
(which are the atoms at their respective positions) and convoluting it with a replica of the same thing. This object is then
orientationally averaged to obtain the PDF. It is not a particularly
intuitive object, but it is straightforward to calculate it from a
given structural model. The inverse problem, calculating the
structure from a PDF, is not possible directly, although in
favourable cases, as with structure solution from powder
diffraction, it is possible to obtain a unique structure solution
from a PDF (Juhás et al., 2006).
We described above how to obtain G(r) from powder data.
Here we brieﬂy describe how to calculate a PDF from a structural
model. To do this we have to introduce a related function to the
PDF, the radial distribution function (RDF), R(r), which is
related to G(r) by
GðrÞ ¼

RðrÞ
 4r0 ;
r

inelastic. In an X-ray experiment, the energy resolution of the
measurement usually is much too poor to separate this from the
elastic scattering and it all appears mixed together (and is often
simply referred to as ‘elastic scattering’). As the excitation
energies of internal modes of the system have energies of the
order of meV (103 eV) and the X-ray energy is of the order of
keV (103 eV), resolving the inelastic modes would require an
energy resolution of E=E ¼ 106, which is often unachievable.
Nonetheless, such experiments are now carried out at synchrotron sources and provide important scientiﬁc insights, although
the experiments are very slow and very specialized (Burkel,
1991).
These experiments are rarely carried out on powders. If the
inelastic scattering is not resolved during the measurement, as is
usually the case, it appears as a diffuse-scattering component in
the signal from the powder or single crystal and it can be interpreted and modelled to extract information. In powder diffraction, when the scattering occurs from lattice vibrations, or
phonons, the diffuse signal is called ‘thermal diffuse scattering’
or TDS (Warren, 1990). Over the last 50–60 years, a number of
attempts have been made to extract information about phonon
energies and phonon dispersions from TDS with varying amounts
of success (Warren, 1990; Jeong et al., 1999; Graf et al., 2003;
Goodwin et al., 2005). In the case of PDF analysis, the information in the TDS manifests itself in real space as correlated
motion, and it is observed that the low-r peaks are sharper than
the high-r peaks. This is because closely bonded atoms tend to
move together: if an atom moves to the right it tends to push its
neighbour also over to the right, so the motion is correlated.
There is useful information in the TDS and the r dependence of
the PDF peak broadening, but this is at best a very indirect way of
measuring lattice-dynamical effects.
When the energy transfer is not resolved it is hard to separate
the cases of scattering arising from phonons (which are dynamic
atomic displacements) and scattering arising from static atomic
displacements. To some extent these can be disentangled by
studying the temperature dependence of the atomic displacement
parameters (ADPs) obtained from modelling the data either in
reciprocal space or real space (Billinge et al., 1991). This is often
done by using a Debye model (Debye, 1912), where the
temperature dependence of the mean-square ADP is given by

  

3h2 T
D
1 D
’
u2 ¼
ð1:1:89Þ
þ
þ Aoffset ;
4T
T
42 MkB 2D

ð1:1:85Þ

where 0 is the atomic number density (Egami & Billinge, 2013).
The function R(r) is important because it is more closely
related to the physical structure than G(r), since R(r) dr gives the
number of atoms in an annulus of thickness dr at distance r from
another atom. For example, the coordination number (or the
number of neighbours) of an atom, NC, is given by
NC ¼

Rr2

RðrÞ dr;

ð1:1:86Þ

r1

where r1 and r2 deﬁne the start and end positions of the RDF
peak corresponding to the coordination shell in question. This
suggests a scheme for calculating PDFs from atomic models.
Consider a model consisting of a large number of atoms situated
at positions r with respect to some origin. Expressed mathematically, this amounts to a series of delta functions, (r  r).
The RDF is then given as
RðrÞ ¼

1 XX
ðr  r Þ;
N  

ð1:1:87Þ

where r = |r  r| is the magnitude of the separation of the th
and th ions, and the double sum runs twice over all atoms in the
sample. In Chapter 5.7 on PDF analysis we address explicitly
samples with more than one type of atom, but for completeness
we give here the expression for R(r) in this case:
RðrÞ ¼

1 X X f f
  ðr  r Þ;
N   f2

ð1:1:88Þ

where
Z
D =T 
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T
x
dx;
¼
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D
expðxÞ  1
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at Q = h = 0, for
where f and f are the form factors, evaluated
 
the th and th atoms, respectively, and f is the sample-average
form factor.

ð1:1:90Þ

0

is the Debye integral. Here, D is the Debye temperature, which is
a measure of the stiffness of the bonding, h and kB are Planck’s
and Boltzmann’s constants, respectively, and M is the mass of
the oscillating atom. The constant Aoffset is a temperatureindependent offset that is generally needed in the model to
account for static distortions. The Debye model is rather crude
but surprisingly useful and works well in many cases.
As in the case of phonons, if the scatterer couples to something
else in the solid that has an excitation spectrum, this can be
studied too. The case of neutrons scattered by magnetic moments
is the best known example. Inelastic scattering gives direct
information about the magnon dispersion curves. Information
about magnetic excitations may also be obtained indirectly from

1.1.5.3.3. Inelastic coherent diffuse scattering
Scattering events must conserve energy and momentum. When
a wave is scattered it changes direction and therefore changes its
momentum. To satisfy conservation, this momentum, Q = 2h =
2(s  s0), must be transferred to the material. When radiation is
scattered by a crystal, the mass of the crystal is so large that this
produces a negligible acceleration and the scattering is elastic.
However, scattering from free atoms or ﬂuids will produce a
recoil, which results from a transfer of energy to the atom and the
scattering is strictly inelastic. Even within a bulk crystal, there are
lattice excitation modes (phonons) which may be created during
a particular scattering event and the resulting scattering is

18

references

