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3.6. Whole powder pattern modelling: microstructure determination from powder
diffraction data
M. Leoni
3.6.1. Introduction

specimen is always disperse; it can be easily proven that the
quantity hDi, which is called the ‘average size’ or ‘mean size’, is
actually not the mean (ﬁrst moment) of the size distribution, but
is related to its third moment (i.e. it is volume-weighted). If we
add that the ﬁnite size of the domains is not the only source of
peak broadening, we immediately see where the abuse of the
Scherrer formula can lie.
To try to sort some of those issues out, Williamson & Hall
(1953) proposed plotting the FWHM (or the IB) versus the
reciprocal of the lattice spacing (dhkl ¼ 1=dhkl ¼ 2 sin hkl =). For
spherical domains (i.e. size independent of the direction), a
horizontal line is expected. An anisotropic shape would cause a
scattering of the points, whereas other sources of broadening
might also change the slope. Following the ﬁndings of Stokes &
Wilson (1944), Williamson and Hall proposed writing the integral
breadth in reciprocal space (reciprocal-space variable d ) as a
combination of the Scherrer formula with the differential of
Bragg’s law:

X-ray diffraction is a very simple technique, but is one of the
most ﬂexible and powerful tools for the analysis of materials.
The diffraction pattern carries information about the atomic
arrangement and motion at both the short and the long range;
for nanostructured materials this means that a single technique
can simultaneously provide structural and microstructural
information.
Microstructure analysis via X-ray powder diffraction (XRD),
often termed line-proﬁle analysis (LPA), is mostly performed
through the Scherrer (1918) formula. Just a few years after the
discovery of X-ray diffraction, Scherrer derived a very simple
relationship between the width of the diffraction peaks and the
size of the so-called Kristallchen (translated as crystallites), the
coherently scattering (nanocrystalline) domains composing
the colloids that he was studying (the formula is rewritten here
using an updated notation):
hDi ¼

Kw 
:
FWHMhkl cos hkl

ð3:6:1Þ

ðd Þ ¼

The calculation of an ‘average size’ hDi is therefore immediate
once the position and full-width at half-maximum of a peak (2hkl
and FWHMhkl, respectively), measured with X-rays of wavelength , are available. The constant Kw (the Scherrer constant)
carries information on the shape of the domains and has an order
of magnitude of 1. Values of the Scherrer constant can be found
in the literature for both isotropic and anisotropic shapes (in the
latter case leading to different sizes for different reﬂections hkl):
Table 3.6.1 contains the data of Langford & Wilson (1978) for
common domain shapes. An elegant derivation of the Scherrer
formula can be found in the work of Patterson (1939) and Warren
(1990); a summary is also presented in Chapter 5.1.
Its simple mathematical nature is probably the main reason for
the widespread (ab)use of equation (3.6.1). Simple, in fact, does
not mean accurate.
The Scherrer formula and its variants are based on strong
assumptions about the peak shape. In the original derivation
[equation (3.6.1)] the peak was assumed to be Gaussian (see
Appendix A3.6.1 for the deﬁnition of a unit-area Gaussian); in
subsequent derivations, the peak-shape information is lost, as the
peak is transformed into an equivalent rectangle via the use of
the integral breadth (IB)  = A/I, where A and I are the area and
the maximum intensity of the peak, respectively (see Table 3.6.1
for the corresponding Scherrer constant values). Together with
this, we should consider that the size of the domains in a real

Scherrer constants (Kw and K) for various domain shapes (Langford &
Wilson, 1978)
Kw (FWHM)

K (integral breadth)

Sphere
Cube
Tetrahedron
Octahedron

0.89
0.83–0.91
0.73–1.03
0.82–0.94

1.07
1.00–1.16
0.94–1.39
1.04–1.14
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ð3:6:2Þ

Equation (3.6.2) describes a line for which the intercept (extrapolation of the integral breadth to the origin of the reciprocal
space, i.e. to d!1) is related to the reciprocal of the Scherrer
size, and the slope parameter e accounts for the distribution of
local strain inside the domains. For a Gaussian distribution of this
local strain,
the
pﬃﬃﬃﬃﬃﬃﬃ
ﬃ root-mean strain (also known as microstrain)
h"2i1/2 = e 2= can be obtained. The microstrain, which is mostly
caused by the presence of imperfections, is often quoted together
with the average size.
Even though the Williamson–Hall idea is straightforward,
there is no physical reason why the two terms in equation (3.6.2)
should be added: the only case where breadths are additive is
when the peaks are Lorentzian (see Appendix A3.6.1 for the
deﬁnition of a unit-area Lorentzian). The Williamson–Hall
equation is therefore valid for Lorentzian peaks and under the
condition that both the size and strain contributions are
Lorentzian as well. We therefore immediately envisage a problem
here, as the size contribution, described by the Scherrer equation,
was derived in the Gaussian limit. This inconsistency is seldom
reported or considered in the literature. The fact that, in the end,
the proﬁles are often highly Lorentzian in character mathematically justiﬁes the separation of a size and a strain term, but
dilutes the quantitative meaning of the result.
Modiﬁcation of the Williamson–Hall approach to remove the
inconsistency of the size- and strain-broadening terms has been
extensively discussed by Balzar & Popović (1996). Using Voigtians (i.e. the convolution of a Gaussian G and a Lorentzian L; see
Appendix A3.6.1) to describe a proﬁle, four combinations are
possible for the size and strain terms: L–L, L–G, G–L and G–G.
The Williamson–Hall method corresponds to the L–L case,
whereas the combinations involving a Gaussian size term are
more compatible with the Scherrer formula. Even in those cases,
though, ‘The pure-Gauss size-broadened proﬁle is incompatible

Table 3.6.1

Shape

K
þ 2ed :
hDi
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with the deﬁnitions of surface-weighted domain size and columnlength distribution function’ (Balzar & Popović, 1996): integral
breadth methods are therefore intrinsically limited for the
microstructure analysis of real materials. This is in stark contrast
to the fact that equation (3.6.2) is used, for example, by a large
number of Rietveld reﬁnement codes to describe the observed
trend in line-proﬁle broadening (and to perform a rough microstructure analysis). This situation can be improved a little
by properly considering at least the anisotropic broadening
component, as performed, for example, in the modiﬁed
Williamson–Hall method (MWH; Ungár & Borbély, 1996; Ungár,
2001; Scardi et al., 2004). The results are more accurate and
related to some physical quantities (a dislocation density and a
stacking fault probability), but they are still tightly bound to a
Voigtian proﬁle approximation.
An alternative to the integral breadth methods was developed
by Warren & Averbach (1950, 1952) almost simultaneously with
the idea of Williamson and Hall, but took longer to be fully
employed owing to the lack of fast computing tools. It is based on
the extensive use of Fourier transforms and represents the
starting point of modern line-proﬁle analysis techniques. The
whole proﬁle carries information on the microstructure, as each
point in reciprocal space is related to the Fourier transform of
real space (and thus to the size and shape of the domains and also
the deviation from perfect three-dimensional periodicity). Each
proﬁle also contributes to a better picture of the microstructure,
as it samples along a different direction in space.
For decades, these Fourier methods were only used in a very
small number of scientiﬁc areas; the availability of fast computers
and the fast Fourier transform has contributed greatly to their
further diffusion. It is, however, only in recent years that the full
power of the Fourier approach has been unveiled, with the
development of whole-pattern methods and the extension of
most models to a wider range of materials.

the convolution theorem states that the FT of a convolution is the
product of the Fourier transforms of the functions to be folded:
CðLÞ ¼ FT½hðsÞ ¼ FT½f ðsÞ  FT½gðsÞ:

In this equation, L is the (real) Fourier variable conjugate to s.
The properties of the Fourier transform allow equation (3.6.4) to
be rewritten as




hðsÞ ¼ FT1 ½CðLÞ ¼ FT1 FT½hðsÞ ¼ FT1 FT½f ðsÞFT½gðsÞ :
ð3:6:6Þ
This equation is the basis of the Warren–Averbach approach and
also of all modern LPA methods.
3.6.2.3. The Warren–Averbach method and its variations
The convolution theorem can be employed to disentangle the
specimen-related broadening contributions described by f (s). In
fact, let us suppose, as in the Williamson–Hall method, that size
and microstrain are the only two sources of specimen-related
broadening. We call the Fourier transform of the proﬁles broadened by size and distortion effects only AShkl ðLÞ and AD
hkl ðLÞ,
respectively. As the size and distortion proﬁles are folded into f
(s), the following holds:
AðLÞ ¼ FT½f ðsÞ ¼ FT½hðsÞ=FT½gðsÞ ¼ AShkl ðLÞAD
hkl ðLÞ: ð3:6:7Þ
The separation of the size and distortion terms is straightforward
for spherical domains: the size effects for a sphere are independent of the reﬂection order, whereas those related to distortions
(causing the change in the slope of the Williamson–Hall plot) are
order-dependent. To describe the distortion term it is convenient
to follow the idea of Bertaut (1949a,b, 1950), considering the
specimen as made of columns of cells along the c direction. The
proﬁle due to distortions is calculated by taking the average
phase shift along the column due to the presence of defects. The
analytical formula for the distortion term is thus of the type
AD
hkl ðLÞ = hexp(2iLn"L)i, where "L = L/L is the average
strain along c calculated for a correlation distance (i.e. Fourier
length) L.
As a ﬁrst-order approximation, the distortion terms give no
proﬁle asymmetry; AD
hkl ðLÞ is just a cosine Fourier transform. We
can thus expand it as (Warren, 1990)

3.6.2. Fourier methods
3.6.2.1. Deﬁnitions
In the following, the diffraction peaks for a powder will be
described in reciprocal space with reference to the Bragg position
dfhklg expected for the {hkl} reﬂection family in the absence of any
type of defect. The coordinate s, where


s¼d 

dfhklg


2
¼ sin   sin fhklg ;


ð3:6:5Þ

2 2 2 2
AD
hkl ðLÞ ¼ hcosð2Ln"L Þi ¼ 1  2 L n h"L i:

ð3:6:3Þ

ð3:6:8Þ

If we now rewrite equation (3.6.7) on a log scale, taking equation
(3.6.8) into account, we obtain

will be employed. Moving from reciprocal to diffraction space
(‘2 space’) involves a trivial but nonlinear change of variables:
peaks that are symmetrical in reciprocal space will become
asymmetrical in 2 space and vice versa.

ln½Ahkl ðLÞ ¼ ln½AShkl ðLÞ þ ln½AD
hkl ðLÞ
S
¼ ln½Ahkl ðLÞ þ ln½1  22L2 n2 h"2L i
¼ ln½AShkl ðLÞ  22 L2 n2 h"2L i:

ð3:6:9Þ

ð3:6:4Þ

Equation (3.6.9) represents a line in the variable n2: the intercepts
at increasing L values provide the logarithm of the Fourier size
term, whereas the slopes give the microstrain directly (Warren,
1990). From the size coefﬁcients, we can obtain an average size,
again following the idea of Bertaut (1949a, 1950), related to the
properties of the Fourier transform:
 1

@AShkl ðLÞ
hDi ¼ 
:
ð3:6:10Þ
@L L¼0

The calculation of the integral in equation (3.6.4) can be
simpliﬁed through the use of a Fourier transform (FT). In fact,

This average size is thus related to the initial slope of the Fourier
coefﬁcients [assuming that they are well behaved, i.e. that the
tangent is always below the AShkl ðLÞ curve].

3.6.2.2. Peak proﬁle and the convolution theorem
Each peak proﬁle h(s) in a powder diffraction pattern can be
described as the convolution of an instrumental proﬁle g(s) with a
function f (s) accounting for sample-related effects (microstructure; see, for example, Jones, 1938; Alexander, 1954; Klug &
Alexander, 1974; and references therein):
hðsÞ ¼

R1

f ðyÞgðs  yÞ dy ¼ f  gðsÞ:

1
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A long chain of operations is needed to obtain the size and the
strain contributions; there is thus a risk that the ﬁnal result will no
longer be compatible with the experimental data. Only a few
years after the introduction of this method, Garrod et al. (1954)
wrote

integrated intensities. Moreover, it enables some line-proﬁle
analysis on low-quality patterns or on data affected by strong
peak asymmetry.

Hence, in any attempt to distinguish between particle size or strain
broadening from a particular material, the use of the one or the
other of these functions [Gaussian and Lorentzian] (together with
the appropriate relationship between B, b, and ) involves an
intrinsic initial assumption about the cause of the broadening, when
the object of the investigation is to discover the cause. Such an
assumption must inevitably weight the experimental results,
partially at least, in favour of one or the other of the two effects.
In this connexion it is therefore perhaps signiﬁcant that in most
previous work on the cause of line broadening from cold-worked
metals, those investigators who have used the Warren relationship
between B, b, and  have concluded that lattice distortion was the
predominant factor, whilst those who have employed the Scherrer
correction found that particle size was the main cause. The best
procedure in such work therefore is to make no assumptions at all
about the shape of the experimental line proﬁles . . .

The techniques brieﬂy illustrated in the previous section, as
well as other alternatives appearing in the literature before the
beginning of this century, lack full completeness for quantitative
microstructure analysis. The whole powder pattern modelling
method attempted to ﬁll this gap. Starting with the same ideas as
in Section 3.6.2.1 (i.e. peaks as convolution), it uses equations
(3.6.5) and (3.6.6) to generate the peaks within a fully convolutional approach. The peak proﬁles are therefore generated from
the Fourier transform of each broadening component; the
resulting h(x) function accounts just for the shape of the proﬁle,
which in turn can be represented as (Scardi & Leoni, 2002)

3.6.2.5. Whole powder pattern modelling (WPPM)

Ifhklg ðsÞ ¼ kðd ÞhðsÞ ¼ kðd Þ

R1

CðLÞ expð2iLsÞ dL;

ð3:6:11Þ

1

where kðd Þ includes all constant or known functions of d (e.g.
structure factor, Lorentz–polarization factor etc.), whereas CðLÞ
is the Fourier transform of the peak proﬁle. The term k is a
function of d ; it is not necessarily a function of s, as the peak is
actually centred in dfhklg .
Equation (3.6.11) assumes that the broadening sources act on
the entire family of symmetry-equivalent reﬂections {hkl} and
therefore that a multiplicity term [included in kðd Þ] can be used:
however, certain types of defects (e.g. faults) can act independently on each of the symmetry-equivalent reﬂections. Equation
(3.6.11) then becomes more correctly
P
P
Ifhklg ðsÞ ¼ kðd Þ whkl Ihkl ðshkl Þ ¼ kðd Þ whkl Ihkl ðs  hkl Þ;

This is owing to the fact that a direct connection between the
experimental data and the ﬁnal microstructural result does not
really exist in those methods and that the whole information
contained in the pattern is not exploited.
3.6.2.4. Beyond the Warren–Averbach method
The work of Alexander (see, for example, Alexander, 1954;
Klug & Alexander, 1974; and references therein) was deﬁnitely
pioneering here. Alexander proposed a set of formulae for the
synthesis of the instrumental proﬁle, with the aim of obtaining a
correction curve to subtract the instrumental contribution to the
measured breadth of the proﬁles (thus improving the accuracy of
the size determination). The true power of this idea was not fully
exploited, as the Scherrer formula was still used for microstructure analysis. A few decades later, Adler, Houska and Smith
(Adler & Houska, 1979; Houska & Smith, 1981) proposed the use
of simpliﬁed analytical functions to describe the instrument, size
and strain broadening and to perform the convolution of the
equation numerically via Gauss–Legendre quadrature. Rao &
Houska (1986) improved the procedure by carrying out part of
the integration analytically (for monodisperse spheres). The
microstructure parameters are directly obtained from a ﬁt of this
numerical peak to the experimental data. The ﬁt partly solves the
problem of peak overlap: in traditional methods it is in fact
impossible to establish the extent of overlap between the peaks
and therefore to correctly extract the area or maximum intensity.
The method is a major step forward, but is still related to the
Warren–Averbach approach, as just two multiple-order peaks are
considered.
Cheary & Coelho (1992, 1994, 1998a,b) pushed the idea
forward with the fundamental parameters approach (FPA). The
FPA is based on the intuition of Alexander (1954) and the
general idea of the Rietveld (1969) method: the calculation speed
is greatly improved to facilitate widespread use. The convolution
is performed directly in 2 space, where instrumental aberrations,
which were extensively explored by these researchers, occur.
Very simplistic models were employed to describe the broadening due to the specimen; the whole pattern (and therefore all of
the measured information) is considered in place of one or more
peaks and of the extracted information. For structural analysis
and for the Rietveld method, the FPA is a huge step forward, as it
allows a more accurate determination of lattice parameters and

hkl

hkl

ð3:6:12Þ
where whkl is a weight function depending on the lattice
symmetry and actual broadening source, shkl = d  ðdfhklg þ hkl Þ
= s  hkl is the distance, in reciprocal space, from the centroid of
the peak hkl, and hkl is the shift from dfhklg , the Bragg position in
the absence of defects. The sum is over independent proﬁle
subcomponents selected on the basis of the speciﬁc defects (e.g.
two for the {111} family in f.c.c. when faults are present; selection
is based on the value of |L0| = |h + k + l|, i.e. 3 or 1).
According to equation (3.6.5), the function CðLÞ is the product
of the Fourier transforms of the broadening contributions. In a
real material, broadening is mostly due to the speciﬁc nature of
the instrument, to the ﬁnite size of the coherently diffracting
domain (size effect) and to the presence of defects such as, for
example, dislocations and faults (Cheary & Coelho, 1992; van
Berkum, 1994; Scardi & Leoni, 2002). Taking these into account,
CðLÞ ¼ T IP ðLÞAShkl ðLÞhexp½2i

hkl ðLÞihexp½2i’hkl ðLÞi . . . ;

ð3:6:13Þ
where T (L) and AShkl ðLÞ are the FTs of the instrumental and
domain-size components, respectively, whereas the terms in angle
brackets h i are average phase factors related to lattice distortions
( hkl) and faulting (’hkl).
Equation (3.6.13) is the core of the WPPM method: as indicated by the ellipsis, any other broadening source can easily be
considered by including the corresponding (complex) Fourier
transform (i.e. the corresponding average phase factor) in
equation (3.6.13). Expressions are known for several cases of
practical interest (see, for example, Scardi & Leoni, 2002, 2004,
IP
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2005; Leoni & Scardi, 2004; Leineweber & Mittemeijer, 2004; van
Berkum, 1994; Cheary & Coelho, 1992).
The approach is strictly valid when the broadening sources can
be considered as diluted and independent (i.e. uncorrelated
defects). If this does not apply, then cross-terms should be
considered and the whole approach revised. In fact, here we
assume that the structure factor can be factored and the lattice is
fully periodic in three dimensions: under these conditions,
structure (peak intensity) and microstructure (peak shape) can
be decoupled as the peak positions can be determined in a
straightforward way. Extended defects (e.g. faults) cause the
appearance of diffuse effects and the displacement of the Bragg
peaks: in order to calculate the diffraction pattern, the structure
and the microstructure must be simultaneously known (see, for
example, Drits & Tchoubar, 1990).

importance that all instrumental features are well reproduced
when dealing with microstructure effects. Provided that this
condition is met, we can therefore employ any arbitrary function
to describe the instrumental proﬁle. Thus, as an alternative to
FPA, we can either ‘learn’ the instrumental proﬁle from a standard (Bergmann & Kleeberg, 2001) or use a Voigtian to model it.
The Voigtian is particularly convenient as it can be deﬁned
directly in L space and thus directly enter the Fourier product of
equation (3.6.13).
3.6.2.6.2. Source emission proﬁle
For X-rays, the source emission proﬁle at an energy El can be
well described by a Lorentzian of energy width l (Hölzer et al.,
1997; Deutsch et al., 2004),
"
#
2 1
2
E  El
1þ4
:
ð3:6:14Þ
Il ðEÞ ¼
l 
l

3.6.2.6. Broadening components
A brief account is given of the main sources of broadening that
can be encountered in practice. An accent will be placed on
X-rays, but extension to electrons and neutrons is in most cases
straightforward. Concerning electron diffraction, precession data
can be used in a straightforward way, whereas for traditional
data, containing dynamical effects, further calculations, for
example of the intensity, are in principle needed.

As dE/E = d/ = ds/s, the function can also be represented as a
function of s:
"
#
2 1
2 El
shkl
IP

Ihkl;l ðs; dhkl Þ ¼
1þ4 
:
ð3:6:15Þ
 dhkl l
dhkl l =El
For a laboratory tube emitting simultaneously a set of N
wavelengths, we have

3.6.2.6.1. Instrument
Each of the components of the diffraction instrument (i.e.
source, optics, specimen stage, measurement geometry and
detector) can have a dramatic impact both on the position and
the broadening of the peaks. Axial divergence, for instance,
introduces both an asymmetric broadening and an apparent shift
of the low-angle peaks. When microstructure (i.e. specimenrelated effects) is the focus of the analysis, the primary recommendation is to try to limit the instrumental inﬂuence. Alternatively, it is preferred to have an instrumental proﬁle (no matter
how complex) that can be well described and properly simulated:
for instance the proﬁle of an instrument with a K1 primary
monochromator (apparently advantageous) might be hard to
model if the K2 removal is not perfect. This becomes more and
more important when the instrumental effects are of the same
order of magnitude as the specimen-related broadening.
Two possible paths can be followed when dealing with the
instrumental contribution: modelling using the fundamental
parameters approach (see, for example, Cheary & Coelho, 1992;
Kern & Coelho, 1998) or parameterization of the pattern of an
ideal specimen. In the fundamental parameters approach, the
geometry of the instrument and the effects of each optical
component on the peak proﬁle are described mathematically in
2. Most of the formulae for the various optical elements can be
found, for example, in the work of Wilson (1963), Klug &
Alexander (1974) and Cheary & Coelho (1992, 1994, 1998a,b).
The aberration proﬁles are folded into the (X-ray) source emission proﬁle (Hölzer et al., 1997; Deutsch et al., 2004) to generate a
combined instrumental proﬁle.
When no information on the instrument is available, it is
possible to predict the instrumental proﬁle just by using the
nominal data for the optical components. It is however advised,
whenever possible, to tune the instrumental parameters using the
pattern of a line-proﬁle standard [e.g. NIST LaB6 SRM 660(x)
series; Cline et al., 2010] showing negligible specimen effects.
These instrument-only parameters must then be kept ﬁxed for
any subsequent microstructure reﬁnement. It is of paramount

IP
Ihkl
ðs; dhkl Þ ¼

N
P

IP
wl Ihkl;l
ðs; dhkl Þ;

ð3:6:16Þ

l¼1

where wl is the relative intensity of the lth wavelength component
(referred, for example, to w1 = 1). The corresponding Fourier
transform entering (3.6.13) can be written as
T IP ðLÞ


l

¼ exp
1
L exp 2shkl l L
E
E
l¼1
l
l




N
P

l
l


¼
cos 2dhkl 1 
L þ i sin 2dhkl 1 
L
El
El
l¼1

 exp 2shkl l L :
ð3:6:17Þ
El
N
P



2idhkl

The complex term in (3.6.17) accounts for the shift of each
emission component with respect to the reference one. For more
ﬂexibility (for example to consider the non-ideal behaviour of the
instrument), we can use a pseudo-Voigt (pV) in place of the
Lorentzian in equation (3.6.14).
3.6.2.6.3. Optical elements
The equation of Caglioti et al. (1958), modiﬁed by Rietveld
(1969) and originally developed for constant-wavelength neutron
diffraction, is frequently employed for parameterization of the
instrumental proﬁle. The FWHM and the pV mixing parameter 
(replacing the Lorentzian and Gaussian widths of the Voigt) are
then parameterized according to functions in tan() and ,
respectively (Caglioti et al., 1958; Leoni et al., 1998; Scardi &
Leoni, 1999),
FWHM2 ¼ U tan2  þ V tan  þ W;
 ¼ a þ b þ c2 :

ð3:6:18Þ
ð3:6:19Þ

The parameters of the Fourier transform of a Voigt or pseudoVoigt are then constrained to those of equations (3.6.18) and
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(3.6.19). This is particularly convenient, as the Fourier transform
of a Voigtian is analytical. In fact, for the pV case we have

in determining both the properties and the diffraction line-proﬁle
shapes of the powder under analysis. Fortunately, the Fourier
coefﬁcients for the polydisperse case can be easily calculated for
any given distribution: the log-normal and the gamma distributions are the most common (and the most ﬂexible). The equations
and the corresponding moments are


1
ðln D  l Þ2
pﬃﬃﬃﬃﬃﬃ exp 
;
gl ðDÞ ¼
2l2
Dl 2
n2
Ml;n ¼ exp n l þ l2 ;
ð3:6:24Þ
2

IP
ðLÞ ¼ ð1  kÞ expð2  2 L2 = ln 2Þ þ k expð2LÞ;
TpV

ð3:6:20Þ
where  = FWHM/2 and where (Langford & Louër, 1982; Scardi
& Leoni, 1999)
h
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi1
:
ð3:6:21Þ
k ¼ 1 þ ð1  Þ=   ln 2
Equation (3.6.18) can be found in the literature in a different
form and with additional terms accounting, for example, for size
effects: besides forcing a symmetry of the proﬁle in 2 space,
these extra terms are a contradiction as they have nothing to do
with the instrument itself.

Mg;n
3.6.2.6.4. Domain size and shape
In nanostructured materials, the ﬁnite size of the scattering
domains is usually the dominant source of line-proﬁle broadening. Actually, when dealing with size, we should consider a size
and a shape distribution of the domains. In most cases, one or
more distributions of similar objects are considered. For an up-todate description of issues related to size broadening, see Chapter
5.1. The domain shape is not a property of the material and
therefore the use of symmetry constraints [e.g. spherical
harmonics to describe the shape of the scattering object as in the
model of Popa (1998) or as a size extension of Stephens’ (1999)
work] is not justiﬁed in the general case (Nye, 1987). Exceptions,
however, exist.
The size-broadening contribution in WPPM follows the ideas
of Bertaut (1949a,b, 1950) and of Stokes & Wilson (1942).
Bertaut proposed the division of the domains into columns and
the analysis of the independent scattering of these columns. The
column-length distribution can always be extracted from the
data: more complex models involving given shapes or distributions simply modify the way in which the columns are rearranged.
Stokes and Wilson introduced the concept of a ghost to calculate
the Fourier transform for a given shape: the volume common to a
domain of shape c and its ghost, i.e. a copy of the same domain
displaced by a quantity L along the scattering direction hkl, is
proportional to the (size) Fourier transform ASc;hkl ðL; DÞ for the
given domain. The calculation has been already carried out
analytically for several simple shapes characterized by a
single length parameter (Stokes & Wilson, 1942; Lele &
Anantharaman, 1966; Wilson, 1969; Langford & Louër, 1982;
Vargas et al., 1983; Grebille & Bérar, 1985; Scardi & Leoni, 2001),
and can be performed numerically in the general case (Leonardi
et al., 2012). It is possible to relate the Fourier coefﬁcients to the
size values obtained from traditional methods. In particular, the
area-weighted average size hLiS (Warren–Averbach method) and
the volume-weighted average size hLiV (Williamson–Hall
method) are obtained as
 1

hLiS ¼  dASc ðL; DÞ=dLL¼0 ¼ D=Kk ¼ D=H1 ;
ð3:6:22Þ
hLiV ¼ ½ðsÞ1 ¼ 2

D=K
R

ASc ðL; DÞ dL ¼ D=K ;

p
g D g 1
g D
;
exp 
ð
Þ
g
g
g
g
n
ðn þ g Þ
g
:
¼
g
ðg Þ

gg ðDÞ ¼

ð3:6:25Þ

The scattered intensity for the given distribution gi, and the given
shape c, is
"
#
R1 D=K
R hkl S
Ac;hkl ðL; DÞ expð2iLsÞ dL wðDÞ dD
Ic;hkl ðsÞ /

0

L¼0

R1
2

/

wðDÞ dD

0

3
ASc;hkl ðL; DÞwðDÞ dD
7
7 expð2iLsÞ dL
5
R1
wðDÞ dD

R1

R1 6D¼LKhkl
6
4

L¼0

0

/

R1

AShkl ðLÞ expð2iLsÞ dL;

ð3:6:26Þ

L¼0

where w(D) = gi(D)Vc(D) and where
R1
AShkl ðLÞ ¼

ASc;hkl ðL; DÞwðDÞ dD

D¼LKhkl

R1

:

ð3:6:27Þ

wðDÞ dD

0

With a suitable deﬁnition of the Fourier coefﬁcients, the
polydisperse case therefore becomes analogous to the monodisperse case. Analytic expressions can be obtained in particular
cases. For instance, the Fourier coefﬁcients for the log-normal
and gamma distributions (Scardi & Leoni, 2001) are


3
X
lnðLKc Þ  l  ð3  nÞl2 Ml;3n c n
pﬃﬃﬃ
ASl ðLÞ ¼
erfc
HL
2Ml;3 n
l 2
n¼0
ð3:6:28Þ
and
ASg ðLÞ ¼

3
X
n¼0

g
Mg;1

n

½g þ ð3  nÞ; Kc Lg =Mg;1  c n
Hn L ;
ðg þ 3Þ
ð3:6:29Þ

respectively, where

ð3:6:23Þ

0

ðx; aÞ ¼

where (s) is the integral breadth and Kk and K are the initial
slope and integral breadth Scherrer constants, respectively
(Langford & Wilson, 1978; Scardi & Leoni, 2001).
The average size might have little physical signiﬁcance in real
cases: the size (and shape) distribution can in fact play a key role

R1

yx1 expðyÞ dy;

a

ðxÞ ¼ ðx; 0Þ;
R1
erfcðxÞ ¼ 21=2 expðy2 Þ dy;
x
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with the deﬁnitions already given in equations (3.6.24) and
(3.6.25).
The functional forms of equations (3.6.28) and (3.6.29) clearly
suggest that the proﬁle for a log-normal distribution of domains
(which is frequently encountered in practice) is not Voigtian: all
traditional line-proﬁle analysis methods (based on Voigt or
pseudo-Voigt functions) are therefore unable to correctly deal
with a log-normally dispersed powder.
By analogy to the monodisperse case, it is possible to relate the
parameters of the polydisperse system to the size obtained with
traditional methods (Warren–Averbach and Williamson–Hall,
respectively). The following holds (Krill & Birringer, 1998; Scardi
& Leoni, 2001):
hLiS ¼

1 Mi;3
;
Kk Mi;2

hLiV ¼

1 Mi;4
:
K Mi;3

hypothesis for a powder, where we assume that any conﬁguration
is equally probable.
Traditional LPA methods such as the Warren–Averbach
method (Warren & Averbach, 1950, 1952; Warren, 1990) take a
ﬁrst-order MacLaurin expansion of equation (3.6.31) to extract
the microstrain contribution from the measured data:

ð3:6:33Þ

1
2

2
0
AD
fhklg ðLÞ ¼ exp½ 2 b Cfhklg dfhklg L f ðL=Re Þ;
2

ð3:6:34Þ

where b is the modulus of the Burgers vector, Cfhklg is the socalled average contrast factor of the dislocations, is the density
of the dislocations and R0e is an effective outer cutoff radius. Only
the low-L trend of equation (3.6.34) is well reproduced by
Wilkens’ theory: a decaying function f ðL=R0e Þ has thus been
introduced to guarantee a proper convergence to zero of the
Fourier coefﬁcients for increasing L. Actually, the function f  ðÞ
is mostly quoted in place of ðL=R0e Þ, where  ¼ ðe1=4 =2ÞL=R0e :
the multiplicative term can however be dropped, considering that
the cutoff radius is an effective value [some discussion of the
meaning of the f and f  functions and of the effective cutoff
radius can be found in Scardi & Leoni (2004), Armstrong et al.
(2006) and Kaganer & Sabelfeld, 2010)].
The most complete deﬁnition of f  ðÞ is from Wilkens
(1970a,b):

¼ hcos½ð2Ldfhklg "fhklg ðLÞi
þ ihsin½2Ldfhklg "fhklg ðLÞi
D
¼ AD
fhklg ðLÞ þ iBfhklg ðLÞ:

4 3 3 3
3
BD
fhklg ðLÞ ﬃ   L dfhklg h"fhklg ðLÞi:
3

3.6.2.6.6. Dislocations
Dislocations are often the main source of strain broadening.
The magnitude of this broadening depends not only on the elastic
anisotropy of the material, but also on the relative orientation of
the Burgers and diffraction vectors with respect to the dislocation
line (Wilkens, 1970a,b). This problem was analysed in the 1960s
by Krivoglaz and Ryaboshapka (Krivoglaz & Ryaboshapka,
1963; Krivoglaz, 1969) and then subsequently reprised and
completed by Wilkens (1970a,b). Further elements have been
added to put it into the present form (see, for example, Krivoglaz
et al., 1983; Groma et al., 1988; Klimanek & Kuzel, 1988; van
Berkum, 1994; Kamminga & Delhez, 2000). For the purpose of
WPPM, the distortion Fourier coefﬁcients caused by dislocations
can be written as

3.6.2.6.5. Strain broadening (lattice distortions)
A local variation of the lattice spacing (due, for example, to the
presence of a defect) leads to an average phase term that, in
general, is a complex quantity:
hkl ðLÞi

ð3:6:32Þ

The term in equation (3.6.33) would cause peak asymmetry.
However, we usually consider only the second-order moment of
the strain distribution (root-mean strain or microstrain) and thus
symmetric peaks. Owing to the anisotropy of the elastic properties, the broadening described by equation (3.6.32) is in general
anisotropic: an extensive discussion of strain anisotropy and of
the order dependence of strain broadening can be found, for
example, in Leineweber & Mittemeijer (2010) and Leineweber
(2011). It should be stressed that in their original form, traditional line-proﬁle methods are unable to deal with this anisotropy
(corrections have been proposed for particular cases, for
example, in the so-called modiﬁed Williamson–Hall (MWH) and
modiﬁed Warren–Averbach (MWA) analyses; Ungár & Borbély,
1996).

ð3:6:30Þ

Here, it is clear that diffraction does not provide the ﬁrst
moment of the distribution directly: ratios between high-order
moments are involved.
Using an analytical expression for the description of a size
distribution can help in stabilizing the results (as the size distribution curve is forced to be zero at very small and very large size
values). Some doubts can, however, arise as to the physical
validity of this forcing. An example is the case of a multimodal
system. The traditional LPA techniques are unable to directly
deal with multimodal size distributions. In cases where the
multimodal character is clear and the various distribution are well
behaved (i.e. when they can be modelled with analytical functions), the pattern can be usually modelled by considering the
material as made of different fractions, each of them characterized by a different size distribution.
A possible alternative has been proposed in the literature:
replacing the analytical distribution with a histogram. The ability
of this model to ﬁt the experimental data has been demonstrated
(Leoni & Scardi, 2004; Matěj et al., 2011); a regularization might
be necessary to stabilize the shape and/or smoothness of the size
distribution. The quality of the measurement and the availability
of models describing all contributions to the peak broadening are
in most cases the limiting factors for extensive use of the histogram model: correlations of small sizes with the background and
with features such as thermal diffuse scattering (Beyerlein et al.,
2012) can in fact occur. So far, this is the only available method
for exploring cases where the analytical models are unable to
correctly describe the observed broadening.

hexp½2i

2 2 2
2
AD
fhklg ðLÞ ﬃ 1  2 L dfhklg h"fhklg ðLÞi;

ð3:6:31Þ

The strain "{hkl}(L) represents the relative displacement of atoms
at a (coherence) distance L along the scattering vector hkl.
Knowledge of the actual source of distortion allows the explicit
calculation of the various terms (van Berkum, 1994). It is quite
customary to assume that the strain is the same for symmetryequivalent reﬂections ["hkl(L) = "{hkl}(L)]: this is a reasonable
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7
256
2
1
þ
1 2
f  ðÞ ¼  ln  þ  ln 2 þ
4
45 
4

Z

walls), whereas a large value is typical of a system with randomly
dispersed dislocations (weak dipole character).
The anisotropic broadening caused by the presence of dislocations is mainly taken into account by the contrast (or orientation) factor Chkl. The contrast factor depends on the strain ﬁeld
of the dislocation and therefore on the elastic anisotropy and
orientation of the scattering vector with respect to the slip system
considered. The average of the contrast factor over all equivalent
slip systems, Chkl , is often used in the analysis of powders. The
averaging is usually performed under the assumption that all
equivalent slip systems are equally populated. The calculation of
the contrast factor can be lengthy: full details can be found in
the literature (Wilkens, 1970a,b, 1987; Krivoglaz et al., 1983;
Kamminga & Delhez, 2000; Groma et al., 1988; Klimanek &
Kuzel, 1988; Kuzel & Klimanek, 1989) for the cubic and hexagonal cases. For a generalization, the reader is referred to the
recent work of Martinez-Garcia et al. (2007, 2008, 2009). It is
possible to show that the contrast factor of a given material has
the same functional form as the fourth-order invariant of the
Laue class (Popa, 1998; Leoni et al., 2007):

arcsin y
dy
y

0

1 769 41
3

þ þ
ð1  2 Þ1=2
 180 90
45
1 11
7 2
2
þ
;

þ
arcsin

þ
 122 2 3
6

  1;
ð3:6:35Þ

f  ðÞ ¼

256
11 1
1

þ ln 2 2 ;
45
24 4


  1:
ð3:6:36Þ

For  < 1, the integral in (3.6.35) can be calculated in terms of
special functions as
Z

arcsin y
dy
y

0

¼

h
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi
i
2  6 arcsin2   12i ln 2   i 1  2 arcsin 
12
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 6Li2 1  22 þ 2i 1  2

d4fhklg Cfhklg
¼ E1 h4 þ E2 k4 þ E3 l4 þ 2ðE4 h2 k2 þ E5 k2 l2 þ E6 h2 l2 Þ
þ 4ðE7 h3 k þ E8 h3 l þ E9 k3 h þ E10 k3 l þ E11 l3 h þ E12 l3 kÞ
þ 4ðE13 h2 kl þ E14 k2 hl þ E15 l2 hkÞ:

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi
1 h
¼ lnð2Þ arcsin  þ Im Li2 1  22 þ 2i 1  2
2
1
¼ lnð2Þ arcsin  þ Cl2 ð2 arcsin Þ;
ð3:6:37Þ
2

In the general case, 15 coefﬁcients are thus needed to describe
the strain anisotropy effects. Symmetry reduces the number of
independent coefﬁcients: for instance, two coefﬁcients survive in
the cubic case, and the average contrast factor is (Stokes &
Wilson, 1944; Popa, 1998; Scardi & Leoni, 1999)

where Li2(z) and Cl2(z) are the dilogarithm function (Spence’s
function) and the Clausen integral, respectively:
Li2 ðzÞ ¼

1
P

zk =k2 ;

Cfhklg ¼ ðA þ BHÞ ¼ A þ B

ð3:6:38Þ

k¼1

Cl2 ðzÞ ¼

1
P

Rx
sinðkzÞ=z2 ¼  ln½2 sinðt=2Þ dt:

k¼1

0

ð3:6:39Þ

should not be employed, as the derivative is discontinuous at  =
1. A simpler approximation, valid over the whole  range, was
provided by Kaganer & Sabelfeld (2010):

:
0 þ 

h2 k2 þ h2 l2 þ k2 l2
:
ðh2 þ k2 þ l2 Þ2

ð3:6:43Þ

The values of A and B can be calculated from the elastic
constants and slip system according to the literature (Klimanek &
Kuzel, 1988; Kuzel & Klimanek, 1989; Martinez-Garcia et al.,
2007, 2008, 2009). Excluding the case of Cfh00g ¼ 0, the parameterization Cfhklg ¼ Cfh00g ð1 þ qHÞ proposed by Ungár & Tichy
(1999) can also be used. Some calculated values for cubic and
hexagonal materials can be found in Ungár et al. (1999) and
Dragomir & Ungár (2002), respectively.
As the calculation of the contrast factor for a dislocation of
general character is not trivial, it is customary to evaluate it for
the screw and edge case and to reﬁne an effective dislocation
character ’ (Ungár et al., 1999),

The approximation proposed by van Berkum (1994) for (3.6.35)
and (3.6.36),
8
7
2 323
>
>
; 1
<  ln  þ  ln 2 þ 
4
6 225
f  ðÞ ¼
ð3:6:40Þ
256
11 1
1
>
>
:

þ ln 2 2 ;
 1,
45
24 4


f  ðÞ ¼  ln

ð3:6:42Þ

Cfhklg ¼ ½’CE;fhklg þ ð1  ’ÞCS;fhklg 
¼ ½’AE þ ð1  ’ÞAS  þ ½’BE þ ð1  ’ÞBS H;

ð3:6:44Þ

where the geometric term H is the same as in equation (3.6.43).
Although not completely correct, the approach proposed in
equation (3.6.44) allows the case where a mixture of dislocations
of varying character are acting on equivalent slip systems to be
dealt with. For a proper reﬁnement, however, the active slip
systems as well as the contrast factors of the edge and screw
dislocations should be known.
It is worth mentioning that the invariant form proposed by
Popa (1998) has been reprised by Stephens (1999) to describe the
strain-broadening anisotropy, for example, within the Rietveld
method: the formula correctly accounts for the relative broadening (i.e. for the anisotropy), but it does not give any information on the actual shape of the proﬁles. This is the major reason

ð3:6:41Þ

With 0 = 2.2, the results of equation (3.6.41) are similar to those
of (3.6.35) and (3.6.36).
Together with dislocation density and outer cutoff radius, a
parameter traditionally quoted for the dislocations ensemble
pﬃﬃﬃ
is Wilkens’ dislocation arrangement parameter M ¼ Re
(Wilkens, 1970a). By combining the information on dislocation
screening and dislocation distance, it gives an idea of the interaction of dislocations (strength of the dipole character; Ungár,
2001). A value close to or below unity indicates highly interacting
dislocations (for example, dipole conﬁgurations or dislocation
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S2 ¼ 3  12  6 þ 122  2 þ 24ð1  Þ;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z ¼ ð1  2 Þ þ S2 =2

why the Stephens model can be considered as only phenomenological (it captures the trend but not the details): when the
source of microstrain broadening is known, we can obtain the
functional form of the proﬁle (as proposed, for example, here for
dislocations) and the model can become exact.

and, introducing the sign function,
8
< þ1 for L0 ¼ 3N þ 1
for L0 ¼ 3N
L0 ¼ 0
:
1 for L0 ¼ 3N  1

3.6.2.6.7. Twin and deformation faults
Planar defects, i.e. a mismatch in the regular stacking of
crystallographic planes, are quite frequent in a vast family of
technologically important materials and, in some cases, are
responsible for their macroscopic properties. In the general case,
the analysis of faulting using a Bragg-type method is troublesome. The local change in the structure causes the appearance of
diffuse scattering (i.e. extra intensity) between the Bragg spots.
This can be handled in the single-crystal case (Welberry, 2004),
but can be challenging in a powder, where the reciprocal space is
rotationally averaged and the (weak) diffuse scattering is lost in
the background. The handling of diffuse phenomena is the main
difference between the Rietveld (1969) and the pair distribution
function (PDF) (Billinge, 2008) methods.
A simple description of the broadening effects of faulting,
useful for WPPM, is available only for a restricted class of

systems, namely face-centred cubic (f.c.c.) (Fm3m),
body-centred

cubic (b.c.c.) (Im3m)
and hexagonal close packed (h.c.p.)
(P63/mmc) lattices. Monatomic metals with f.c.c. (e.g. Cu, Ni and
Au), h.c.p. (e.g. Ti, Co and Zr) and b.c.c. (e.g. W and Mo) structures fall into this list. Faulting in the wurtzite structure (P63mc)

leading to a local transformation into sphalerite (F 43m)
can be
handled with rules completely analogous to those for the h.c.p./
f.c.c. case. The main types of faults in all of these systems are the
so-called deformation and twin faults: looking at the planes on
the two sides of the faulting, a deformation fault appears as a
shear, whereas twinning causes a mirroring of the atomic positions. The effect of these defects can be modelled using recurrence equations for the stacking. Initially proposed for the h.c.p.
case by Wilson (Edwards & Lipson, 1942; Wilson, 1942), this idea
was then extended to the f.c.c. case (Paterson, 1952; Gevers,
1954a,b; Warren, 1959, 1963). More recently, Estevez-Rams et al.
(2003, 2008) improved the accuracy and extended the validity
range by including all terms in the stacking probability formulae,
whereas Velterop et al. (2000) corrected the formalism to properly take the various hkl components of a peak into account.
In an f.c.c. system, reliable information can be obtained up to a
few per cent of faults on the {111} plane. The trick is to describe
the lattice with hexagonal axes, effectively transforming the
problem into that of h001i stacking on the {111} plane. Under
these hypotheses, the average phase term due to faulting can be
written as




exp 2i’ðL; dfhklg ; L0 =h20 Þ ¼ AFhkl ðLÞ þ iBFhkl ðLÞ;

ð3:6:46Þ

N ¼ 0; 1; 2; . . . ;
ð3:6:47Þ

the Fourier coefﬁcients can be obtained as


AFhkl ðLÞ ¼ exp 12 lnðZÞjLdfhklg L0 L0 =h20 j ;
L L0  F
A ðLÞ:
BFhkl ðLÞ ¼ L0
jLj jL0 j S hkl

ð3:6:48Þ
ð3:6:49Þ

Besides being asymmetric, each proﬁle subcomponent can also
be shifted with respect to the average Bragg position. For the
subcomponent hkl the shift is


1
s
1
L
arctan
 dfhklg 20 L0 :
hkl ¼ 
ð3:6:50Þ
2
1
6
h0
In a given reﬂection family {hkl}, reﬂections affected and unaffected by faulting coexist, leading to peculiar shapes of the
corresponding peak proﬁles.
Analogous formulae can be obtained for the b.c.c. and h.c.p.
cases. In the former, the selection rule becomes L0 =  h  k + 2l,
whereas for the latter L0 = l and the condition for faulting is
based on h  k = 3N
1. Implementation requires the application of the proper formula to the particular reﬂection hkl
considered in the analysis.
Analysing faults by observing just the peak shift, as in the
original treatment of Warren (1959, 1963) or within the Warren–
Averbach method (Warren & Averbach, 1950, 1952), would be
erroneous, as it does not take the ﬁne details of the broadening
into account.
An alternative to the adoption of Warren’s formalism was
proposed by Balogh et al. (2006). Instead of performing the
calculation explicitly, the authors parameterized the proﬁles
obtained from the DIFFaX software (Treacy et al., 1991) calculated for increasing quantities of faulting. The DIFFaX software
is based on a recursive description of the stacking: the intensity is
calculated along rods in reciprocal space using the tangent
cylinder approximation. The parameterization, which is
performed in terms of a sum of Lorentzian curves, is then
employed for the evaluation of the fault-broadening proﬁle at
any angle. The modelling should be performed on a proﬁle that
contains a faulting-only contribution: note that for high faulting
probabilities, it becomes arbitrary whether to assign the diffuse
scattering part to one or another Bragg reﬂection. This introduces some arbitrariness in the subsequent (directional) convolution of the faulting proﬁle with the other broadening effects.
When applicable, however, this parameterization has several
advantages: it takes the actual shape of the reciprocal-space rods
into account (in an effective way), it does not necessitate any hkl
selection rule and an analytical treatment can be employed, as
the Lorentzian has an analytical transform. With the above
caveats, it is in principle not even necessary to decompose the
DIFFaX-generated proﬁle if a numerical convolution is
employed. This would also correspond to an extension of WPPM
to the DIFFaX+ idea (Leoni, Gualtieri & Roveri, 2004; Leoni,
2008), or vice versa, where DIFFaX+ uses a corrected and
improved version of the recursive approach of DIFFaX to

ð3:6:45Þ

where L0 = h + k + l and h20 ¼ h2 þ k2 þ l2 . The lattice symmetry
inﬂuences the deﬁnitions of these two parameters. Faulting is one
of the typical cases where a complex (sine) term is present, as
peak shift and asymmetry in the proﬁles is expected (unless twin
faults are absent). Following the treatment of Warren (see, for
example, Warren, 1963), a set of recurrence equations can be
written for the probability of the occurrence of faulting. The
solution of the recurrence equations is used to generate the
Fourier coefﬁcients for faulting. In particular, if the probabilities
of deformation and twin fault are  and , respectively, then
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in such a way that h  k  l and that l is always the unpaired
index, the broadening of the superstructure reﬂections can be
described as (Scardi & Leoni, 2005)

generate the proﬁles, but allows the reﬁnement of all
model parameters. [DIFFaX+ is available from the author
(matteo.leoni@unitn.it) on request.]

AAPDB ðLÞ ¼ exp½2Lf ðh; k; lÞ:
3.6.2.6.8. Antiphase domain boundaries
In the diffraction pattern of an ordered alloy, a dissimilar
broadening can often be observed for structure and superstructure peaks (with the former being present in both the
ordered and disordered states). The superstructure peaks, in
fact, bear microstructural information on the interface between
the ordered regions in the material: broadening occurs when
domains meet out of phase, creating an antiphase domain
boundary (APB or APDB). A general formula for APDBrelated broadening does not exist: for a given ordered structure, the Fourier coefﬁcients correspond to the normalized
value of AAPDB;hkl ðLÞ ¼ Fð0ÞF  ðLÞ, where F(0) is the structure
factor of a cell positioned at L = 0 and F  ðLÞ is the complex
conjugate of the structure factor of a cell at a distance L along the
direction [hkl]. Being the result of a combination of probabilities,
the peak is always expected to be Lorentzian.
Explicit formulae have been derived for the Cu3Au ordered
alloy (L12 phase; Wilson, 1943; Wilson & Zsoldos, 1966; Scardi &
Leoni, 2005). Several types of boundaries can form, depending on
the way that the domains meet: the broadening depends both on
the boundary plane and on the local arrangement of Au atoms
leading to conservative (no Au atoms in contact) or nonconservative (Au atoms in contact) boundaries. By arranging the indices

In this formula,  = APDB/a0 is the probability of occurrence of an
APDB, a0 is the unit-cell parameter and f(h, k, l) is a function of
hkl deﬁned in Table 3.6.2, obtained from the results of Wilson
(1943) and Wilson & Zsoldos (1966).
The average distance between two APDBs is given by 1/. For
a random distribution of faults, the broadening is Lorentzian and
AAPDB = exp(4L/3).
3.6.2.7. Assembling the equations into a peak and modelling the
data
As previously mentioned, the broadening contributions brieﬂy
illustrated in the previous sections are employed to generate the
powder peak proﬁle for reﬂections from the set of planes {hkl}
using equations (3.6.11) and (3.6.12) and where
Ihkl ðsÞ
¼ kðd Þ
¼ kðsÞ

R1

CðLÞ expð2iLsÞ dL

1
R1
1

IP
D
TpV
ðLÞAShkl ðLÞ½AD
hkl ðLÞ cosð2LsÞ þ iBhkl ðLÞ sinð2LsÞ

 . . .  ½AFhkl ðLÞ cosð2LsÞ þ iBFhkl ðLÞ sinð2LsÞ dL:
ð3:6:52Þ

Table 3.6.2
Models for antiphase domain boundaries for the Cu3Au case
N = h2 + k2 + l2.

ID

Model

f(h, k, l)

1

Random

2/3

2

{100} planes

2.I

{100} planes, no Au–Au contacts

2h þ k þ l
pﬃﬃﬃﬃ
3
N
pﬃﬃﬃﬃ
ðk þ lÞ= N if h is the unpaired index
pﬃﬃﬃﬃ
ðh þ lÞ= N if k is the unpaired index
pﬃﬃﬃﬃ
ðh þ kÞ= N if l is the unpaired index

2.II

{100} planes, only Au–Au contacts

2h þ k þ l
pﬃﬃﬃﬃ if h is the unpaired index
2 N
h þ 2k þ l
pﬃﬃﬃﬃ if k is the unpaired index
2 N
h þ k þ 2l
pﬃﬃﬃﬃ if l is the unpaired index
2 N

3

{110} planes

2 4h þ 2k
pﬃﬃﬃﬃﬃﬃ
3
2N

3.I

{110} planes, Au displacement parallel or
perpendicular to plane normal

4h
pﬃﬃﬃﬃﬃﬃ if h is the unpaired index
2N
2h þ 2k
pﬃﬃﬃﬃﬃﬃ otherwise
2N

3.II

2h þ 2k
pﬃﬃﬃﬃﬃﬃ if h is the unpaired index
2N

{110} planes, Au displacement at 60˚
to plane normal

3h þ k
pﬃﬃﬃﬃﬃﬃ otherwise
2N
4

ð3:6:51Þ

{111} planes

8h
pﬃﬃﬃﬃﬃﬃ if h  (k + l)
3 3N
4ðh þ k þ lÞ
pﬃﬃﬃﬃﬃﬃ otherwise
3 3N
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Equation (3.6.52) represents an asymmetrical peak proﬁle (the
asymmetry is given by the sine terms). Fast Fourier transform and
space remapping (usually s to 2) are then employed to generate
the peaks in the measurement space; intensities are multiplied by
the Lorentz and, if needed, polarization terms, and a background
is added to the whole pattern. Other aberrations (affecting the
position, the intensity or the shape of the peak) can be included
as needed.
The various reﬂections are then positioned on the basis of the
(reference) Bragg angle 2B calculated from the unit-cell parameters, and a background (for example, a Chebychev polynomial) is suitably added. For completeness, thermal diffuse
scattering should be included, as it can contribute to the broadening near the peak tails (see, for example, Beyerlein et al., 2012).
In addition, small-angle scattering can be considered to improve
the WPPM result and to account for the observed increase in the
background at low angle (Scardi et al., 2011). The ﬁnal equation is
thus similar to that of the Rietveld (1969) or the Pawley (1981)
methods,
P
Ið2Þ ¼ SAXS þ TDS þ bkg þ kð2ÞLP Ifhklg ðxÞ; ð3:6:53Þ

ﬁtting (eCMWP; Balogh et al., 2006) have been developed to
solve the same problem.
CMWP, introduced as a convolutive version of multiple whole
proﬁle ﬁtting (MWP; Ungár et al., 2001; Ribárik, 2008), is very
similar to the WPPM. The notable differences are:
(i) The instrumental proﬁle is employed directly without
interpolation and the proﬁle of the instrumental peak closest
to the peak under analysis is used. The instrumental proﬁle
imposes conditions on the range of L used in proﬁle
modelling.
(ii) In CMWP a subset of data points is used for speed.
(iii) The background is given by the user (as a spline or Legendre
polynomial).
(iv) All points of a given (generated) peak are weighted by the
same value related to the maximum intensity. However, the
correct weighting scheme with individual weights for data
points is available as an option.
The authors also suggest using the MWP procedure in other
cases, for example separately measured proﬁles or single crystals.
The MWP procedure works in Fourier space so there is no direct
possibility of checking the agreement between the model and
data.
In the extended version (Balogh et al., 2006), (e)CMWP
introduces an interesting model for faults based on a parameterization of the proﬁles simulated with the DIFFaX software
(Treacy et al., 1991). This simulates the diffraction pattern of a
faulted structure within the tangent cylinder approximation. The
proposed parameterization allows more complex faulting models,
at the expense of the calculation and parameterization of the
proﬁles for any new, intermediate or mixed case or for any
peak lying outside the parameterized range. The application of
(e)CMWP is limited to cubic, hexagonal and orthorhombic
powders with spherical or ellipsoidal domain shapes and assumes
the presence of dislocations and faults.
It is worth mentioning two more alternative approaches: the
Debye scattering equation (Debye, 1915; for some applications,
see, for example, Cervellino et al., 2003; Cozzoli et al., 2006) and
the total scattering (TS) approach [also known as pair distribution function (PDF) analysis; Egami & Billinge, 2003; Billinge,
2008; see also Chapter 5.7]. Both techniques work in real space:
the ﬁrst creates the pattern directly from atomic positions and the
other extracts the real-space information (the PDF) from the
diffraction data. As the information content does not change on
moving from reciprocal (measured) to direct space, provided that
similar hypotheses are employed (similar microstructure and, if
necessary, structure), real-space and reciprocal-space methods
should give similar results. Of course there are differences,
related to the way that the data are handled. For instance, it is
easier to visualize the anisotropic effects in reciprocal space, as
the information is contained in the peak broadening (different
peaks show different breadths): in the PDF this information is
sparser as it should be reﬂected in a variation in the correlation
lengths, but also (highly integrated) in a variation of the decay of
the curve. Conversely, information on the atomic arrangement
(i.e. on possible defects) appears more clearly in the PDF, where
variations in the distances and in coordination are well localized,
contrary to the diffraction pattern, where the information is
contained in the (weak) diffuse signal, in the broadening and in
the peak position.
Direct-space and reciprocal-space methods thus each
have their own advantages and disadvantages. Combined or
comparative modelling, whenever possible, is therefore always
the best solution: we can match the ﬂexibility and immediacy

hkl

the main difference being in the focus of the analysis and in the
way that the proﬁles are generated.
The model parameters are then reﬁned using a nonlinear leastsquares routine (e.g. based on the Marquardt algorithm or
suitable modiﬁcations, as proposed, for example, by Coelho,
2005) to directly match the synthesized pattern to the experimental data. The usual weight, related to Poisson counting
statistics, is employed.
As the shape of each peak is bound to the underlying physical
models, the number of parameters to be reﬁned is usually quite
limited. Compared with the four parameters per peak (intensity,
width, shape and position) necessary for a Scherrer-type analysis,
in WPPM we reﬁne, for example, two parameters for a domainsize distribution, three parameters for dislocations ( , R0e and ’),
two parameters for faulting ( and ), at most six lattice parameters, a few background parameters (e.g. four parameters) and
one parameter (intensity) per peak. In addition, we can also
reﬁne some further specimen-related parameters such as a
misalignment error. No atomic coordinates are involved.
A ﬂexible software package implementing WPPM (PM2K:
Leoni et al., 2006) is available from the author on request
(matteo.leoni@unitn.it): the software includes all of the broadening models illustrated here. The user can work with any type
and any simultaneous set of diffraction data (X-ray, neutrons or
electrons) and build their own model with no a priori restriction
on the quantity and type of parameters, the number of phases, the
models or the relationships between the parameters. The WPPM
method has also been implemented in the TOPAS reﬁnement
software [version 5 (Coelho, 2009; Bruker, 2009)] using the
ﬂexible macro language provided.1
3.6.2.7.1. Alternative approaches
Convolutional multiple whole proﬁle ﬁtting (CMWP; Ribárik
et al., 2004) and extended convolutional multiple whole proﬁle
1
Some small errors are present in some versions of the WPPM macros
implemented in TOPAS. An example of a corrected macro for a lognormal
distribution of spheres is given in the supporting information. The implementation
using the mean and variance of the distribution versus the lognormal mean and
variance is straightforward. Please refer to Chapter 5.1 for corrected versions of
the Fourier coefﬁcients and ancillary equations that should be present in the
macros.
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of a real-space approach with the possibility of working
directly with the measured data as typical in reciprocal-space
methods.
3.6.3. Examples of WPPM analysis
To illustrate the power of the WPPM approach, a few examples
are provided based both on simulated and on real data. The
analyses were performed using the PM2K software (Leoni et al.,
2006). Similar results are obtained using the WPPM implementation in the commercial program TOPAS.
3.6.3.1. Nanocrystalline ceria
The ﬁrst example concerns a nanocrystalline ceria powder
obtained by the calcination of a cerium isopropoxide gel (Leoni,
Di Maggio et al., 2004; Leoni & Scardi, 2004; Scardi et al., 2004).
A large amount of XRD and transmisson electron microscopy
(TEM) data have been collected on the same system (and
specimen), starting from the xerogel and following calcination
(Scardi et al., 2010). Fig. 3.6.1(a) shows the X-ray powder
diffraction pattern of the gel calcined for 1 h at 673 K measured
with Cu radiation (40 kV, 45 mA) on a Rigaku PMG/VH
diffractometer.
The data were collected over the 2 range 18–154˚ (with a step
of 0.05˚) with a counting time of 60 s per step: a wide angular
range and a high signal-to-noise ratio (SNR) are prerequisites for
a proper line-proﬁle analysis. The large span in reciprocal space is
important for the complete characterization of any anisotropy in
the broadening (a large set of independent directions in reciprocal space needs to be sampled), whereas the high SNR
guarantees the collection of data at peak tails where the differences between similar microstructure models manifest themselves. The log scale employed in Fig. 3.6.1(a) highlights the low
level of noise present in the pattern.
The diffractometer had 0.5˚ divergence and 2˚ Soller slits
mounted on the primary arm and 0.15 mm antiscatter, 0.5˚
receiving and 2˚ Soller slits and a curved graphite analyzer crystal
mounted on the secondary arm. This setup provided a narrow
and symmetrical instrumental proﬁle that could be described by a
pseudo-Voigt curve and was thus ideal for line-proﬁle analysis
studies. The Caglioti et al. (1958) parameterization of the
instrumental proﬁle [cf. equations (3.6.18) and (3.6.19)]
performed on the proﬁles of the NIST SRM 660a standard
(LaB6) is shown in Fig. 3.6.2.
Analysis of the pattern using traditional methods (see Scardi et
al., 2004) required 59 parameters, 53 of which were actually
reﬁned:
(i) one unit-cell parameter (a0),
(ii) six (fixed) parameters deﬁning the instrumental contribution
[ﬁve parameters for the Caglioti parameterization (U, V, W,
a and b) and one for the K2 intensity ratio],
(iii) three parameters for the background,
(iv) one parameter for the specimen displacement,
(v) 48 parameters for the peaks (intensity, FWHM and shape for
16 peaks).
An analysis using traditional analysis methods resulted in an
‘average domain size’ of 3.65 (10) nm using the (modiﬁed)
Warren–Averbach method and in the range from 4.95 (10) to
5.3 (1) nm using a (modiﬁed) Williamson–Hall approach. A
discussion of the meaning and accuracy of the results can be
found in Scardi et al. (2004).
The WPPM result, shown in Fig. 3.6.1(b), matches the
experiment quite well: this is remarkable considering that the

Figure 3.6.1
X-ray powder diffraction pattern of nanocrystalline ceria calcined at
673 K. In (a) the pattern is shown on a log scale to highlight the weak
features in the data. In (b) the results of WPPM are shown: raw data
(dots), model (line) and difference (lower line).

Figure 3.6.2
Parameterization of the instrumental resolution function using a pseudoVoigt and the relationship of Caglioti et al. (1958).

whole pattern (1800 data points) is modelled using just 32
parameters (26 free parameters):
(i) one unit-cell parameter (a0),
(ii) six (fixed) parameters deﬁning the instrumental contribution [ﬁve parameters for the Caglioti parameterization
(U, V, W, a and b) and one for the K2 intensity ratio],
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Figure 3.6.3
Size distribution of the ceria powder: WPPM (line) and TEM
(histogram).

Figure 3.6.4
TEM micrograph of the calcined ceria powder. The scale bar represents
10 nm.

(iii) two parameters for the log-normal size distribution (
and ),
(iv) three parameters for the dislocation contributions ( , Re
and the mixing parameter fe),
(v) three parameters for the background,
(vi) one parameter for the specimen displacement,
(vii) 16 parameters for the intensity of the peaks.
It is therefore possible to obtain more complete results with a
number of parameters that is dramatically lower than that needed
for the traditional analysis: the shapes of the peaks are interlinked via the microstructure models. It is suggested that the
parameters are initialized with values providing a minimal but
measurable effect (i.e., for instance, = 2,  = 0.4, = 1015 m2, fe
= 0.5) to favour a rapid convergence.
By way of a check, Fig. 3.6.3 shows the good agreement
between the size distribution obtained by WPPM and that
obtained on the same specimen from the analysis of a large set of
TEM micrographs (800 grains surveyed; Fig. 3.6.4). The data
were collected on a 300 kV JEOL 3010 microscope (0.17 nm
point-to-point resolution) equipped with a Gatan slow-scan 974
CCD camera (Leoni, Di Maggio et al., 2004). Even if the particles
are well separated, the analysis is quite tedious and prone to bias
from the operator. The large and small particles are in fact easily
missed, and overlapping particles are hard to separate and are
usually not considered. Moreover, only the cross section is
measured, as the transverse direction is difﬁcult to access.
The statistical validity of the WPPM result is quite clear: a few
million grains are probed by the X-rays versus the few hundred
actually considered in microscopy. The WPPM result allows not
only the mean (ﬁrst moment) and variance to be obtained from
the reﬁned size distribution, but also the recovery of the most
probable values for the traditional results (we know the shape
and we can weight the column-length distribution by the surface
or by the volume). In this case the numerical mean is 4.3 nm: we
can immediately understand the risk of placing faith in the results
of a traditional analysis. The agreement between TEM and XRD
is in any case excellent. The residual differences may be due both
to the issues related to sizing under the microscope and to the
simpliﬁed treatment employed in the WPPM (perfectly spherical
domains, monodisperse shape, absence of surface relaxation etc.).
A more complex model (accounting, for example, for surface
relaxation effects) can be considered (see Scardi & Leoni, 2002;

Leoni & Scardi, 2004), but the effects on the distribution are
minimal.
The possibility of extracting information on the type of defects
(e.g. dislocations, faults and APDBs) and on their amount is
deﬁnitely a major advantage of WPPM over traditional methods
and over TEM. For the determination of the dislocation density,
the average contrast factor is needed; the actual expressions can
be readily obtained from the single-crystal elastic constants (c11 =
403, c12 = 105 and c44 = 60 GPa; Nakajima et al., 1994) as
h2 k2 þ k2 l 2 þ h2 l 2
;
ðh2 þ k2 þ l2 Þ2
h2 k2 þ k2 l 2 þ h2 l 2
¼ 0:105762 þ 0:207999
ðh2 þ k2 þ l2 Þ2

CCeO2 ;e ¼ 0:122945 þ 0:358092

ð3:6:54Þ

CCeO2 ;s

ð3:6:55Þ

for edge and screw dislocations, respectively.
A dislocation density of 1.4  1016 m2 was obtained for the
specimen analysed here. This dislocation density immediately
appears to be quite high when compared with the number of
dislocations that can be identiﬁed in high-resolution TEM
micrographs, as it corresponds to approximately one dislocation
every couple of grains (Leoni & Scardi, 2004). However, the
dislocations visible in the micrographs are just a small fraction of
the total: if a dislocation is not properly aligned with the zone
axis, it is in fact invisible (its presence can only be inferred from
the effects of the distortion ﬁeld). It is true that a sufﬁciently large
number of dislocations must be present in order to give appreciable effects on the diffraction pattern, and TEM is still the
better technique if the density of dislocations is below, for
example, 1014 m2.
3.6.3.2. Copper oxide
The true power of WPPM, and of diffraction in general, can be
appreciated in multi-phase systems. The unequivocal assignment
of a structure to each grain is deﬁnitely impossible using TEM,
unless each grain is individually sampled and carefully analysed.
It is therefore quite hard to identify the phases present in the
specimen and to characterize their microstructure independently
from a micrograph alone. Conversely, information on the various
phases is well separated in a diffraction pattern. The various
(known) phases in a specimen can easily be identiﬁed (for
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Figure 3.6.5
Result of WPPM of ball-milled Cu2O: raw data (dots), model (line) and
difference (lower line).

example by search/match in a large database such as the ICDD
Powder Diffraction File): each diffraction peak belongs to a well
deﬁned phase and bears information on the microstructure of
that phase.
As an example, Fig. 3.6.5 shows the diffraction pattern of a
Cu2O powder specimen obtained by grinding commercial Cu2O
powder (Carlo Erba) in a high-energy shatter mill (Fritsch
Pulverisette 9). To limit the heating of the cup that would lead to
dynamic recrystallization, milling was performed in 30 steps
consisting of 10 s milling followed by 120 s room-temperature
cooling (Martinez-Garcia et al., 2007). The powder diffraction
pattern was collected on the same diffractometer that was used
for the analysis of the ceria powder. To obtain a sufﬁcient SNR,
the data were collected in the 18–154˚ 2 range with a step size of
0.1˚ and a ﬁxed acquisition time of 150 s per point. The ﬂuorescence of the Cu present in the specimen is responsible for the
large background that was not eliminated by the crystal analyser.
From a quick comparison of Figs. 3.6.5 and 3.6.1, we notice a large
difference at high angle: high strain effects (due to dislocations)
are expected in this specimen as an effect of the extensive coldwork deformation introduced by the milling process.
A search match signals the presence of not just Cu2O (cuprite,


Pn3m)
but also metallic Cu (f.c.c. copper, Fm3m)
and CuO
(tenorite, Cc) as minor phases, presumably due to reduction of
the higher oxide. WPPM of the diffraction pattern, performed by
considering all three observed phases, shows a ﬂat residual (see
Fig. 3.6.5). The severe peak overlap and the large broadening at
high angle do not help in the analysis: the intensities of tenorite
peaks (minor and broadened phase) were then constrained by a
structural model (only a scale parameter was reﬁned). Atomic
coordinates and Debye–Waller factors for CuO were taken from
the ICSD ﬁle (FIZ#69094; Brese et al., 1990) and were considered
to be constant.
Spherical domains were chosen for all phases. A log-normal
distribution was used to model the minor phases. A histogram
distribution was chosen for cuprite instead: the peaks clearly have
a peculiar shape with a rather sharp tip, possibly indicating a
wide, bimodal or odd size distribution (Leoni & Scardi, 2004).
The size distribution resulting from the WPPM analysis is shown
in Fig. 3.6.6(a): in this case it would be impossible for a traditional
method to provide a physically sound result. The breadth of the
proﬁle is not fully informative: as the diffraction signal is
proportional to the volume of matter, the actual distribution

Figure 3.6.6
Domain-size distribution of cuprite: (a) WPPM result and (b)
distribution multiplied by D3.

‘seen’ in the experiment is that of Fig. 3.6.6(b), obtained by
multiplying the result of Fig. 3.6.5(a) by D3.
The larger size fraction therefore makes a non-negligible
contribution to the pattern: as a rule of thumb, the smaller the
domains and the wider the distribution, the stronger the contribution of the large domains. This problem of ‘visibility’ of small
domains is attenuated when an analytical distribution (e.g. a log
normal) can be used as the function goes smoothly to zero at zero
size.
Dislocations can also be observed in these specimens: their
quantiﬁcation by TEM is nearly impossible due to the high
defect density. The anisotropy term, i.e. the average contrast
factor, has to be calculated for each of the three phases (Scardi et
al., 2007).
The slip system for Cu (c11 = 169, c12 =122, c44 = 75.3 GPa;

and the corresponding
Every & McCurdy, 1992a) is 12 h110if111g
average contrast factor (for edge and screw dislocations,
respectively), is
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CCu;e ¼ 0:304062  0:500211

h2 k2 þ k2 l2 þ h2 l2
;
ðh2 þ k2 þ l2 Þ2

ð3:6:56Þ

CCu;s ¼ 0:298340  0:708805

h2 k2 þ k2 l2 þ h2 l2
:
ðh2 þ k2 þ l2 Þ2

ð3:6:57Þ
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For cuprite, the literature (Tromans & Meech, 2001) suggests that
the main slip system is h001i{100}. The contrast factor can be
calculated analytically from the single-crystal elastic constants of
cuprite (c11 = 121, c12 = 105 and c44 = 12.1 GPa; Every &
McCurdy, 1992b) following Martinez-Garcia et al. (2007):
CCu2 O;e ¼ 0:355963  0:609491
CCu2 O;s ¼

h2 k2 þ k2 l2 þ h2 l2
;
ðh2 þ k2 þ l2 Þ2

2 h2 k2 þ k2 l2 þ h2 l2
:
3 ðh2 þ k2 þ l2 Þ2
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ð3:6:58Þ
ð3:6:59Þ

For tenorite, a different approach was followed. The phase is
minor and the single-crystal elastic constants are not readily
available: we can therefore use the contrast factor in an effective
way by reﬁning the coefﬁcients of the corresponding invariant
[see equation (3.6.42)]. This preserves the proﬁle shape determined by Wilkens’ theory and just dilutes the meaning of the
dislocation density. The average contrast factor is
CCuO;fhklg

¼ 4 E1 h4 þ E2 k4 þ E3 l4 þ 2ðE4 h2 k2 þ E5 k2 l2 þ E6 h2 l2 Þ

þ 4ðE7 h3 k þ E8 h3 l þ E9 k3 h Y 4 Z4 sin4 


 2 2
2
k Z þ 2Y 2 ðl2 þ h2 Z2 Þ  Z½4hlY 2 cosðÞ þ k2 Z cosð2Þ

1

;

ð3:6:60Þ

where a, b, c and  are the unit-cell parameters of tenorite,
Y = b/a and Z = c/a.
The dislocation density in Cu2O is quite high [ = 2.8 (5) 
1016 m2]: dislocations are more of the edge character [fE =
0.85 (3)] and the outer cutoff radius Re = 9 (3) nm leads to a
Wilkens’ parameter of approximately 1.5, suggesting a strong
dislocation interaction. The high dislocation density in this
material is justiﬁed by the very low shear modulus (G = 10.3 GPa;
Every & McCurdy, 1992b), whereas the high dislocation interaction is the result of the severe deformation induced by the
milling.

APPENDIX A3.6.1
Functions for proﬁle shapes
The unit-area Gaussian G(x, !) and Lorentzian L(x, !) functions
are deﬁned as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 ln 2=
4x2 ln 2
Gðx; !Þ ¼
exp 
;
ð3:6:61Þ
!2
!
2
1
Lðx; !Þ ¼
;
ð3:6:62Þ
! 1 þ 4x2 =!2
where x is the running variable and ! is the full-width at halfmaximum. Based on these deﬁnitions, the Voigt and pseudoVoigt are
Vðx; !L ; !G Þ ¼ Lðx; !L Þ  Gðx; !G Þ

ð3:6:63Þ

pVðx; !L ; !G Þ ¼ Lðx; !L Þ þ ð1  ÞGðx; !G Þ;

ð3:6:64Þ

and

respectively, where  is the mixing parameter (ranging between 0
and 1) and wL and wG are the width of the Lorentzian and
Gaussian components, respectively.
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