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al., 1999; Hanan et al., 2004). Since a 2D diffraction pattern covers
the whole or a large portion of the diffraction rings, it can be used
to measure stress with higher accuracy and can be collected in a
shorter time than a conventional diffraction pattern, especially
when dealing with highly textured materials, large grain sizes,
small sample areas, weak diffraction, stress mapping and stresstensor measurement. The 2D method for stress measurement is
based on the fundamental relationship between the stress tensor
and the diffraction-cone distortion (He & Smith, 1997; He, 2000;
European Standard, 2008).
There are two kinds of stresses, which depend on the source of
the loading forces that produce them. One kind is applied stress,
caused by external forces acting on the solid object. Applied
stress changes when the loading forces change and it disappears
once the forces are removed. The stresses measured by X-ray
diffraction method are mostly residual stresses. Residual stress is
caused by internal forces between different parts of a solid body.
Residual stress exists without external forces or remains after the
external forces have been removed. The net force and moment
on a solid body in equilibrium must be zero, so the residual
stresses in the body must be balanced within the body. This means
that a compressive stress in one part of the body must come with
a tensile stress in another part of the body. For example, the
residual stress in a thin ﬁlm is balanced by the stresses in the
substrate. When residual stress in a solid body is mentioned it
typically refers to a speciﬁc location.
Residual stresses are generally categorized as macroscopic or
microscopic depending on the range over which the stresses are
balanced. The macroscopic residual stress is the stress measured
over a large number of grains. This kind of stress can be measured
by X-ray diffraction through the shift of the Bragg peaks. The
microscopic stress is the stress measured over one or a few grains,
or as small a range as micro- or nanometres. This kind of stress
alone will not cause a detectable shift of diffraction peaks, but is
reﬂected in the peak proﬁles. In this chapter, we will focus on the
X-ray diffraction method for stress measurement at the macroscopic level.

Figure 2.5.23
Combined pole ﬁgure of a Cu (111) ﬁlm on an Si (400) substrate: (a)
regular 2D projection; (b) 3D surface plot.

mized in the centre of the pole ﬁgure shows a strong (111) ﬁbre
texture. The orientation relationship between the ﬁlm ﬁbre axis
and the substrate is clearly described by the combined pole
ﬁgures. For samples containing multiple thin-ﬁlm layers, the
orientation relationships between the different layers of the ﬁlms
and substrate can be revealed by superimposing their pole
ﬁgures.

2.5.4.3.1. Stress and strain relation
Stress is a measure of the deforming force applied to a solid per
unit area. The stress on an elemental volume in the sample
coordinates S1, S2, S3 contains nine components, given by
2
3
11 12 13
ð2:5:63Þ
ij ¼ 4 21 22 23 5:
31 32 33

2.5.4.3. Stress measurement
When a solid material is elastically deformed by a force, each
crystallite in it changes shape or size. Assuming that the stresses
in each crystallite represent the stresses in the solid, the stresses
can be measured by measuring the lattice d-spacing changes in
the crystallites. These d-spacing changes can be measured by the
changes in diffraction-peak positions based on Bragg’s law. In this
case, the d-spacing serves as a gauge of the deformation. Stress
measurement by X-ray diffraction is typically done using a point
detector or line detector (Walter, 1971; James & Cohen, 1980;
Noyan & Cohen, 1987; Lu, 1996); this will be referred to as the
conventional method. The stress or stress tensor is calculated
from many strain measurements from diffraction-peak 2 shifts
of a speciﬁc lattice-plane family. With a point or line detector,
only a small cross section of the diffraction cone is measured at
one sample orientation ( , ’). Compared to using a conventional
detector, 2D detectors have many advantages in stress
measurement (Borgonovi, 1984; Korhonen et al., 1989; Yoshioka
& Ohya, 1992; Fujii & Kozaki, 1993; He & Smith, 1997; Kämpfe et
Copyright © 2018 International Union of Crystallography

A component is normal stress when the two indices are identical, or shear stress when the two indices differ. The group of the
nine stress components is called the stress tensor. The stress
tensor is a tensor of the second order. Under equilibrium
conditions, the shear components must maintain the following
relations:
12 ¼ 21 ; 23 ¼ 32 and 31 ¼ 13 :

ð2:5:64Þ

Therefore, only six independent components deﬁne the stress
state in a solid. The following stress states are typically measured:
Uniaxial: all stress components are zero except one normal
stress component.
Biaxial: all nonzero components are within the S1S2 plane.
Biaxial with shear: 33 ¼ 0, all other components are not
necessarily zero.
Equibiaxial: a special case of biaxial stress where  11 =  22 = .
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Triaxial: all components are not necessarily zero.
Equitriaxial: a special case of triaxial stress where  11 =  22 =
 33 = .
Strain is a measure of the resulting deformation of a solid body
caused by stress. Strain is calculated from the change in the size
and shape of the deformed solid due to stress. Analogous to
normal stresses and shear stresses are normal strains and shear
strains. The normal strain is calculated from the change in length
of the solid body along the corresponding normal stress direction.
Like the stress tensor, the strain tensor contains nine components:
2
3
"11 "12 "13
"ij ¼ 4 "21 "22 "23 5:
ð2:5:65Þ
"31 "32 "33

equations for calculating the XECs from the macroscopic elasticity constants 12S2 and S1 are
1 fhklg
2S2
Sfhklg
1

ðhklÞ ¼

ð2:5:67Þ

where Sijkl are the elastic compliances. For most polycrystalline
materials without texture or with weak texture, it is practical and
reasonable to consider the elastic behaviour to be isotropic and
the structure to be homogeneous on a macroscopic scale. In these
cases, the stress–strain relationship takes a much simpler form.
Therefore, the Young’s modulus E and Poisson’s ratio  are
sufﬁcient to describe the stress and strain relations for homogeneous isotropic materials:

"fhklg
ð;!;

¼ ð1 þ Þ=E and S1 ¼ =E:

2

;’Þ

¼ ln

and  ¼

5ðARX  1Þ
:
3 þ 2ARX

d
sin o

¼ ln
;
¼ ln
do
2do sin 
sin 

"fhklg
ð;!;
ð2:5:68Þ

ð2:5:71Þ

;’Þ

¼ "ij  hi  hj :

ð2:5:72Þ

The scalar product of the strain tensor with the unit vector in the
above equation is the sum of all components in the tensor
multiplied by the components in the unit vector corresponding to
the ﬁrst and the second indices. The expansion of this equation
for i and j values of 1, 2 and 3 results in

It is customary in the ﬁeld of stress measurement by X-ray
diffraction to use another set of macroscopic elastic constants,
S1 and 12S2, which are given by
1
2S2

2 2

ðh þ k þ l Þ
2

where do and o are the stress-free values and d and  are
measured values from a point on the diffraction ring corresponding to ð; !; ; ’Þ. The direction of "fhklg
ð;!; ;’Þ in the sample
coordinates S1, S2, S3 can be given by the unit-vector components
h1, h2 and h3. As a second-order tensor, the relationship between
the measured strain and the strain-tensor components is then
given by

"11 ¼

1þ
 :
"31 ¼
E 31

h2 k2 þ k2 l2 þ l2 h2

2.5.4.3.2. Fundamental equations
Fig. 2.5.24 illustrates two diffraction cones for backward
diffraction. The regular diffraction cone (dashed lines) is from
the powder sample with no stress, so the 2 angles are constant at
all  angles. The diffraction ring shown as a solid line is the cross
section of a diffraction cone that is distorted as a result of stresses.
For a stressed sample, 2 becomes a function of  and the sample
orientation (!, , ’), i.e. 2 ¼ 2ð; !; ; ’Þ. This function is
uniquely determined by the stress tensor. The strain measured by
the 2 shift at a point on the diffraction ring is "fhklg
ð;!; ;’Þ, based on
the true strain deﬁnition

where Cijkl are elastic stiffness coefﬁcients. The stress–strain
relations can also be expressed as

1
½  ð22 þ 33 Þ;
E 11
1
"22 ¼ ½22  ð33 þ 11 Þ;
E
1
"33 ¼ ½33  ð11 þ 22 Þ;
E
1þ
1þ
"12 ¼
12 ; "23 ¼
 ;
E
E 23

ð2:5:70Þ

In the equations for stress measurement hereafter, either the
macroscopic elasticity constants 12S2 and S1 or the XECs Sf1hklg and
1 fhklg
are used in the expression, but either set of elastic constants
2S2
can be used depending on the requirements of the application.
The factor of anisotropy (ARX) is a measure of the elastic
anisotropy of a material (He, 2009).

ð2:5:66Þ

"ij ¼ Sijkl kl ;

¼ S1  12S2 ½0:2  ðhklÞ;

where

The directions of all strain components are deﬁned in the same
way as for the stress tensor. Similarly, there are six independent
components in the strain tensor. Strictly speaking, X-ray
diffraction does not measure stresses directly, but strains. The
stresses are calculated from the measured strains based on the
elasticity of the materials. The stress–strain relations are given by
the generalized form of Hooke’s law:
ij ¼ Cijkl "kl ;

¼ 12S2 ½1 þ 3ð0:2  ðhklÞÞ

ð2:5:69Þ

Although polycrystalline materials on a macroscopic level can
be considered isotropic, residual stress measurement by X-ray
diffraction is done by measuring the strain in a speciﬁc crystal
orientation of the crystallites that satisﬁes the Bragg condition.
The stresses measured from diffracting crystallographic planes
may have different values because of their elastic anisotropy. In
such cases, the macroscopic elasticity constants should be
replaced by a set of crystallographic plane-speciﬁc elasticity
constants, Sfhklg
and 12Sf2hklg , called X-ray elastic constants (XECs).
1
XECs for many materials can be found in the literature,
measured or calculated from microscopic elasticity constants (Lu,
1996). In the case of materials with cubic crystal symmetry, the

Figure 2.5.24
Diffraction-cone distortion due to stresses.
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"fhklg
ð;!;

;’Þ

¼ h21 "11 þ 2h1 h2 "12 þ h22 "22 þ 2h1 h3 "13 þ 2h2 h3 "23 þ h23 "33 :

tensor components. The stress tensor can be obtained by solving
the linear equations if six independent strains are measured or by
linear least-squares regression if more than six independent
measured strains are available. In order to get a reliable solution
from the linear equations or least-squares analysis, the independent strain should be measured at signiﬁcantly different
orientations. Another function of the fundamental equation is to
calculate the diffraction-ring distortion for a given stress tensor at
a particular sample orientation ð!; ; ’Þ (He & Smith, 1998). The
fundamental equation for stress measurement by the conventional X-ray diffraction method can also be derived from the 2D
fundamental equation (He, 2009).

ð2:5:73Þ

Or, taking the true strain deﬁnition,
h21 "11 þ 2h1 h2 "12 þ h22 "22 þ 2h1 h3 "13 þ 2h2 h3 "23 þ h23 "33


sin 0
¼ ln
;
sin 

ð2:5:74Þ

where o corresponds to the stress-free d-spacing and  are
measured values from a point on the diffraction ring. Both  and
{h1, h2, h3} are functions of ð; !; ; ’Þ. By taking  values from 0
to 360˚, equation (2.5.74) establishes the relationship between the
diffraction-cone distortion and the strain tensor. Therefore,
equation (2.5.74) is the fundamental equation for strain
measurement with two-dimensional X-ray diffraction.
Introducing the elasticity of materials, one obtains

 ð11 þ 22 þ 33 Þ
E
1þ
ð h2 þ  h2 þ 33 h23 þ 212 h1 h2 þ 213 h1 h3 þ 223 h2 h3 Þ
þ
E  11 1 22 2
sin 0
¼ ln
ð2:5:75Þ
sin 

2.5.4.3.3. Equations for various stress states
The general triaxial stress state is not typically measured by
X-ray diffraction because of low penetration. For most applications, the stresses in a very thin layer of material on the surface
are measured by X-ray diffraction. It is reasonable to assume that
the average normal stress in the surface-normal direction is zero
within such a thin layer. Therefore, 33 ¼ 0, and the stress tensor
has ﬁve nonzero components. In some of the literature this stress
state is denoted as triaxial. In order to distinguish this from the
general triaxial stress state, here we name this stress state as
the ‘biaxial stress state with shear’. In this case, we can obtain the
linear equation for the biaxial stress state with shear:


sin 0
p11 11 þ p12 12 þ p22 22 þ p13 13 þ p23 23 þ pph ph ¼ ln
;
sin 
ð2:5:80Þ

or
S1 ð11 þ 22 þ 33 Þ
þ 12S2 ð11 h21 þ 22 h22 þ 33 h23 þ 212 h1 h2 þ 213 h1 h3 þ 223 h2 h3 Þ


sin 0
¼ ln
:
ð2:5:76Þ
sin 

where the coefﬁcient pph ¼ 12S2 þ 3S1 and  ph is the pseudohydrostatic stress component introduced by the error in the
stress-free d-spacing. In this case, the stresses can be measured
without the accurate stress-free d-spacing, since this error is
included in  ph. The value of  ph is considered as one of the
unknowns to be determined by the linear system. With the
measured stress-tensor components, the general normal stress
( ’) and shear stress ( ’) at any arbitrary angle ’ can be given by

It is convenient to express the fundamental equation in a clear
linear form:


sin 0
p11 11 þ p12 12 þ p22 22 þ p13 13 þ p23 23 þ p33 33 ¼ ln
;
sin 
ð2:5:77Þ
where pij are stress coefﬁcients given by

ð1=EÞ½ð1 þ Þh2i   ¼ 12S2 h2i þ S1
pij ¼
2ð1=EÞð1 þ Þhi hj ¼ 212S2 hi hj

if i ¼ j,
ð2:5:78Þ
if i 6¼ j.

’ ¼ 11 cos2 ’ þ 12 sin 2’ þ 22 sin2 ’;

ð2:5:81Þ

’ ¼ 13 cos ’ þ 23 sin ’:

ð2:5:82Þ

Equation (2.5.81) can also be used for other stress states by
removing the terms for stress components that are zero. For
instance, in the biaxial stress state 33 ¼ 13 ¼ 23 ¼ 0, so we
have


sin 0
p11 11 þ p12 12 þ p22 22 þ pph ph ¼ ln
:
ð2:5:83Þ
sin 

In the equations for the stress measurement above and hereafter,
the macroscopic elastic constants 12S2 and S1 are used for
simplicity, but they can always be replaced by the XECs for the
and 12Sf2hklg , if the anisotropic
speciﬁc lattice plane {hkl}, Sfhklg
1
nature of the crystallites should be considered. For instance,
equation (2.5.76) can be expressed with the XECs as
Sfhklg
ð11 þ 22 þ 33 Þ
1

In the 2D stress equations for any stress state with  33 = 0, we
can calculate stress with an approximation of do (or 2o). Any
error in do (or 2o) will contribute only to a pseudo-hydrostatic
term  ph. The measured stresses are independent of the input do
(or 2o) values (He, 2003). If we use d00 to represent the initial
input, then the true do (or 2o) can be calculated from  ph with


1  2
0
ph ;
d0 ¼ d0 exp
ð2:5:84Þ
E



1  2
ph :
0 ¼ arcsin sin 00 exp
ð2:5:85Þ
E

þ 12Sfhklg
ð11 h21 þ 22 h22 þ 33 h23 þ 212 h1 h2 þ 213 h1 h3 þ 223 h2 h3 Þ
2


sin 0
:
ð2:5:79Þ
¼ ln
sin 

The fundamental equation (2.5.74) may be used to derive
many other equations based on the stress–strain relationship,
stress state and special conditions. The fundamental equation and
the derived equations are referred to as 2D equations hereafter
to distinguish them from the conventional equations. These
equations can be used in two ways. One is to calculate the stress
or stress-tensor components from the measured strain (2-shift)
values in various directions. The fundamental equation for stress
measurement with 2D-XRD is a linear function of the stress-

Care must be taken that the  ph value also includes the
measurement error. If the purpose of the experiment is to
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determine the stress-free d-spacing do,
the instrument should be ﬁrst calibrated with a stress-free standard of a
similar material.
2.5.4.3.4. Data-collection strategy
The practice of stress analysis with
2D-XRD involves the selection of the
diffraction-system conﬁguration and
the data-collection strategy, frame
correction and integration, and stress
calculation from the processed data
points. Most concepts and strategies
developed for a conventional diffractometer are still valid for 2D-XRD. We
Figure 2.5.25
will focus on the new concepts and
Data-collection strategy schemes: (a) ! + ’ scan; (b) + ’ scan.
practices due to the nature of the 2D
detectors.
The diffraction vector is in the normal direction to the
the detector size and resolution, the desired measurement
measured crystalline planes. It is not always possible to have the
accuracy and the data-collection time.
diffraction vector in the desired measurement direction. In
2.5.4.3.5. Data integration and peak evaluation
reﬂection mode, it is easy to have the diffraction vector normal to
the sample surface, or tilted away from the normal, but imposThe purpose of data integration and peak evaluation is to
sible to have the vector on the surface plane. The stress on the
generate a set of data points along distorted diffraction rings.
surface plane, or biaxial stress, is calculated by elasticity theory
Data integration for stress analysis is  integration over several
from the measured strain in other directions. The ﬁnal stressdeﬁned segments so as to generate diffraction proﬁles repremeasurement results can be considered as an extrapolation from
senting the corresponding segments. The peak position can be
the measured values. In the conventional sin2 method, several
determined by ﬁtting the diffraction proﬁle to a given analytic
-tilt angles are required, typically at 15˚ steps from 45˚ to +45˚.
function. Fig. 2.5.26 illustrates data integration over a diffraction
The same is true with a 2D-XRD system. The diffraction vectors
frame. The total integration region is deﬁned by 21, 22 , 1 and
corresponding to the data scan can be projected onto a 2D plot in
2 . The integration region is divided into segments given by .
the same way as the pole-density distribution in a pole ﬁgure. The
One data point on the distorted diffraction ring is generated from
2D plot is called a data-collection strategy scheme.
each segment. The  value in the centre (denoted by the dotBy evaluating the scheme, one can generate a data-collection
dashed line) of each segment is taken as the  value of the data
strategy suitable for the measurement of the intended stress
point.  integration of the segment produces a diffraction proﬁle
components. Fig. 2.5.25 illustrates two schemes for data collecand the 2 value is determined from the proﬁle. The number of
tion. In the bisecting condition (! ¼  or 1 ¼  and ¼ 0 ), the
segments and the segment size () are selected based on the
trace of the diffraction vector falls in the vicinity of the scheme
quality of the data frame. The larger the segment size  is, the
centre. Either an ! tilt or a tilt can move the vectors away from
better the integrated diffraction proﬁle as more counts are being
the centre. The circles on the scheme are labelled with the tilt
integrated.  integration also produces a smearing effect on the
angle of 15˚, 30˚ and 45˚. Scheme (a) is for an ! tilt of 0˚, 15˚,
diffraction-ring distortion because the counts collected within the
30˚ and 45˚ with the ’ angle at 0˚ and 90˚. It is obvious that this
segment size  are considered as a single  value at the segment
set of data would be suitable for calculating the biaxial-stress
tensor. The data set with ’ ¼ 0 , as shown within the box
enclosed by the dashed lines, would be sufﬁcient on its own to
calculate 11. Since the diffraction-ring distortion at ’ ¼ 0 or
’ ¼ 90 is not sensitive to the stress component 12 , strategy (a) is
suitable for the equibiaxial stress state, but is not able to determine 12 accurately. In scheme (b), the scan covers 0˚ to 45˚
with 15˚ steps at eight ’ angles with 45˚ intervals. This scheme
produces comprehensive coverage on the scheme chart in a
symmetric distribution. The data set collected with this strategy
can be used to calculate the complete biaxial-stress tensor
components and shear stress (11 ; 12 ; 22 ; 13 ; 23 ). The scheme
indicated by the boxes enclosed by the dashed lines is a timesaving alternative to scheme (b). The rings on two ’ angles are
aligned to S1 and S2 and the rings on the third ’ angle make 135˚
angles to the other two arrays of rings. This is analogous to the
conﬁguration of a stress-gauge rosette. The three ’ angles can
also be separated equally by 120˚ steps. Suitable schemes for a
particular experiment should be determined by considering the
Figure 2.5.26
stress components of interest, the goniometer, the sample size,
Data integration for stress measurement.
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centre. The 2 shift in the segment is averaged. The segment size
 should be sufﬁcient to produce a smooth diffraction proﬁle,
but not so large as to introduce too much smearing. For data
frames containing high pixel counts, the integration segment can
be small, e.g.   2 , and still have a smooth proﬁle for each
segment. For data frames having low pixel counts, for example
the frames collected from a micron-sized area, from a sample
with large grains or with a short data-collection time, it is critical
to choose a sufﬁciently large segment size. The segment size can
be determined by observing the smoothness of the integrated
proﬁle.
Peak evaluation in each segment can be done using the same
algorithm used in the conventional method. The corrections to
the integrated proﬁles are performed before or during the peak
evaluation. Absorption correction eliminates the inﬂuence of the
irradiated area and the diffraction geometry on the measured
intensity distribution. The absorption for a given material and
radiation level depends on the incident angle to the sample and
the reﬂected angle from the sample. For 2D-XRD, the reﬂected
angle is a function of  for each frame. The polarization effect is
also a function of . Therefore, the correction for polarization
and absorption should be applied to the frame before integration.
(Details of these corrections were discussed in Section 2.5.4.3.4.)
The polarization and absorption correction is not always necessary if the error caused by absorption can be tolerated for the
application, or if the data-collection strategy involves only and
’ scans.
In most cases, K radiation is used for stress measurement, in
which case the weighted average wavelength of K1 and K2
radiation is used in the calculations. For samples with a broad
peak width, diffraction of K1 and K2 radiation is merged
together as a single peak proﬁle, and the proﬁle can be evaluated
as if there is a single K line without introducing much error to
the measured d-spacing. For samples with a relatively narrow
peak width, the diffraction proﬁle shows strong asymmetry or
may even reveal two peaks corresponding to the K1 and K2
lines, especially at high 2 angles. In this case the proﬁle ﬁtting
should include contributions from both the K1 and K2 lines. It
is common practice to use the peak position from the K1 line
and the K1 wavelength to calculate the d-spacing after K2
stripping.
Background correction is necessary if there is a strong background or the peak-evaluation algorithms are sensitive to the
background, such as in K2 stripping, peak ﬁtting, and peakintensity and integrated-intensity evaluations. Background
correction is performed by subtracting a linear intensity distribution based on the background intensities at the lower 2 side
and the higher 2 side of the diffraction peak. The background
region should be sufﬁciently far from the 2 peak so that the
correction will not truncate the diffraction proﬁle. The 2 ranges
of the low background and high background should be determined based on the width of the 2 peak and available background in the proﬁle. Based on a normal distribution, a 2 range
of 2 times the FWHM covers 98% of the peak intensity, and 3
times the FWHM covers more than 99.9%, so the background
intensity should be determined at more than 1 to 1.5 times the
FWHM away from the peak position. The background correction
can be neglected for a proﬁle with a low background or if the
error caused by the background is tolerable for the application.
The peak position can be evaluated by various methods, such as
gravity, sliding gravity, and proﬁle ﬁtting by parabolic, pseudoVoigt or Pearson-VII functions (Lu, 1996; Sprauel & Michaud,
2002).

2.5.4.3.6. Stress calculation
The ﬁnal data set after integration and peak evaluation should
contain many data points describing the diffraction-ring shape for
all collected frames. Each measured data point contains three
goniometer angles (!, , ’) and the diffraction-ring position
(, 2). The peak intensity or integrated intensity of the
diffraction proﬁle is another value to be determined and may be
used in the stress calculation. In most cases the number of data
points is more than the number of unknown stress components,
so a linear least-squares method can be used to calculate the
stresses. In a general least-squares regression, the residual for the
ith data point is deﬁned as
ri ¼ yi  y^ i ;

ð2:5:86Þ

where yi is the observed response value, y^ i is the ﬁtted response
value and ri is the residual, which is deﬁned as the difference
between the observed value and the ﬁtted value. The summed
square of residuals is given by
S¼

n
P
i¼1

r2i ¼

n
P

ðyi  y^ i Þ2 ;

ð2:5:87Þ

i¼1

where n is the number of data points and S is the sum-of-squares
error to be minimized in the least-squares regression. For stress
calculation, the observed response value is the measured strain at
each data point,


sin 0
yi ¼ ln
;
ð2:5:88Þ
sin i
and the ﬁtted response value is given by the fundamental equation as
y^ i ¼ p11 11 þ p12 12 þ p22 22 þ p13 13 þ p23 23 þ p33 33 þ pph ph ;
ð2:5:89Þ
where all possible stress components and stress coefﬁcients are
listed as a generalized linear equation. Since the response-value
function is a linear equation of unknown stress components, the
least-squares problem can be solved by a linear least-squares
regression. In order to reduce the impact of texture, large grains
or weak diffraction on the results of the stress determination, the
standard error of proﬁle ﬁtting and the integrated intensity of
each proﬁle may be introduced as a weight factor for the leastsquares regression (He, 2009).

2.5.4.3.7. Comparison between the 2D method and the conventional method
Stress measurement on a polycrystalline material by X-ray
diffraction is based on the strain measurements in a single or in
several sample orientations. Each measured strain is calculated
from the average d-spacing of speciﬁc lattice planes {hkl} over
many crystallites (grains). A larger number of contributing
crystallites gives better accuracy and sampling statistics (also
referred to as particle statistics). The sampling statistics are
determined by both the crystal structure and the instrumentation.
The instrument window is mainly determined by the divergence
of the incident X-ray beam. Lattice-plane families with high
multiplicity will also effectively improve the sampling statistics.
The number of contributing crystallites measured by a conventional diffractometer is limited by the sizes and divergences of the
incident and diffracted beams to the point detector. In a two-
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method gives a lower standard error and the error decreases with
increasing number of data points from the diffraction ring.
2.5.4.4. Quantitative analysis
2.5.4.4.1. Crystallinity
The crystallinity of a material inﬂuences many of its characteristics, including mechanical strength, opacity and thermal
properties. Crystallinity measurement provides valuable information for both materials research and quality control in materials processing. The diffraction pattern from a material
containing both amorphous and crystalline solids has a broad
feature from the amorphous phase and sharp peaks from the
crystalline phase. The weight percentage of the crystalline phases
in a material containing both crystalline and amorphous phases
can be determined by X-ray diffraction (Chung & Scott, 1973;
Alexander, 1985; Murthy & Barton, 2000; Kasai & Kakudo,
2005). Assuming that the X-ray scattering intensity from each
phase in such a material is proportional to its weight percentage,
and that the scattering intensities from all phases can be
measured within a given 2 range, the per cent crystallinity is
given by
xpc ¼ 100%

Icrystal
;
Icrystal þ Iamorphous

ð2:5:90Þ

where xpc is the per cent crystallinity, Icrystal is the integrated
intensity of all crystalline peaks and Iamorphous is the integrated
intensity of the amorphous scattering. The accuracy of the
measured per cent crystallinity depends on the integrated
diffraction proﬁle. Since most crystalline samples have a
preferred orientation, it is very difﬁcult to obtain a consistent
measurement of crystallinity with a conventional diffractometer.
Fig. 2.5.28 shows a 2D diffraction frame collected from an
oriented polycrystalline sample. The diffraction is in transmission
mode with the X-ray beam perpendicular to the plate sample
surface. Fig. 2.5.28(a) shows a diffraction proﬁle integrated from
a horizontal region analogous to a proﬁle collected with a
conventional diffractometer. Only one peak from the crystalline
phase can be observed in the proﬁle. It is also possible that a
different peak or no peak is measured if the sample is loaded in
other orientations. Fig. 2.5.28(b) is the diffraction proﬁle integrated from the region covering all peaks from the crystalline
phase over almost all azimuthal angles. A total of four peaks from
the crystalline phase are observed. This shows that a 2D-XRD
system can measure per cent crystallinity more accurately and
with more consistent results (Pople et al., 1997; Bruker, 2000)
than a conventional system.

Figure 2.5.27
Stress calculation with the 2D method and the sin2 method: (a) nine
data points (abbreviated as pts) on the diffraction ring; (b) measured
stress and standard deviation by different methods.

dimensional diffraction system, more crystallites can contribute
to the diffraction because of the larger  range.
An example of a stress calculation is provided by the
measurement of the residual stress on the end surface of a carbon
steel roller. One of the seven frames taken with an ! scan is
shown in Fig. 2.5.27(a). The (211) ring covering the  range 67.5
to 112.5˚ was used for stress analysis. First, the frame data were
integrated along  with an interval of  = 5˚. A total of nine
diffraction proﬁles were obtained from  integration. The peak
position 2 for each  angle was then obtained by ﬁtting the
proﬁle with a Pearson-VII function. A total of 63 data points can
be obtained from the seven frames. The data points at  = 90˚
from seven frames, a typical data set for an ! diffractometer,
were used to calculate the stress with the conventional sin2
method. In order to compare the gain from having increased data
points with the 2D method, the stress was calculated from 3, 5, 7
and 9 data points on each frame. The results from the conventional sin2 method and the 2D method are compared in Fig.
2.5.27(b). The measured residual stress is compressive and the
stress values from different methods agree very well. With the
data taken from the same measurement (seven frames), the 2D

2.5.4.4.2. Crystallite size
The size of the crystallites in a polycrystalline material has a
signiﬁcant effect on many of its properties, such as its thermal,
mechanical, electrical, magnetic and chemical properties. X-ray
diffraction has been used for crystallite-size measurement for
many years. Most methods are based on diffraction-line broadening and line-proﬁle analysis (Wilson, 1971; Klug & Alexander,
1974; Ungár, 2000). Another approach to crystallite-size
measurement is based on the spotty diffraction rings collected
with two-dimensional detectors when a small X-ray beam is used
(Cullity, 1978; He, 2009). Line-proﬁle analysis is based on the
diffraction proﬁle in the 2 direction, while crystallite-size
analysis with a spotty 2D diffraction pattern is based on the
diffraction proﬁle in the  direction. The latter may be referred to
as -proﬁle analysis.
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