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3.2. THE PHYSICS OF DIFFRACTION FROM POWDERS
4 sin2 
¼ d2 ¼ Ah2 þ Bk2 þ Cl2 þ Dkl þ Ehl þ Fhk; ð3:2:1Þ
2

Laue group of the sample. For example, in the cubic space group
 reﬂections (hkl) and (khl) are equivalent, whereas they
Fm3m,
 If the atomic scattering factors are
are not in space group Fm3.
purely real or the structure is centrosymmetric, the intensities of
Friedel pairs hkl and hk l are equal. However, in an acentric
structure with signiﬁcant imaginary component of any of the
atomic scattering factors (see below), Friedel pairs cannot be
treated as symmetry equivalent.
The (dimensionless) X-ray structure factor is given by
P
ð3:2:3Þ
Ahkl ¼ fn expð2iGhkl  rn Þ expðWn Þ
n
P
¼ fn exp½2iðhxn þ kyn þ lzn Þ expðWn Þ;

where A ¼ a2, B ¼ b2 , C ¼ c2 , D ¼ 2b c cos  , E ¼ 2c a cos 
and F ¼ 2a b cos   . Crystal symmetries higher than triclinic
lead to signiﬁcant simpliﬁcations in the above, e.g. in the
orthorhombic system, a ¼ 1=a, A ¼ 1=a2 etc.,  ¼  ¼   ¼ 90 ,
and D = E = F = 0. See Chapter 1.1, Reciprocal space in crystallography, in Volume B of International Tables for Crystallography for more details.
3.2.2.2. Diffraction peak intensities
3.2.2.2.1. X-rays
Consider a polycrystalline sample of randomly oriented grains
of a single crystalline phase, containing a total number of atoms
N, illuminated by an X-ray beam of wavelength . Each
reciprocal-lattice vector with magnitude |G| < 2/ will produce a
cone of diffracted radiation with opening half-angle 2 =
2 sin1(|G|/2). Regarding the diffraction lines as perfectly sharp
delta-functions, the differential cross section for one powder
Bragg peak is (Marshall & Lovesey, 1971)


d N3 r2e Pmhkl

:
ð3:2:2Þ
¼
jAhkl j2  2  2 sin1
d 16V sin  sin 2
2d

n

where the sum runs over all atoms in the unit cell. In the ﬁrst form
of this equation, rn is the vector from the origin of the unit cell to
the nth atom; in the second form, xn, yn and zn are fractional
coordinates of the nth atom in the unit cell such that rn = xna +
ynb + znc.
The term exp(Wn) is called the Debye–Waller factor, and it
accounts for random dynamical motion of the nth atom away
from its equilibrium position. This may be due to thermal ﬂuctuations or (at low temperature) the quantum zero-point motion.
If the atomic motion is isotropic, this term takes the form
Wn ¼ B sin2 =2 ¼ 82 Un sin2 =2 ;

In this equation, re = 2.82  1015 m is the classical electron
radius and V is the unit-cell volume; the polarization factor P,
multiplicity mhkl and structure factor Ahkl are discussed below.
Finite crystallite size, strain and other factors discussed below will
broaden the peak, but the integrated intensity of each peak will
be given by the factors before the delta-function.
Before continuing, note that this result is correct within the
approximation that the entire sample is uniformly bathed in
radiation (i.e., there is no absorption) and the kinematic
approximation that the scattering power is very weak, so that
further interaction of the scattered radiation with the sample may
be neglected. The latter is equivalent to the Born approximation
of elementary quantum mechanics, and its failure is referred to as
extinction; it is discussed below in Section 3.2.3.6. It should also
be noted here that equation (3.2.2) refers only to diffraction in
Bragg peaks, and not to thermal diffuse scattering or scattered
radiation due to static distortions from an ideal crystal lattice
(Huang scattering; Krivoglaz, 1969).
Returning to the terms in equation (3.2.2), for X-rays the
polarization factor P accounts for the polarization dependence of
the Thomson scattering cross section from a free electron. For a
completely polarized incident beam: P = 1 for S polarization
(polarization perpendicular to the scattering plane); P = cos2 2
for P polarization (in the scattering plane). For unpolarized
X-rays (no monochromator), P = (1 + cos2 2)/2. For horizontally
polarized X-rays from a synchrotron-radiation source, diffracted
vertically, the polarization factor is very close to unity, and so P
can generally be taken as 1. If there is a crystal monochromator
(deﬂection angle 2m) coplanar with the diffractometer and an
unpolarized source, P = (1 + cos2 2m cos2 2)/(1 + cos2 2m). If
there is a polarization-sensitive analyser crystal following the
sample, its relative transmission of X-rays polarized within or
perpendicular to its plane of scattering must also be taken into
account.
The multiplicity factor mhkl accounts for the number of
symmetry-equivalent reﬂections in the crystal structure, i.e., the
number of distinct reﬂections that have the same structure factor.
Note that the equivalence of Bragg reﬂections depends on the
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ð3:2:4Þ

where Un ¼ hu2n i is the mean-square ﬂuctuation of the atom’s
distance from its equilibrium position (in three dimensions).
Observed values of B are generally in the range of 0.5 to 1 Å2 for
inorganic crystals, and as large as 5 Å2 for organic crystals.
A more general treatment of the Debye–Waller factor
considers the probability density of the centre of the atom to be a
three-dimensional ellipsoidal Gaussian function. Then for a given
diffraction peak, it takes the form
W ¼ 22 ðU11 a2 h2 þ U22 b2 k2 þ U33 c2 l2
þ 2U12 a b hk þ 2U23 b c kl þ 2U13 a c hlÞ:

ð3:2:5Þ

The parameters Uij that deﬁne the displacement ellipsoid are
constrained to match the point symmetry of the site. For example,
an atom that lies on a site of mmm symmetry will have the cross
terms U12 = U23 = U13 = 0.
In equation (3.2.3), fn is the atomic scattering factor, which
arises because X-rays interact with the electrons in the sample,
and the strength of that interaction depends both on the
magnitude of the scattering vector and the X-ray frequency
(wavelength). The electrons are distributed around the nucleus,
and so their scattering power decreases with increasing magnitude of the scattering vector. There is also a dependence of the
phase and amplitude of the scattering factor on the X-ray energy,
which is especially signiﬁcant near resonance with atomic transition energies. These factors are gathered into the atomic scattering factor fn, which is commonly written as
fn ¼ fn0 ðsin =Þ þ f 0 ðÞ þ if 00 ðÞ:
0

ð3:2:6Þ

f is the Fourier transform of the electron number density, so that
f 0(0) is equal to the number of electrons in the atom or ion. These
factors are tabulated in International Tables for Crystallography,
Volume C, Chapter 6.1 and https://physics.nist.gov/PhysRefData/
FFast/html/form.html and http://henke.lbl.gov/optical_constants/
asf.html. Values of atomic scattering factors are normally incorporated into data-analysis programs that require them, so the
user does not often have to worry about them.
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3. METHODOLOGY
Equation (3.2.3) above is premised on the assumption that the
distribution of electrons in the sample is conﬁned to spherically
symmetric atoms, i.e., ignoring charge density in bonds and the
deformation of core electron density. For the purposes of phase
identiﬁcation and structure reﬁnement, this is generally a good
approximation. X-ray determination of non-spherical charge
densities goes beyond the scope of this introduction; for further
information, see e.g. Coppens (1997) and Bindzus et al. (2014).
In energy-dispersive X-ray measurements, the detector sits at a
ﬁxed 2 and collects diffracted radiation from a continuum
source. The independent variable of the measurement can be
taken as the X-ray energy, E = hc/. With the appropriate change
of variables, equation (3.2.2) can be written as
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:
ð3:2:7Þ
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where the neutron nuclear structure factor is deﬁned as
P
b n expð2iG  rn Þ expðWÞ:
ð3:2:9Þ
AðnÞ
hkl ¼
n

Time-of-ﬂight neutron diffractometers, generally based at
pulsed spallation sources, operate by measuring the time from the
creation of the pulse of neutrons at the target until they appear in
a given detector. If the total path length from source to detector
is L and the detector is situated at an angle 2, a neutron with
time of ﬂight t had speed L/t and wavelength  = ht/mnL. Here h
is Planck’s constant and mn is the mass of the neutron. This
provides a measurement of the d-spacing within the sample, d =
ht/(2mnL sin ). Another change of variables from equation
(3.2.2) yields

3 4
d
N
h
t
¼
m jA j2 ðt  2d sin Lmn =hÞ:
d 64V mn L sin2  hkl hkl
ð3:2:10Þ

Recall that hc = 12.398 KeV Å in convenient units. Again,
instrument resolution and sample effects will broaden the peak,
but its integrated area is given by the terms preceding the deltafunction. Of course, the diffracted intensity must be normalized
to the incident spectrum as a function of energy; this may be a
rather complicated undertaking as it involves energy-dependent
corrections for such factors as detector sensitivity, absorption in
the sample etc.

In practice, a large number of detectors surround the sample and
counts from the same d-spacing (appropriately normalized for
incident-beam intensity and detector solid angle) are binned
together. In convenient units, mn/h = 253 ms m1 Å1.
3.2.2.2.3. Neutrons and magnetic scattering
Magnetic neutron scattering is also described through a
structure factor which is, however, a vector. The magnetic
moment of the neutron interacts with the magnetization density
of unpaired electrons in the sample, which may possess spin and/
or orbital angular momentum. The magnetic interaction is only
sensitive to the component of magnetization perpendicular to the
scattering vector. When discussing magnetic scattering, it is more
common to use the scattering vector Q = 2G. The magnetic
structure factor is deﬁned as
P
^  mn  QÞ
^ expðiQ  rn Þ expðWÞ:
AQ mag ¼ ðre =2Þ fn ðQÞðQ

3.2.2.2.2. Neutrons and nuclear scattering
Neutrons interact with the sample in two ways: the strong
interaction with the atomic nuclei, and the magnetic interaction
between the neutron’s dipole moment and magnetization density
in the sample. We consider here only unpolarized neutrons; the
use of polarized neutrons permits separation between nuclear
and magnetic scattering as well as direct observation of the
interference between the two; details are beyond the scope of this
chapter. Nuclear scattering is very similar to the X-ray case
discussed above, except that the atomic scattering amplitude re fn
is replaced by the nuclear coherent scattering length b n (given in
International Tables for Crystallography, Volume C, Table
4.4.4.1), which is generally independent of neutron energy.
Unlike X-rays, the strength of the neutron–nucleus interaction
is not a smooth function of atomic number. This creates opportunities to use neutrons to distinguish atoms with nearly identical
X-ray scattering amplitudes, but it also makes certain elements
very difﬁcult to study with neutrons. The interaction between
neutrons and the nuclei in the sample depends on the isotope and
possibly the spin angular momentum of the neutron–nucleus
system. This means that incoherent scattering can be signiﬁcantly
larger than the (coherent) diffracted signal for certain atoms,
notably hydrogen (1H); see Chapter 2.3 of this volume for further
details. For wavelengths of interest in crystallography, the
nucleus is essentially a point, and so there is no atomic form
factor. This generally leads to greater intensity relative to X-rays
at increasing scattering vector (decreasing d-spacing).
Neutron diffractometers operate in one of two ways: angle
dispersive or energy dispersive. The conﬁguration for angledispersive diffraction measurements is conceptually similar to
that used for X-rays; a monochromatic beam of neutrons
impinges on the sample and a detector measures the distribution
of neutrons versus scattering angle. For Bragg neutron diffraction
from nuclei,
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ð3:2:11Þ
Here  = 1.9132 is the neutron gyromagnetic factor, fn(Q) is the
atomic magnetic form factor, mn is the magnetization of the nth
^ is the unit vector in the
site in units of the Bohr magneton and Q
direction of Q. The double cross product isolates the component
of magnetization perpendicular to Q.
Note that many magnetically ordered materials have a
magnetic cell which is larger than the chemical cell. Indeed,
many magnetic phases are incommensurately modulated, i.e., the
magnetic structure is not periodic with any combination of the
chemical unit cell translation vectors. Such matters are beyond
the scope of this introduction, and are handled in Chapter 7.13 of
this volume.
For unpolarized neutron measurements (i.e., an average over
all polarization states of the incoming and diffracted beam), the
intensities of the nuclear and magnetic diffraction peaks may be
computed separately and then added to determine the overall
diffraction pattern. In cases where the chemical and magnetic
cells are identical (e.g. simple ferromagnets) the nuclear and
magnetic diffraction patterns overlap, and so one observes only
intensity differences upon magnetic ordering. In the case of
antiferromagnets, new magnetic diffraction peaks appear at
positions not allowed for the chemical unit cell.
Note also that the magnetic form factor depends on the spin
density in the magnetic orbitals, which are typically of greater
spatial extent than either the total charge density or the nuclear
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density. Therefore, the intensity of magnetic neutron diffraction
peaks falls off much more rapidly with (sin )/ than do nuclear
neutron diffraction peaks.

3.2.2.3. Peak shapes
The shape of a powder-diffraction peak is a convolution of the
intrinsic line shape due to the microscopic structure of the sample
crystallites (e.g. size and strain) and the conﬁguration of the
instrument used to record the pattern. A major goal of powderdiffraction analysis is to be able to separate the contributions of
instrument and sample, so that information about the microstructure of the sample can be extracted reliably. On the other
hand, in some cases one simply wants to be able to model the
combined inﬂuence of instrument and sample, to obtain a functional form that permits the most accurate way of apportioning
intensities to partially overlapping peaks.
Consider ﬁrst the sample-dependent factors. The following
division into size and strain effects is somewhat artiﬁcial, insofar
as lattice strains affect the size of the coherently diffracting
domain. Nevertheless, it is common to make a distinction
between the two, as size broadening produces a peak width
proportional to 1/cos  in angle-dispersive measurements,
whereas the peak width is proportional to tan  for strain
broadening.

Figure 3.2.1
Computed powder line shape from an ensemble of spherical particles of
diameter 100a, including comparison to Gaussian and Lorentzian line
shapes of equal FWHM.

3.2.2.3.1. Domain size
In very general terms, diffraction peaks from an object of
linear size L will have a width in Q of the order of 1/L. As
formulated by Scherrer (1918), in an angle-dispersive measurement, the full width at half-maximum (FWHM) in 2, measured
in radians, is given by
¼

K
;
L cos 

¼

K 
;
L cos 

the shape factor K is unity for (00l) reﬂections from cube-shaped
crystals of size L. K = 1.075 for a sphere of diameter L.
An important feature of the integral breadth is that it has a
well deﬁned meaning for a polydisperse sample of crystallites.
Assuming that the crystallites all have the same shape,

ð3:2:12Þ

where K is called the shape factor and is a number of the order of
unity whose precise value depends on the shape of the particles,
which are assumed to be of uniform size and shape. The FWHM
shape factor for a spherical particle is K = 0.829 (Patterson, 1939).
Note that if a powder sample is polydisperse (i.e., it contains a
distribution of grain sizes), the average grain size is not necessarily given by the Scherrer equation.
Perhaps a more useful measure of the width of a peak is the
integral breadth. In an angle-dispersive measurement, the integral breadth of a given peak centred at 20 is deﬁned as
Z
1
¼
Ið2Þ d2:
Ið20 Þ

¼

K hL3 i
;
cos hL4 i

where hL3 i and hL4 i are the third and fourth moments of the size
distribution (Langford & Wilson, 1978).
In many applications such as Rietveld or proﬁle reﬁnement, it
is important to treat the full shape of the diffraction peak instead
of merely its width (Loopstra & Rietveld, 1969; Rietveld, 1969).
By way of illustration, Fig. 3.2.1 shows one Bragg peak of the
computed powder-diffraction pattern from an ensemble of
spherical particles of point scatterers in a simple cubic lattice. The
lattice parameter is a, and the diameter of the particles is chosen
to be 100a, so that each crystallite consists of approximately 5.2 
105 ‘atoms’. (This line shape was calculated using the Debye
equation, described in Section 3.2.4.)
Several different analytical functions are frequently used in
powder diffraction. In terms of the independent variable x,
centred at x0 with FWHM , the normalized Gaussian function is
x  x 2
0
Gðx  x0 Þ ¼ 1=2  1 exp 
;


From a technical point of view, measurement of the integral
breadth requires accurate measurement of the intensity in the
wings of the diffraction peak, which in turn depends on accurate
knowledge of the background intensity.
For any crystallite shape, it can be shown that the integral
breadth is related to the volume-average thickness of the crystallite in the direction of the diffraction vector, viz.
Z

1
¼
d3 r Tðr; GÞ;
LV ¼
 cos  V

with  = /2(ln 2)1/2. The normalized Lorentzian is
Lðx  x0 Þ ¼

where V is the volume of the crystallite and T(r, G) is the length
of the line inside the crystallite parallel to G and passing through
the point r. For example, if one writes an integral-breadth version
of the Scherrer equation,

=2
:
ðx  x0 Þ2 þ ð=2Þ2

The symmetric Pearson-VII function is a generalization of the
Lorentzian, written as
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